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Abstract

Recently the optimal distancemeasue for a givenobject
discriminationtask underthe neaestneighborframevork

wasderived[1]. For easeof implementatiorandefciency

consideations, the optimal distancemeasue was approx-

imatedby combiningmore elementarydistancemeasues

de ned on simple featule spaces. In this paper we ad-

dresstwo importantissueghatarisein practicefor sud an

appmoad: (a) Whatform shouldthe elementarydistance
measue in eadt featue spacetake? e motivatethe need
to useoptimal distancemeasuesin simplefeature spaces
as the elementarydistancemeasues; sud distancemea-
sureshavethe desiable propertythat they are invariant to

distance-espectingransformations.(b) How do we com-

binetheelementangistancemeasues?W\e presenthepre-

cise statistical assumptionsinder which a linear logistic

modelholdsexactly We bendimarkour modelwith three

other methodson a challenging face discrimination task
and showthat our approad is competitivewith the state
oftheart.

1. Intr oduction

The nearestneighbor or exemplarbasedframenork for
classi cationis widely usedin vision for variousclassi -
cation tasks. The main appealof the framewvork derives
from the factthat it makesfew assumptionsboutthe ob-
jectstobeclassi ed.LetS, = f(x1;y1);::: ; (Xn;Yn)gbe
atraining setof measurements; andcorrespondinglass
labelsy;. Letd( ; ) beagivendistanceneasureOn input
gueryx, the 1-nearesneighbor(NN) rule assignghe class
labely®correspondingo thenearesheighborx®of x in S, .
Theclassi cationperformancef the nearesheighborrule
obviously depend®n the distancemeasuraised.

A wide variety of distancemeasure$fiave beenusedfor
the nearestneighborrule in the literature. Here, we re-
view someof the most relevant measuresn the contet
of objectrecognition.Distancemeasure®asedon PCA or
eigenspaceare perhapghe mostpopular[14, 8]. Theun-
derlying assumptiorwhenusing PCA is that the measure-
mentdatacan be explained(modulonoise)by a small di-

mensionalinearsubspacef X . Thisis ageneratie model
thatdoesnottake into accounthow the differentclassesre
distributed. Discriminative analysis,of which LDA [3, 16]
is the most popular on the other hand explicitly tries to
nd discriminatve distancemeasureshat separatehe dif-
ferentclasse$rom eachotherasmuchaspossible Morere-
cently, discriminative distancemeasurefave alsobeende-
rivedfrom constructingSupportVectorMachineg11] that
maximizethe mamgin betweendifferentclasses.Bayesian
approachego classi cation estimatesprobability density
modelsfor eachclassandclassi esaninputqueryusingthe
Bayesrule. For thetwo classcasethelog-oddsratio canbe
consideredo beadiscriminatvedistancemeasureFor cer
tain applicationsfor examplefacerecognition[7], suchan
approacthasbeenfoundto be competitve with the stateof
theart. However, in generalsuchapproachesypically suf-
fer from the needto specifyanappropriatenodelfor each
classaswell asestimatingsuchmodelsreliably from data.
Thusin ourwork, wewill work in thediscriminative setting
thatmakesasfew modelingassumptiongaspossibleabout
theobjectsof interest.Suchanapproachs necessitateds-
pecially for multi-classobjectrecognitiontaskswherethe
objectsof interestcanbearbitrary

Recentlyanew criterionfor directly nding discrimina-
tivedistancemeasurefor objectrecognitionunderthenear
estneighborframenork wasproposed1]. The criterionis
basedon the optimal distancemeasurahat minimizesthe
classi cationrisk for the 1-nearesneighborrule. In con-
trastto previousapproacheshe new criterionallows usto
combinediscriminatvefeaturespace®f differenttypes(for
example color, texture,local shape)n aprincipledmanner

Frompracticalconsiderationgheoptimaldistancenea-
surewasmodeledby combininga setof simpleelementary
distancemeasureseachof which is de ned on a simple
featurespace.In this paper we addresdwo importantis-
suesthat arisein sucha scheme: (a) What form should
theelementangdistanceneasurén eachfeaturespacdake?
We motivatethe needto useoptimal distancemeasuresn
simplefeaturespacessthe elementarydistancemeasures;
suchdistancemeasurebavethedesirablgropertythatthey
areinvariantto “distance-respectingtransformations.(b)
How dowe combinetheelementangistanceneasuresve



motivatea linear combinationmodelthat canbe shown to
be exactly valid undercertainstatisticalassumptions.
Therestof thepapelis organizedasfollows: x 2 reviews
thederivationgivenin [1] for the optimal distancemeasure
thatminimizestherisk for the 1-nearesteighborrule. Es-
timationof this optimaldistancemeasuralirectly from data
leadsto a generalcriterion for nding discriminative dis-
tancemeasuresSection3 discusseshe designandimple-
mentationof a modelfor the optimaldistancemeasurano-
tivatedfrom practicalconsiderations.We benchmarkour
approachagainstthree otherwell-known approaches$or a
challengingfacediscriminationtaskin x 5.

2. Optimal 1-NN DistanceMeasure

Here we briey review the resultsfrom [1]. As in the
introduction, assumethat we have a training setS, =

f(X1;¥1); (X2;¥2);: 11 s (Xn; Yn)g Whereeachtuple(x;; vi)

ischoseri.i.d. from someunknavndistributionoverX Y

whereX isthespaceofimagemeasurementendY issome
discretesetof objectclasslabels. We arealsogivena dis-
tancemeasured : X X ! IR betweenary two image
measurements.

On input measurement 2 X, the 1-neaestneighbor
rule reportsthe classlabel y° associatedvith the training
imagex®2 S, thatis closestto x accordingto thedistance
measura. Then-sampleNN mis-classi cationrisk R(n)
is de ned as:

R(n) E(xy):sa [Lysyal (1)

wherelyg o is anindicatorfunctionfor theeventy 6 y°.
Notethattherisk is averagedverall inputsx aswell asall
training setsof sizen.

Conditioningon input x, the risk can be re-written as
follows:

R(n)
r(x; x9

Exx , [r(X; XO)]
Ey:yolliye yoix; X
= p(y 6 yixx9 2

wherer (x; x% is the conditionalrisk of assigninginput x

with theclasslabelcorrespondingo x°, andX ,, is thesetof

all trainingmeasurements; from S, . For ary giventrain-

ing setsizeof n, therisk R(n) depend®nly onthedistance
measural usedfor the nearesheighborsearch.Thus,it is

naturalto askfor the distancemeasurahat minimizesthe
risk.

Sincethe conditionalrisk r (x;; Xj) = p(yi 8 Y;jXi;X;)
isitself ameasurele ned overary two inputmeasurements
Xi;X; 2 X, we canconsiderusingit asa candidatedis-
tancemeasure. Under this distancemeasurefwo images
are“closer” to eachotherif they areboth likely to come
from the sameclass.We caneasilyshav thatthis distance
measureminimizesthe NN risk:

Property 1 (Optimality) The distance measue
d(xi;x;)  p(yi 8 yjjxi;X;j) minimizesherisk R(n) for
anyn.

Seg[2] for aproof.

The optimal distancemeasurds not a metric distance
measure.Of the metric axioms, it someavhat surprisingly
satis estriangleinequalityandis of coursesymmetricsince
thelossfunctionis symmetric.However, it doesnotin gen-
eral satisfy self-similarity, i.e., d(x; x% = 0iff x = x%is
not satis ed. In fact,for mostreal applicationsoneexpects
someuncertainty however small, asto which classa mea-
suremenbelonggo. It canbeshavn thatdueto thisuncer
tainty, self-similarityis alwaysviolated. See[2] for further
details.

Our stratggy for nding a discriminative distancemea-
surewill be basedon modelingandestimatingthis optimal
distancemeasuregrom task-dependertraining data. Im-
plicitly, sucha stratgy nds a distancemeasurehat mini-
mizesthe NN risk.

An approachthatis similar in spirit hasbeenexplored
beforein theliteraturestartingwith [13]. However, therisk
minimizedthereis the asymptotiaisk RM whenusingary
metricdistancemeasureUsingthenon-metricoptimaldis-
tancemeasuren the otherhandalwaysgivesarisk thatis
betterthanRM . Therisk canevenapproactthe Bayesop-
timal risk dependingn thetask,evenwhentherisk for ary
metricdistances strictly worsethanthe Bayesoptimal.

3. Modeling the Optimal Distance

Underthei.i.d. assumptiorthe optimal distancemeasure
p(yi 6 yjjxi;X;) canbe expressedn termsof generatie
modelsp(xjy) for eachclassasfollows:

X
plyi 8 yj ixiixj) = plyixi)@ plyix;)) (3)

y

Thus one approach4] is to rst estimatea generatie
model p(xjy) for eachclassfrom training dataand then
constructheoptimaldistancemeasureisingthe expression
above. Thedisadwantageof suchanapproachs theneedto
estimataeliably thegeneratre modelsfrom data.If we can
indeedestimategeneratre modelsreliably from data,then
we should get betterclassi cation performanceusing the
Bayes'decisionrule directly. In practice,it is morelikely
thatestimatinggeneratre modelsfrom datamaynotbereli-
ablesinceagoodmodelmayrequiretheestimatiorof mary
parametersgventhoughmostof themmay beirrelevantto
the taskof discriminatingone objectfrom another More-
over, for amulti-classobjectdiscriminationtask,formulat-
ing ageneratie modelis likely to bedif cult in practicefor
anarbitrarycollectionof objectsof interest.



Our approachnsteadwill be to modelthe optimal dis-
tancedirectly in termsof more elementarydistancemea-
suresde ned on simpleto constructfeaturespacesOur ra-
tionalefor suchanapproachs basednthefactthatit isrel-
atively easyandef cient to constructvarioussimplefeature
spacedrom aninputimage. For example,in the facedis-
criminationtaskthatwe considerin x 5, the featurespaces
will bevarioussingle-dimensiondinearprojections More
generallysimplediscriminatve featurespacesanbebased
on color, texture, local shapeproperties. From a practical
point of view, it would thus be advantageoudo approxi-
matethe optimal distancemeasureby combiningthe dis-
criminative informationfrom suchsimple-to-construdiea-
turespaces.

Having decidedon sucha schemefwo issuesarise: (a)
What are appropriateelementarydistancemeasures?and
(b) How do we combinethe elementarydistancemeasures
for approximatinghe optimal distancemeasure.

3.1 ChoosingElementary DistanceMeasures

Formally,letC= fdj;dy;::: ;dn g beapossiblylargecol-
lection of elementarydistancemeasureseachof which is
de ned on somesimple featurespace. For run-time con-
siderationsyve wish to selectkK N elementarydistance
measuresl, 2 Cfrom this collectionthatbestapproximate
the optimaldistancemeasurg(y; 6 y;jxi;X;).

Whatis a goodchoicefor the elementarydistancemea-
sures?The questionis analogougo the issueof choosing
an appropriatekernel (which is essentiallythe inverseof a
distanceaneasurejor SupportVectorMachineg15].

Onedesirablepropertythatany soundselectionscheme
for elementarydistancemeasureshouldpossesss invari-
anceto distance‘respecting”transformations.If s ands®
aretwo distancescoresindersomedistancemeasurel, then
f is adistancerespectingransformatiorof d if f doesnot
changdistanceelationships:

f(s) < f(s9

In otherwords,f hasto be somestrictly increasingfunc-
tion. Clearly, selectingtwo elementarydistancemeasures
relatedby somedistancerespectingransformatiorshould
beconsiderededundantsinceintuitively, suchtransforma-
tionscannotgive usary new informationaboutthe elemen-
tary distancemeasuréeingtransformed.

We now shaw thatoneway for ensuringsuchinvariance
to suchdistancerespectingransformationss to choosethe
optimalelementarydistancemeasureg(y; 6 y; j d) given
an elementarydistanced ratherthan choosingd itself di-
rectly. Intuitively, sucha choiceinducesa partition of the
spaceof all possibleelementarydistanceameasurem afea-
ture spacento equivalenceclassesTwo distancemeasures
belongto the sameequivalenceclassif they arerelatedby

s< sl =

somedistancerespectingransformation.We shav belov
thattheoptimalelementargistancemeasurg(y; 6 y; j d)
is thesamefor everydistanceneasurel from agivenequiv-
alenceclass. Differentequivalenceclasseshave different
optimalelementarydistancaneasureassociatewvith them
andthe taskis to selectthe bestone over all equivalence
classesThus,potentially ratherthanhaving to searchover
thespaceof all elementarydistancaneasuresye only need
to searchover the spaceof optimal elementarydistance
measures.

Property 2 (Invariance) The optimal distance measue
p(y; 8 y; j d) givenan elementarydistanced is invari-
antto distancerespectingransformations.

Proof. Letf be adistancerespectingransformationj.e.,
f is astrictly increasingunction. Let d® = f (d). We then
have from Bayesrule:

p(d°j yi 6 y;)p(yi 6 ¥;)
p(d?)
We now usethe following identitiesthatrelatesprobability

densitiesvhentransformedy ary strictly increasingunc-
tionf [9]:

Pyi 6 y; jd) =

Py 8 y) = HELE SN
_ o
p(d) = 9d)

wheref %is thederivative w.r.t. d. Substitutingn theabove
equationwe get:

P(djyi 6 yj)p(yi 6 i)
p(d)
p(yi 6 yj j d)

p(yi 6 yj j d)

In practice we canconstructheoptimalelementarydis-
tancemeasureal p(y: & y; j d) givensomeelementary
distancemeasural andtraining dataasfollows. Fromthe
trainingdata,estimatetheintra-clasdistribution of thedis-
tancescoreg(d j yi = y;) aswell astheextra-clasdistri-
butionp(dj i 6 y;) andthepriorsp(yi = ;). p(yi 6 ¥;).
Thenthe optimal elementarydistancemeasural is given
by usingBayesrule. In ourwork, we estimateheintra-and
extra-clasdistribution of thedistancescoresusingaParzen
window estimatof{6]. Thisis practicalsincethesedistribu-
tion are over one-dimensionafjuantities. We samplethe
valuesof the Parzenwindow estimatoratregular ne inter-
valsandstoreit in atableattrainingtime for fastaccessat
run-time.SeeFigurel.



Interestingly althoughour motivationfor usingoptimal
elementarydistancemeasuress purely for the sale of in-
variancewe also nd thatfor the experimentson facedis-
crimination that we reportin x 5, the recognitionperfor
mancewhenusingoptimalelementandistancaneasuress
alsoempirically superiorcomparedvith usingthe elemen-
tary distancemeasureslirectly.

3.2 Linear Combination Model

Next, given a setof K one-dimensionabptimal elemen-
tary distancemeasuresl = [d;;:::;d,], we wantto ap-
proximatethe optimal distancemeasureby combiningthe

elementarydistancemeasuresin otherwords,we wantto

modeland estimatep(y; 6 y; j d). Herewe motivate
thefollowing linearlogistic modelfor the optimal distance
measurghatwe usein practice:

POi &y id) _ < log

_ p(Yi 6 i i d)
P =y | d) .

p(yi =i jdy)
(4)

Below, we developthestatisticalassumptionandpracti-
cal considerationsinderwhich sucha modelholdsexactly.

We canmodelthe optimal distancemeasuréoy model-
ing theintra-classandextra-clasdistributionsof the setof
one-dimensionabptimal elementarydistancemeasuresl, ,
sinceBayesrule givesus:

P(yi 6y id) _ p(djyi 6 y)p(yi6Y)
plyi =y id) pdjyi=y)plyi=y)

Modelingtheintra- andextra-clasdistributionsp(d j )
directly is incorvenient since each d, takes valuesin
[0; 1]. We will insteadmodelthe distribution of a distance-
respectindransformof eachd, , namelythelogit transform,
which transformsthe range[0; 1] into the whole real line
whichis morecorvenientto model. Thelogit transformis
givenby

X .
1 x’
Rede ned = [logit(d,);::: ;logit(d, )] to be the vector
of logit transformsof the 1-dimensionaloptimal distance

measures.Thenwe assumethat the intra- and extra-class
distribution overd canbemodeledwell by two Gaussians:

N( intra; N ( extra;

Thelinearlogistic model(4) for the optimal distancemea-
surecannow be motivatedby assuming inga =  extra =
, resultingin thefollowing parametergor the model:

logit(x) log x 2 (0;1)

dintra intra);  Oextra extra )

0= inwa © inta otra - exua t |ngg:7=;/;;
[ 150003 K]T = 1( extra intra )

Theabove modelingassumptioris the sameasthatused
for deriving lineardiscriminantsandis primarily motivated
by the needto make the estimatiorof the modelparameters
computationallytractable,sincewe needto estimateonly
O(K) parameterin (4) with the assumptiorasopposedo
estimatingO(K 2) parametersvithout the assumption.

4. Estimation

Having speci edamodelfor the optimaldistancemeasure,
in this sectionwe describea simple maximumlik elihood
frameawork for estimatingsucha modelfrom data.

Let y; 2Ly.ey;1 1. As before, let S =
f(X1;¥1); 111 (XN ; Yn )9 bethetrainingsetof imagemea-
surementsand correspondingclass labels. Let d =
fdy;:::; d¢ g beaparticularselectionof optimal elemen-
tary distancemeasure$rom C (seex 3.1). Maximizing the
log-likelihood of the optimal distancemeasuremodel (4),
giventhetraining set,canbe shawvn [2] to be equivalentto
minimizing the following costfunction:

|Og 1+ e «  kYi logit (dy (xix;))

Ja( )
(5)

where,for compactnessf notation,we have assumedhe
inclusionof a constantdistancemeasural, 1. This cost
functionis convex [2] andcanbe optimizedusingstandard
iterative techniquedik e Newton's method[12].

Finally, the bestchoicefor d is the onethat maximizes
thelikelihoodor equivalentlyminimizesJq overall choices
of K optimal elementarydistancemeasuregrom the col-
lectionC. Thebrute-forcesearchoverall choicesis clearly
unfeasiblewhenK is large. Instead,we adopta simple
greedy stratgy in which at eachiteration k we choose
the bestd, 2 C that alongwith the distancemeasures
fdy;:::;d, ;gchoserinthepreviousiterationsminimizes
the costfunction.

5. Experiments

In this section,we benchmarkour approachagainstother
well-known algorithmson a challengingface recognition
task. At the outset,we would like to emphasizehat our

methods notlimited to facerecognition.In fact,in contrast
to otherapproachespur approachallows for the combina-
tion of elementarydistancemeasuregrom disparatefea-
ture spacedike color, texture andlocal shapein a princi-

pled manner see[2]. Here,we choosea facerecognition
task primarily for benchmarkingourposessince the task
hasbeenwell-studiedin the literatureresultingin a large
numberof algorithmsdevelopedor thetaskaswell aswell-

known standardiata-sets.
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Figurel: Computingthe optimalelementandistancemeasure(1) Eachtrainingimageis projectedontosomeprojectionvector (2) The
intra- andextra-clasglistributionsfor the elementarydistancemeasurdin our work, the magnitudeof the differencebetweerntwo images
alongthe projectionvector) over the training setare estimatedusing a Parzenwindow estimator (3) The optimal elementarydistance
measuraés computedrom theintra- andextra-clasdistributionsusingBayesrule. Theresultis sampledandstoredin atablefor ef cient

accesatrun-time.Seetext for furtherdetails.

5.1 FaceRecognitionTask

We chose a subsetof frontal face images from the
FERET [10] databasethat had varying expressionsand
someillumination changesSpeci cally, we chosea subset
correspondingo 200 subjectsgachof which had2 images
with varyingexpressiorandillumination. This wasdivided
into a training and test setwith 100 subjectsin eachset.
Noneof the subjectsn the testsetwererepresente¢h the
training set. Thetestsetwasfurtherdividedinto a gallery
setof 100 imagesanda probesetof 100 images. During
testingof eachalgorithm,the closestmatchfor eachprobe
imagefrom the gallerywasfound. Figure2 shavsasample
of theselectedmages.

Following [11], the imageswere pre-processeas fol-
lows. Eachof the imageswere aligned using a similar-
ity transform(rotation, translationandscale)suchthat the
locationsof the eyes, whose positionswere provided in
the FERET databasefell on pre-speci edpixel locations.
Next, theimageswerecroppedwith acommonmaskto ex-
clude backgroundand hair. The non-maskd pixels were
thenhistogram-equalizedndtheresultingpixelswerefur-
therprocessetb have zeromeanandunit variance Finally,
all theimageswerescaledo have asizeof 150 200. Fig-
ure 3 shawvs animagebeforeandafterpre-processing.

5.2 Methods

Our Approach For our approachwe needto specifythe
collectionC of elementandistancemeasurefrom whicha

Figure2: Samplemagesfrom the FERETdatabase.

Figure3: A faceimagebeforeandafterpre-processing.



subsebf K distancemeasuresre chosenfor approximat-
ing theoptimaldistanceneasurdseex 3). In orderto make

a fair comparisorwith the other approachesthe elemen-
tary distancemeasuresve considerare distancesetween
two imagesalong various one-dimensionalinear projec-
tions. Formally, if x isameasurementectorof pixels(after
pre-processingsdescribedbove)for animage thenanel-

ementarydistancemeasurghatwe considertakesthe form

dv(Xi;xj) = jvT(Xi  Xj)j, wherev is a projectionvec-
tor. Thecollectionof elementaryistanceshatwe consider
thencorrespondso a collectionof denselysampledorojec-
tion vectorsv. Assumingthe training setis representatie

of the testingexamplesthatwill be seenwe only consider
projectiondirectionswithin the“f ace”-spacepannedby the

training images,sincethe orthogonalspacedoesnot con-

tain ary discriminative information. For this experiment,
we samplel000projectionvectorsin this face-space.

For eachof the sampleddirections,optimal elementary
distancaneasureareconstructedgsdetailedin x 3.1 using
Parzenwindow estimators We usea Gaussiarwindow for
the estimatorswith a variancethat is 1=10th of the max-
imum distancebetweenary two imagesalong ary of the
sampledprojectiondirections.GivenK , thegreedyscheme
detailedin x 4 is usedto approximatethe optimal distance
measureby the bestK optimal elementarydistancemea-
sures.

PCA. The principal componentectorsof the trainingim-

agesare extracted. We use the Mahalanobisdistancein

PCA spaceto compensatdor the natural scalesof each
principal componentdirection. Speci cally, the distance
measureisedis:

1. .
dpca (Xi5X%j) = —kJUI(Xi X} )j®
k
whereug;k = 1;:::;K correspondo the K principal
componentirectionscorrespondingo thetop eigervalues

K-

LDA. We implementedthe well-motivated “soft-LDA”

schemen [16]. First,thetrainingimagesareprojectedonto
the mostsigni cant principal componentgin our case the
onesthat captureat least99% of the signalenegy). The
intra-classSipra andextra-classSeyira SCattemmatricesare
then createdin PCA space. LDA componentsare found
by maximizingthe Fisherratio or equivalently solving the
eigen-problenSea L = Sinra L WherelL is the matrix
of columnvectorsof theLDA componentsTo avoid singu-
larities, it is crucial to regularize Sj,ra by addinga small
guantity along the diagonal. Without this regularization,
LDA performsvery poorly. For robustnessa distancemea-
surethat used“soft”-weights basedon the eigervaluesis

suggestedtby [16]:

dipa(Xi;Xj) = e (i %)

k

wherel, aretheLDA componentand g thecorresponding
eigervaluesWeuse = 0:2in ourexperiments.

Bayesian Classi er. We implementedthe schemepro-
posedin [7] asfollows. Intra-classand extra-classimage
differencesare eachmodeledby a Gaussiardensitybased
on a decompositiorof the imagedifferencespacein each
caseinto thespacespannedy the rst K principalcompo-
nentsof the correspondinglassof imagedifferencefrom
the training set, aswell as a residuespace. The distance
measureén this caseis givenby thelog-oddsratio between
theextra-classandintra-clasdensities See[ 7] for details.

5.3 Results

At run-time, all of the methodsabove have two steps:(a)
projectingtheinputimageontoK vectors.In ourapproach,
the vectorsarethe projectionvectorsalongwhich elemen-
tary distancesare measured.For PCA, they are the prin-
cipal components.For LDA, they arethe linear discrimi-
nantdirections.For the Bayesiarapproachthe vectorsare
the PCA componentsequiredfor theintra- andextra-class
densitymodels. In our experimentswe divide K equally
betweerthetwo densitymodelsfor this approach(b) nd-
ing the closestmatchfrom thetraining setusinga distance
measure. The secondstepis roughly comparabléefor all
themethodssinceeachdistancemeasureanbeef ciently
computedn eachcase.The rst stepis proportionalto K .
In practice,the choicefor K shouldbe basedon a trade-
off betweenthe desiredrunningtime performanceandthe
desiredrecognitionperformance.

Figure 4 shavs the recognition performanceon the
FERETtestsetasK variesfor eachmethod.PCA performs
poorly onthistask,shaving thatthetaskis challenging As
can be seen,our approachis competitive in performance
with the otherstateof theartapproaches.

Figure5 compareghe performanceof our modelwhen
using optimal elementarydistancemeasureglabeled*in-
variant”in the gure, sameasthe onelabeled‘Our Model”
in Figure4), whichis invariantto distance-respectingans-
formations,andwhenusing elementandistancemeasures
directly. Althoughourmotivationfor usingoptimalelemen-
tary distancameasuregvaspurelyfor thesale of invariance
(seex 3.1), we canseefrom the gure thatusingoptimal
elementarydistancemeasuress also empirically superior
comparedwith usingthe elementarydistancemeasuresli-
rectly.
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6. Discussion

We have addressetivo issueghatarisewhenmodelingthe
optimal distancemeasureas a combinationof more ele-
mentarydistancemeasures.First, we motivatedthe need
for usingelementarydistancemeasuresghatareinvariantto
distance-respectingansformationsSecondwe presented
asimplelinearcombinationmodelthatcanbejusti ed ex-
actly undercertainassumptions.Finally, we have shovn
that our approachs competitive with the bestmethodsfor
afacediscriminationtask.

In contrastto the otherapproachesomparedn this pa-
per, our approachis more widely applicable,sinceit can
alsocombinemultiple modalities(color, texture, shape)n
a principledmannerwithin the sameframavork. We sim-
ply needo de ne appropriateelementarglistanceneasures
in eachof thesefeaturespaces.This is currentlyongoing
work.

In x 5, we madethe obsenation that using the invari-
antelementarydistancemeasureseadsto betterempirical
performancevhencomparedvith usingtheelementangis-
tancemeasureslirectly. In future,we would lik e to investi-
gateboth theoreticallyandempirically whetherthis obser
vationholdsmoregenerallyacrosanoretasks.
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