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Abstract— A novel iterative receiver for the highly energy and
bandwidth efficient serially concatenated continuous phase mod-
ulation (SCCPM) is proposed. The receiver uses soft feedback
information from a simplified demodulator to perform iterative
equalization and estimation while also utilising iterative decoding.
The Laurent signal model for CPM is exploited to reduce
the complexity of all the receiver components. The proposed
equalizer consists of interference cancellation followed by linear
filtering under the MMSE criteria. Three well-known iterative
channel impulse response (CIR) estimation techniques that use
training symbols and soft information are compared for CPM,
and the least squares (LS) algorithm is found to be the best
practical choice. Iterative SNR estimation based on a simple
averaging technique is also integrated into the receiver. Heuristic
methods for switching between one-shot training based and
iterative CIR and SNR estimation are proposed. These methods
are shown to be effective through simulations based on randomly
generateda-priori information. Numerical BER simulations show
that the proposed receiver performs well compared to the case
when the channel parameters are perfectly known.

Index Terms— Continuous Phase Modulation, iterative detec-
tion, equalization, channel estimation.

I. I NTRODUCTION

Continuous Phase Modulation (CPM) is widely used in
commercial and military wireless communications due to its
excellent energy and bandwidth efficiency and its constant
envelope [1]. It is well known that iterative (turbo) processing
can produce excellent results with reasonable complexity for
a variety of estimation and detection problems [2]. Given
these two facts, it is our aim to design a high performance
receiver for CPM using turbo methods. Turbo decoding has
been applied to serially concatenated CPM (SCCPM) to yield
powerful communications systems in the context of additive
white Gaussian noise (AWGN) [3] and Rayleigh fading chan-
nels [4].

In this work, we are interested in the case of CPM signals
transmitted over frequency-selective channels. This requires
equalization to combat inter-symbol interference (ISI). In the
first turbo equalization scheme [5] a MAP equalizer was
proposed. In more recent work, several reduced complexity
turbo equalization schemes have been presented mainly based
on soft interference cancellation and/or linear filtering, e.g.
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[6]–[8]. We propose an iterative interference cancellation type
equalizer for CPM combined with minimum mean-squared
error (MMSE) filtering. Similar equalizers have been proposed
for linear modulations in [7] and CDMA in [9]. Non-iterative
equalizers have been derived for CPM in [10] and [11], which
only consider the ISI inherent in CPM signals, not the ISI
caused by a physical channel. An equalizer similar to the
one we propose has been suggested independently in [12].
Our equalizer however, has the advantage that it is based on
the Laurent signal model, which subsequently allows for a
significant decrease in the decoding complexity as outlined in
[11].

Many authors when dealing with detection problems assume
that the channel impulse response (CIR) and signal-to-noise
ratio (SNR) are known at the receiver. We are interested in
the realistic case where these parameters need to be estimated.
Recently, iterative methods for doing this have shown excellent
results, see for example [13], [14]. To the author’s knowledge,
iterative channel estimation for CPM has not yet been treated
in the literature. We consider a system that employs training
symbols in a block fading environment, such that the chan-
nel is time-varying but assumed to be constant for a given
number of symbols. We aim to evaluate several well-known
channel estimation techniques when employed as part of our
iterative CPM receiver. It is also of interest to investigate
when soft data-aided channel estimation is beneficial over
purely training-aided estimation. Analytical criteria for doing
this have been derived when estimating the CIR in [15] and
[16]. Such criteria can often be complex to determine and
inaccurate for long CIRs. We therefore propose a simple
empirical method for switching between training and soft data-
aided channel estimation.

SNR estimation algorithms that use soft data, and therefore
make up part of an iterative channel estimator, have also been
studied in the literature, see for example [17]. An estimate
of the SNR may be required for the CIR estimator and/or
the equalizer. Based on the findings in [18], we integrate a
simple averaging SNR estimator into our receiver, and examine
the performance of the overall system through simulation. To
obtain an estimate of the SNR, an estimate of the CIR is
required. We therefore also study the effect that an imperfect
CIR estimate has on that of the SNR. As with the CIR, it is
necessary to have some criteria for switching between training-
aided and soft data-aided estimation. An analytical method for
doing this is again difficult to derive, so we suggest another
empirical technique based upon simulation results.

The remainder of this paper is arranged as follows. Section
II describes the system model including the signal, channel
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and receiver models, while Section III describes the proposed
iterative equalizer for CPM. Section IV outlines several CIR
estimation algorithms and presents results for these algorithms
assuming a known SNR. Section V describes the SNR es-
timation algorithm that we employ and presents results for
the overall iterative SCCPM receiver. Finally, Section VI
concludes the paper.

II. SYSTEM MODEL

A. Signal Model

We make use of the Laurent decomposition of CPM [19],
whereby the complex baseband signal can be represented as
the sum ofQ = 2L−1 PAM pulses, whereL is the memory
of the modulation, i.e. for normalized pulses

s(t,u) =

Q−1
∑

k=0

∑

n

ak,ngk(t − nT ), (1)

where thegk(t) are pulse shaping filters with lengths ranging
from T to (L+1)T and theak,n have a non-linear relationship
to the input bitsun ∈ {−1, 1}. The Laurent decomposition
is extremely useful in receiver design because for M-ary
modulation, the majority of the signal energy lies in the first
M−1 pulses. Therefore the receiver can be simplified by only
accounting for these pulses resulting in a very small sacrifice
in performance. In this work we focus on GMSK binary
signalling with a modulation index ofh = 1/2 because of
the useful properties of this class of signals. In this case the
ak,n, which are referred to as “pseudosymbols”, are in the set
{±1,±j} and alternate between real and imaginary values.
For eachk, the sequence can be considered the output of a
recursive encoder [11] allowing, for example, MAP decoding
to be applied. Since we only need to consider one principal
pulse for M=2, the simplified receiver consists of just one
filter, for exampleg0(−t), and a decoder that only considers
a0,n. For this modulation we havea0,n = a0,n−1unj. From
this point forward, as in [10] for GMSK, we approximate the
CPM signal with the first two pulses, i.e.

s(t) ≈
∑

n

(

a0,ng0(t − nT ) + a1,ng1(t − nT )
)

(2)

B. Channel Model

We choose to align ourselves with the GSM standard and
use the specified EQ channel [20] as the physical channel in
all our simulations. We assume wide-sense stationary uncorre-
lated scattering (WSSUS) and use a Jake’s simulator [21] with
a low enough Doppler frequency to effectively achieve block
fading. Considering just the first term of the approximation in
(2) for now, the equivalent channel fora0,n can be written as

h0(t) = fT (t) ⊗ p(t) ⊗ fR(t), (3)

wherefT (t) = g0(t), p(t) is the physical channel,fR(t) is
the receiver filter and⊗ denotes the convolution operator. The
part of the received filtered signal that containsa0,n, denoted
r0(t), can be written as

r0(t) =
∑

j

a0,jh0(t − jT ) (4)

We decide to sample at the symbol rate because it provides
a very convenient signal model and has also been used
successfully in similar situations where sufficient statistics are
not easily obtained [22]. The sampled signal is

r0(nT ) =
∑

l

a0,n−lh0(lT ) = hT
0 a0,n (5)

where

h0 = [h0,−L1

0

, · · · , h0,0, · · · , h0,L2

0

]T (6)

a0,n = [a0,n−L1

0

· · · a0,n · · · a0,n+L2

0

]T , (7)

andh0 containsL1
0+1 andL2

0 causal and non-causal symbol-
spaced taps respectively. A similar channel can be derived for
a1,n. The sampled received signal can then be written as

rn ≈ hT
0 a0,n + hT

1 a1,n + wn , (8)

where wn is filtered AWGN that has two-sided power
N0 = 2σ2.

C. Overall System Model

Fig. 1 shows the overall system model. A block of source
bits are convolutionally encoded, randomly interleaved and
then conceptually passed through a set of Laurent encoders
to give Q blocks of N pseudosymbols.P training symbols
are then multiplexed into thea0 data stream which will
be explained further in Section III. The symbols are then
modulated and transmitted over the physical channelp(t)
which is assumed to be constant for the duration of the block.
The signal is subject to noise and filtered to givenrn as given
in (8). The training symbols are then used to give an initial
estimate ofh0 and possiblyh1, as well as the SNR, before the
signal is equalized. The output of the equalizer is then passed
to a CPM MAP decoder which combined with the channel
MAP decoder performs standard SCCPM iterative decoding by
exchanging log-likelihood ratios (LLRs) denotedλ(·; ·). After
the zeroth iteration, the LLRsλ(a0;O) are available and are
used for iterative equalization and possibly re-estimation of
the channel.

III. I TERATIVE EQUALIZATION

As noted in Section II-A and shown in [11], only a very
small performance degradation is suffered when decoding over
a0,n only as opposed to allQ pseudosymbols. Since we are
interested in keeping complexity as low as possible, we decide
to design our CPM MAP decoder in this way. As such, the
turbo equalizer need only produce LLRs fora0,n, i.e.λ(a0; I).
Since we plan to use linear filtering as part of the equalization
process, it is useful to define a window of received data as

rn ≈ H0a0,n + H1a1,n + wn, (9)

where

rn = [rn−N1
, · · · , rn, · · · , rn+N2

]T (10)

a0,n = [a0,n−N1−L1

0

, · · · , a0,n, · · · , a0,n+N2+L2

0

]T(11)

wn = [wn−N1
, · · · , wn, · · · , wn+N2

]T , (12)
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Fig. 1. CPM based communication system employing full turbo estimation/detection

and H0 is the (N1 + N2 + 1) × (N1 + N2 + L1
0 + L2

0 + 1)
channel matrix where [H0]i,j = h

−L1

0
+j−i when

0 ≤ j − i ≤ L1
0 + L2

0 and 0 otherwise. Similar definitions
exist for H1 and a1,n as for H0 and a0,n respectively. We
now define the LLR output from the CPM decoder as (for
a0,n real)

λ(a0,n; O) = log
Pr{a0,n = 1|λ(a0; I)}

Pr{a0,n = −1|λ(a0; I)}
(13)

A-posteriori as opposed to extrinsic information is deliberately
fed back to the equalizer as this was found to produce
better results. This is consistent with the observations of
other researchers [22]. These LLRs are now used asa-priori
information for equalization. We remark that in a typical turbo
system we would have an interleaver between the decoder and
the equalizer. Unfortunately this is not practically possible in
the case of CPM due to the statistical dependencies between
the pseudosymbols. The exception to this is the special case of
full-response CPM [23]. Soft data symbols can now be defined
as

ã0,n =

{

tanh
(λ(a0,n;O)

2

)

n even
tanh

(λ(a0,n;O)
2

)

∗ j n odd
(14)

If the channel is assumed to be known, these soft data symbols
can be used to cancel interference from neighbouring bits to
give

yn ≈ H0a0,n − H0ã0,n + H1a1,n + wn, (15)

where

a0,n = [ã0,n−N1−L1

0

, · · · , ã0,n−1, 0, ã0,n+1, · · · , ã0,n+N2+L2

0

]T

(16)

Since onlya0,n statistics are used for decoding, estimates of
a1,n and the other pseudosymbols cannot be calculated. It is
therefore not possible to cancel the interference caused by
these terms. However, this detrimental effect will be minimal
compared to the interference caused by thea0,n terms. If
we consideryn to be an updated estimate ofa0,n, it can be
improved through linear filtering using the MMSE criteria.
As there isa-priori information available, the coefficients,fn,
are time-varying. The filter output is given bŷa0,n = fH

n yn ,
where

fn = [fn−N1
, · · · , fn, · · · , fn+N2

], (17)

such that the number of filter coefficients isN1 + N2 + 1.
These coefficients are calculated according to

fn = arg min
fn

E
{
∣

∣a0,n − fH
n yn

∣

∣

2}

= arg min
fn

fH
n E

{

yn yH
n

}

f − 2fH
n E

{

a0,nyn

}

(18)

Due to space limitations we do not complete the full derivation
of fn. After some manipulations, it is given by

fn =
[

H0V0H
H
0 + H1H

H
1 + 2σ2W

]

−1
H

N1+L1

0
+1

0 , (19)

whereHi
0 denotes theith column ofH0, the elements ofW

are defined by

[W]i,j =

∫

∞

−∞

f∗

R(−t)fR((i − j)T − t)dt (20)

and

V0 = diag[v0,n−N1−L1

0

, · · · , vn−1, 1, vn+1, · · · , vn+N2+L2

0

],

(21)

where vi = 1 − |ãi|
2. Here we have used the fact that for

h = 1/2, E{ak,na∗

l,m} = E{ak,n}E{a
∗

l,m}. We are also
making the assumption thatE{a0,n} = ã0,n. The output of this
filter is very well approximated by a Gaussian distribution in
similar contexts [7] [9]. We therefore writêa0,n = µna0,n+ηn

whereµn is the equivalent gain andη2n ∼ N (0, ρ2). It can

be shown that these values are given byµn = fHH
N1+L1

0
+1

0

andρ2 = µ − |µ|2. The distributionp(â0,n|a0,n=a0) required
to calculateλ(a0,n; I) is now fully specified. It can be seen
from (19) that estimates of bothh0 and h1 are required to
implement the equalizer. Since a composite symbol-spaced
channel is being estimated from an underlying physical chan-
nel that is not symbol-spaced, determining an estimate of one
of these channels from an estimate of the other may be non-
trivial. Given this, and sincea1,n carries only a fraction of the
amount of energy thata0,n carries, it is of interest to know
how much benefit is actually gained from including thea1,n

statistics in the calculation offn. We determine this by running
a simulation to compare the performance of the system when
fn is calculated as in (19) to the performance of the system
when theH1H

H
1 term is simply neglected. The results are not

presented here, but we find that including thea1,n statistics
provides a negligible improvement in terms of bit-error-rate
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(BER). We therefore conclude that it is not worth estimating
h1 for the purpose of equalization. As such, we only focus on
estimatingh0 in the sequel.

To fully evaluate the performance of the proposed equalizer,
its complexity must be considered. The most computationally
expensive operation is the inversion of the matrix in (19).
In general, the complexity of inverting aK × K matrix is
O(K3). In this caseK = N1 + N2 + 1. In [9] a procedure is
described for recursively calculating the inverse of a similar
matrix to reduce the complexity toO(K2). This technique
can also be applied here. The complexity of the simplified
CPM MAP decoder is onlyO(2) making the total complexity
of the equalizer/decoderO(K2) + O(2). The complexity of
a full CPM MAP detector with modulation indexh=q/p is
O(p2L+Lc+1) whereLc=L1

0 + L2
0 + 1 is the total memory of

the physical channel. The number of coefficients of the filter
must be increased for longer channels, but the complexity of
the proposed detector is still only polynomial inK. This is
compared to the MAP detector that has exponential complexity
in both the channel and modulation memory.

IV. I TERATIVE CIR ESTIMATION

We now turn our attention to determining the performance
of the detector proposed in the previous Section when the CIR
must be estimated. We consider three well-known estimation
algorithms, namely the least squares (LS), the linear minimum
mean-square error (LMMSE) [24] and the least mean-square
(LMS) [25] algorithms. The system being considered uses
training symbols to obtain an initial estimate of the CIR.
On average, a GSM burst contains 26 training symbols and
116 data symbols [20]. We therefore consider a block fading
system whereby the channel remains approximately constant
for 142 symbols with a preamble of 26 training symbols
followed by 116 data symbols.

A. Optimal training sequence

Optimal training sequences for the GSM and EDGE stan-
dards are well known. Although these standards employ
GMSK modulation (or at least Laurent filtering in the case of
EDGE), they don’t treat the CPM modulation as a recursive
code and therefore don’t use a true SCCPM system. Instead the
entire modulation, from the output of the interleaver onwards,
is simply considered part of the channel. Referring to Fig. 1, it
is then theui channel that needs to be estimated as opposed to
thea0,n channel as in our case. Since a non-linear relationship
exists betweenun anda0,n, there is no trivial translation that
can be performed on the known GSM training sequences to
obtain the requireda0,n sequences. If in general the firstP
symbols in a block are training symbols, then the approximate
received signal due to these symbols can be written as

rp ≈ A0,ph0 + A1,ph1 + w, (22)

where rp=[rL1

0

, · · · , rP−L2

0
−1]

T , w=[wL1

0

, · · · , wP−L2

0
−1]

T ,
[A0,p]i,j=a0,L1

0
+L2

0
+i−j and a similar definition exists for

A1,p. Although we do not intend to estimateh1 directly
for equalization, it may also be possible to obtain a better
estimate ofh0 if we estimateh0 andh1 jointly. However as

with the equalization process, we find that only a negligible
improvement in the estimate can be achieved by doing this. For
the purpose of estimation, we therefore further approximate
the received signal asrp ≈ A0,ph0 +w. Given that forL=4
approximately 99.2% of the energy is accounted for bya0,n,
we feel comfortable with this approximation.

To obtain the optimal training sequence, we maximize the
normalized signal to estimation error as described in [26].
For LS and LMMSE estimation, this is done by maximizing
tr{M}1 whereM = [AH

0,pA0,p]−1. It turns out that this also
gives a good training sequence for LMS estimation [14]. Based
on this criteria, a computer search was carried out to find
the best length 26 training sequence. Care must be taken in
multiplexing the training sequence into the data stream since
thea0,n have memory. We require two training sequences with
different final values to ensure that the trellis “fits together”
for decoding when the training information is removed. The
two sequences used, both of which are optimal, are shown in
Table I. We remark that these sequences are not unique.

TS1 j,1,j,1,-j,1,j,1,-j,-1,-j,1,j,1,j,1,-j,-1,-j,-1,-j,1,-j,-1,-j,1
TS2 j,-1,j,-1,-j,-1,j,-1,-j,1,-j,-1,j,-1,j,-1,-j,1,-j,1,-j,-1,-j,1,-j,-1

TABLE I

OPTIMAL TRAINING SEQUENCES

B. Training based CIR estimation

Given the approximation that we are using for the received
signal, we use the notationh in place ofh0 for convenience.
The one-shot training-aided channel estimates using the LS,
LMMSE and LMS algorithms respectively are

ĥP
LS = [AH

0,pA0,p]−1AH
0,prp (23)

ĥP
LMMSE = ChhA

H
0,p[A0,pChhA

H
0,p + 2σ2W]−1rp (24)

ĥP
LMS,p = ĥP

LMS,p−1

+ µa∗

0,p(rp − ĥT
LMS,p−1a0,p), p = 0 · · ·P − 1

(25)

In (24),Chh is the channel correlation matrix, with elements
defined by

[Chh]i,j =

∫

∞

−∞

R(t)fE(−t − mT )f∗

E(−t − nT )dt,

wherem = −L1
0 + i − 1, n = −L1

0 + j − 1 and under the
assumption of a WSSUS channel, we define

E{p(t)p∗(τ)} =

{

R(t) t = τ
0 otherwise

(26)

In (25), ĥP
LMS,p−1 is the estimate from the

previous iteration with ĥLMS,0=E{h}=0,
a0,p = [a0,p−L1

0

· · · a0,p · · · a0,p+L2

0

]T which is padded
with zeros when required, and0 < µ ≤ 1 is the step size.

Each of the estimation techniques has its pros and cons.
The biggest disadvantage of the LS algorithm is its complexity
due to the required matrix inversion. This also requiresA0,p

1tr denotes the trace of a matrix
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to be full rank which is not guaranteed if the number of
training symbols is small compared to the memory of the
channel. LMMSE estimation also involves a matrix inversion,
only without the same full-rank requirement ofA0,p. It does
however rely upona-priori information being available for the
channel, i.e. it requiresR(t) to be known which may not be
the case. Depending on the physical channel, it might also be
possible to estimateR(t) with a predetermined function, for
example an exponential profile. The LMS algorithm has low-
complexity, but generally speaking does not perform as well
as the other estimators.

C. Iterative data-aided CIR estimation

After the zeroth iteration, soft data values are available for
estimation. As an example, the data-aided LS channel estimate
is given by

ĥD
LS = [AH

0,dA0,d]−1AH
0,drd , (27)

where [A0,d]i,j=[a0,d]L1

0
+L2

0
+i−j , the vector of data esti-

mates is given bya0,d=[a0,0, · · · , a0,P−1, ã0,P , · · · , ã0,N−1]
andrd=[rL1

0

, · · · , rN−L2

0
−1]

T . LMMSE and LMS estimation
using soft values are performed in a similar way. It has
been established in the literature that when using iterative
estimation, the CIR should only be re-estimated when an
improvement on the initial training based estimate can be
gained [15]. Ideally this means that data-aided estimation
should only be used when the criteriaσ2

∆h,d < σ2
∆h,p where

σ2
∆h,p andσ2

∆h,d are the analytically determined training and
data-aided estimation error variances respectively. Defining the
error as∆h = ĥ − h, and again using LS estimation as an
example, it is easy to show thatσ2

∆h,p = 2σ2diag{M}. This
is straightforward to evaluate assuming the noise variance is
known. Similarly, the data-aided error is found to be

∆hd = [MAH
0,dA0 − I]h + MAH

0,dw, (28)

which makes calculatingσ2
∆h,d difficult since it is dependent

on h. Empirical approximations for findingσ2
∆h,d for LMS

and other estimation techniques have been suggested in [15]
and [16]. We have found however, that these are not necessar-
ily robust for long CIRs, and therefore suggest a simple alter-
nate adaptive criteria. Firstly, note that the average variance of
a block of soft symbols is given byv =

∑P+N−1
i=P vi, wherevi

is defined in (21), and the average training-aided estimation
error is given byσ2

∆h,p = 1
L1

0
+L2

0
+1

∑L2

0

i=−L1

0

[σ2
∆h,p]i where

[σ2
∆h,p]i is the error variance of tap estimatêhi. We then

propose that the initial training based channel estimate should
only be used when the normalized training error is less thanv,
i.e. whenσ2

∆h,p < α Êh

N
v, whereÊh =

∑L2

0

i=−L1

0

ĥD
i (ĥD

i )∗ and
α is a constant. To test this hypothesis we plot the normalized
mean-squared error,

MSEh =

∑L2

0

i=−L1

0

E
{

|ĥi − hi|
2
}

∑L2

0

i=−L1

0

E
{

|hi|2
}

, (29)

by generating channel estimates based on random Gaussian
i.i.d λ(a0; O) and corresponding̃a0,n for a given average

mutual informationIA as described in [27]. This reflects an
approximation of the real system where theã0,n are correlated,
and the signal also includesa1···Q−1,n. We remark that in
most standard turbo systems, the estimates will be roughly
independent due to interleaving, so these results readily lend
themselves to such systems. The block size, and all other
relevant simulation parameters, are the same as previously
described. Fig. 2 shows numerical results for lowIA(IA ≈
0.1), mid-rangeIA(IA ≈ 0.5) and highIA(IA ≈ 0.9) for
α = 1.1. Every point is averaged over 100,000 blocks, each
with a different EQ channel realization. We note that the
training-aided estimation error is independent ofIA. The use
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Fig. 2. Effect of using switching criteria in channel estimation

of this criteria (referred to as “criteria” in Fig. 2) appears
to work well, because theaverage performance over the
considered SNR range is better than that of training or data-
aided estimation alone. In this case,α was chosen to give the
best performance over a large SNR range for demonstration
purposes. In general however, the approximate operating range
of the receiver should be taken into account. The proposed
method should also be effective when using LMMSE or LMS
estimation, however since LS estimation is considered for the
overall system design in the sequel, these cases were not
considered further.

Next we compare the BER performance for each of the
considered estimation algorithms for a known SNR. The
simulation parameters used are as follows. Referring to Fig. 1,
we consider a convolutional rate1/2 non-recursive channel
code with generator [5,7]. The interleaver is pseudorandom of
size2048. The CPM scheme employed is binary GMSK with
modulation indexh=1/2 and memoryL=4. As previously
stated, the GSM EQ physical channel is used. The receiver
filter used was a square-root raised cosine (SRRC) filter
with roll-off factor 0.3. While this doesn’t generate sufficient
statistics, it turns out to be a good choice practically when the
channel is unknown. It is straightforward to implement and
also has the advantage that AWGN sampled at the symbol rate
at the filter output remains white. To implement the equalizer,
the channel estimate is used to obtainĤ0 which is used in
place ofH0 in (19). We remark that a small performance gain
may be achieved by including the statistics of the channel
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estimation error in the derivation of the equalizer, however
doing so is outside the scope of this work. Numerical results
are shown in Fig. 3 for six iterations of the receiver. It was
found that little to no improvement can be gained after six
iterations when the CIR has to be estimated.R(t) is assumed
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Fig. 3. Comparison of iterative channel estimation methods

to be known perfectly for the purpose of LMMSE estimation
in this case. The step sizeµ is set to 0.05 for training symbols
and 0.02 for soft data estimates for LMS estimation. As
expected, LMMSE estimation performs the best in terms of
BER, and is only approximately 2.5 dB worse than when
the CIR is known perfectly. LS and LMS estimation are
approximately 4.2 dB and 5 dB worse than perfect CIR
knowledge respectively. The use of the switching criteria
with the LS algorithm only gave a negligible performance
gain in this case, so the results for when it wasn’t used are
omitted. It is unlikely thatR(t) would be known exactlya-
priori, meaning that it would need to be approximated with
a known function. An estimate of the noise variance is also
required to use LMMSE. This creates a difficult situation
because an estimate of the channel is required to estimate
the variance as will be shown in the sequel. Given these facts,
we conclude that LS is likely to be preferable to LMMSE,
especially considering that its performance is only about 1.5
dB worse than that of LMMSE. We remark that a method
for utilising LMMSE estimation when the noise variance is
unknown is currently under investigation. Fig. 3 shows that
LMS is only approximately 0.7 dB worse than LS estimation.
It also has lower complexity. In the block fading environment
that we consider however, the estimation complexity is very
low compared to the equalization complexity. We therefore
conclude that under the considered conditions, LS is superior
to both LMMSE and LMS. As such, it is the estimation
technique considered in the sequel.

V. I TERATIVE SNR ESTIMATION

We now focus on the case when the noise variance must
be estimated in addition to the CIR for use in (19). Just as
with CIR estimation, it is possible to use soft data estimates
in addition to training symbols to iteratively estimate the noise

variance. It has been shown in [18] that the minimum vari-
ance unbiased estimator (MVUE) outperforms other standard
SNR estimation algorithms, and it is therefore the one we
concentrate on. Its output when using training symbols and
soft estimates is given by

N̂D
0 =

1

P+N−(L1
0+L2

0+1)

P+N−L2

0
−1

∑

i=L1

0

∣

∣ri−

L2

0
∑

j=−L1

0

ĥj [a0,d]i+j

∣

∣

2

(30)

which can easily be altered to use training symbols only. The
higher order pseudosymbols are again neglected due to the
trivial amount of signal energy they account for. Analogous to
estimating the CIR, we require a criteria for switching between
N̂P

0 and N̂D
0 based on the quality of the soft information.

The situation is complicated by the fact that (30) requires an
estimate of the CIR. An analysis is again very difficult, so
we search for other heuristic solutions. Fig. 2 shows that at
low SNR, it is better to usêhD than ĥP (based on the LS
algorithm). We use the notation(N̂D

0 )D to denote a variance
estimate that is calculated using soft information directly
according to (30), and is also based on a CIR estimate that
was calculated using soft information.(N̂D

0 )P on the other
hand, denotes an estimate calculated using soft information,
but is based on a CIR estimate calculated using only training
symbols.

Simulations also show that at low SNR, there is a crossing
point between(N̂P

0 )D and(N̂D
0 )D. The switching criteria that

we propose to deal with this is based upon one suggested in
[18], however our analysis treats the case where the channel
energy is not necessarily unity, and the CIR may be estimated
using training and soft data symbols. The main idea is that
the soft data should only be used to re-estimate the noise
variance if the initial training based estimate is significantly
greater than the variance of the soft information, i.e. when
(N̂P

0 )D > βÊhv. We must also employ the switching criteria
from the previous Section to ensure that we are using the best
possible CIR estimate to calculate the noise variance. This is
difficult because the noise variance is required to calculate
σ∆h,p. We therefore must define an approximate value as
σ̂∆h,p = (N̂P

0 )P diag{M} and the corresponding average as

σ̂
2

∆h,p = 1
L1

0
+L2

0
+1

∑L2

0

i=−L1

0

[σ2
∆h,p]i. We expect that the best

value ofα will be different to that from the previous Section
since we can no longer calculate the channel estimate error
variance exactly.

To sum up, the algorithm used to calculate the variance
N̂0 is shown in Fig. 4. Using the same technique as in
the previous Section, the normalized noise variance error
∆N0 = E

{

(N̂0 − 2σ2)/(2σ2)2} is plotted in Fig. 5 for a high
range averageIA(IA ≈ 0.9) with α = 0.6 and β = 2.2.
Also shown for comparison purposes is the resulting error
if perfect switching could be performed. In this case, as
the SNR increases, the estimate would ideally follow the
sequence(N̂D

0 )D → (N̂P
0 )D → (N̂P

0 )P . This reflects the
need for the two separate criteria. An intuitive explanation
for why ∆N0 tends to infinite when using soft information
is provided in [18]. Fig. 5 shows that the switching criteria
(labelled “criteria”) works well since it is close to the perfect
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IF (N̂P
0 )D > βÊhv

N̂0 = (N̂D
0 )D

ELSE

IF σ̂
2

∆h,p < α
Êh

N
v

N̂0 = (N̂P
0 )P

ELSE

N̂0 = (N̂P
0 )D

END

END

Fig. 4. Switching algorithm for SNR estimation
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Fig. 5. Effect of using switching criteria in noise variance estimation

switching performance. For illustration purposes,α andβ have
again been chosen to provide good average performance over
the entire considered SNR range. In practice, the operating
range of the receiver should be considered.

We are now able to study the BER performance of the
overall system of Fig. 1 by replacing2σ2 in (19) by N̂0.
Numerical results are presented in Fig. 6 using the standard set
of simulation parameters for six iterations with the switching
criteria in place for both CIR and SNR estimation. To focus
on the performance of the SNR algorithm, results are plotted
for a known CIR. For this case, there is only an approximate
0.3 dB loss in performance when the noise variance has to
be estimated. We note that this is partly due to the strong
performance of the estimation algorithm over iterations and
partly due to the relative insensitivity of the equalizer to errors
in the noise variance. When the CIR is iteratively estimated,
the performance loss due to an estimated noise variance is still
approximately only 1 dB. The most interesting comparison
from Fig. 6 is between the case when the CIR and SNR are
known and the case when both need to be estimated. This
shows that we only lose about 5 dB in overall performance
for the EQ channel with the iterative estimation techniques
that have been presented.
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Fig. 6. Overall system performance

VI. CONCLUSION

We have proposed a novel receiver for SCCPM that com-
bines iterative estimation, equalization and decoding by feed-
ing back soft information from the CPM demodulator. The
Laurent signal model has been exploited to greatly simplify
the algorithms utilised by the system. The performance of
the receiver indicates that it would be a good alternative to
highly complex optimal receivers. Future work will focus on
extending the capabilities of the receiver to deal with fast-
fading channels and also further analysis techniques.
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[16] C. Kuhn, “Iterative kanalscḧatzung, kanalentzerrung und decodierung
für den EDGE-standard,” Diplomarbeit, Technical University of Munich,
Institute for Communications Engineering, May 2002.

[17] S. Talakoub and B. Shahrrava, “Turbo equalization with iterative online

SNR estimation,” inProc. IEEE WCNC, (New Orleans, USA), pp. 1097–
1102, Mar. 2005.

[18] M. Dangl and J. Linder, “Turbo equalization with parametric uncertain-
ties: Comparison of snr estimation algorithms,” inProc. 2nd COST 289
Workshop, (Antalya, Turkey), pp. 129–133, July 2005.

[19] P. Laurent, “Exact and approximate construction of digital phase modu-
lations by superposition of amplitude modulated pulses (AMP),”IEEE
Trans. Commun., vol. 34, pp. 150–160, Feb. 1986.

[20] ETSI, GSM-5.05, Digital Cellular Telecommunications system (Phase
2+):Radio transmission and reception, 5.2.0 ed., July 1996.

[21] W. C. Jakes,Microwave Mobile Communications. John Wiley and Sons,
1974.

[22] C. Laot, R. L. Bidan, and D. Leroux, “Low-complexity MMSE turbo
equalization: A possible solution for EDGE,”IEEE Trans. Wireless
Commun., vol. 4, pp. 965–974, May 2005.

[23] M. Anderson, M. C. Reed, and G. Borg, “A comparison of optimal and
sub-optimal iterative equalization techniques for full-response CPM,” in
4th Int. Symp. on Turbo Codes, (Munich,Germany), April 2006.

[24] S. Kay, Fundamentals of Statistical Signal Processing, vol. 1. New
Jersey, USA: Prentice Hall, 1993.

[25] S. Haykin,Adaptive Filter Theory. Prentice-Hall, 3rd ed., 1996.
[26] S. Crozier, D. Falconer, and S. Mahmoud, “Least sum of squared errors

(lsse) channel estimation,”IEE Proceedings, part F, vol. 138, pp. 371–
378, Aug 1991.

[27] S. ten Brink, “Convergence behavior of iteratively decoded parallel
concatenated codes,”IEEE Trans. Commun., vol. 49, pp. 1727–1737,
Oct. 2001.

1-4244-0741-9/07/$20.00 © 2007 IEEE 46 AusCTW'07


