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Abstract

In this paper we develop a new methodfor recover
ing andsmoothingelds of surfacenormalsin shape-fom-
shading We showhow transformthe problemof recover-
ing surfacenormalsthat satisfyLmbeerts law into that of
solvingthe steadystateheatequationfor a scalarpotential.
Accodingto this picture, thesmoothedeld of surfacenor-
malsis foundby takingthe gradientof thescalar eld. The
heatequationfor the scalar eld canbe solvedusingsim-
ple nite differencemethodsandleadsto an iterative pro-
cedue for vectorestimation We illustrate the utility of the
new methodonrealworld imagery andcompae our results
with thosedeliveled by an alternative

1. Intr oduction

The recovery of a consistenteld of surfacenormalsis
one that arisesin a numberof areasin computervision.
Examplesncludeshape-from-shadinghape-from-teture,
optical o w and stereopsisOne of the problemsthatis of
pivotalimportancen the processingf vector elds recov-
eredfrom noisyimagedatais thatof smoothingandpracti-
calsmoothingor regularisatiormethodshave beenreported
in the contexts of optical o w computation4], curvature-
basedsurfaceshapeepresentatiof6] andthe smoothingof
stereadisparity elds [3].

An importantissueunderpinninghe smoothingprocess
is that of preservingthe differential structureof the un-
derlying vector eld, while satisfyingconstraintson data-
closenesdn fact, the data-closenessonstraintscansome-
timesbere-castasconstraintontheindividualcomponents
of the vectors.For instance,jn shape-from-shadingyhen
Lambertianre ectanceis assumedthe componentof the
surfacenormalin the light sourcedirectionis constrained
to be equalto the inversecosineof the normalisedmage
brightnesq7]. For the purposef optical o w computa-
tion, brightnessonstraintarefrequentlyused[1].

Theanalysisof the literatureon the topic of vector eld
smoothings not a straightforwardtask.Thereasorfor this
is that smoothingis frequentlyviewed as an integral part
of the relevant vision module, ratherthan one of generic
utilty. However, in shape-from-shadingimple regularisa-
tion methodshave beenshavn to oversmooththe eld of
surfacenormalsandthis problemcanto beovercomeusing
either statisticallymotivatedrobust regularisationmethods
or gradientconsisteng constraintqd8]. In optical ow es-
timation, existing algorithmshave beengreatlyin uenced
by the anisotropicdiffusion approacho imageregularisa-
tion developedby Peronaand Malik [5]. Therehave also
beena numberof attemptsto extend the variational opti-
cal o w estimationalgorithmof Horn andSchunk|2].

In this paperwe focusin detailonthe problemof shape-
from-shadingWe posethe problemof smoothinga vector
eld asthatof solvingthe heatequationsubjectto the con-
straintsimosedby Lamberts law. We recastthe problem
of estimatinghe eld of surfacenormalsasthatof recover
ing aascalampotential eld. Thez-componenof the eld of
surfacenormalsis constrainedy Lambertslaw to beequal
to the inversecosineof the normalisedmagebrighteness.
The remainingcomponent®f the vectorare given by the
gradientof the scalarpotential.A simplevariationalanaly-
sisusingthedivergencaheorenshavsthatthetime deriva-
tive of thescalampotentialis givenby the averageof theim-
ageintensity As a result,a simple nite elementmethod
canbeusedto computethe component®f the eld of vec-
tors.

2. Heat Flow

Theproblemstudiedin shape-from-shadinig thatof es-
timatingthedirectionof thesurfacenormalvector

atapoint onasurface
from a measurementf the brightness atthecor
respondingmagepoint . The surface normal satis es
Lamberts law, i.e. , where is light

sourcedirection.Unfortunately Lamberts law allows only
the recovery of the zenith anglebetweenthe light source



Figure 1. Ground truth for our synthetic data

vector and the surface normal. The recwery of the az-
imuth angleremainsundeterminedandrequiresthe useof
smoothnessonstraintsHerewe usea heat- ow analogyto
performthesmoothingprocess.

Theanalogyis asfollows.We assumehatthereis atime-
dependanplanarscalar eld , where arethex,y
andz-coordinate®f thepoint  and is thetime epoch.
As a result of the contraintimposedby the scalar eld,
the z-componenbf the vector is equalto the mea-
suredintensity at the point . The componenton
the vector on the planeis found by taking the gra-
dient of the scalar eld . As aresult,we canwrite
.Ouraimisto nd the
thatis the steadystatesolution of the

scalar eld
heatequation

@)

subjectto the constraint . Thisinvolvesthe
analysisof the heat o w on the plane . Oncethe steady
statesolution to the heatequationis found, thenthe vec-
tor may be computedby takingits gradient.However, here
we are only interestedin the azimuthangleof the vector

, andthis canbe computedby takingthe arc-tangent
of theratio of the rst-dif ferencef in thex andy
directions.

To analysethe behaiour of this systemwe turn to the
divergencetheorem.Consideran area  on the plane
which is enclosedby a volumetricregion . The ux as-
sociatedwith the eld of vectorsis givenby

2

Since, is thedivergenceof , we have that
)
Noting that , i.e. thez-componenbf the vector

is constrainedo be , and substitutingfor the

heatequationwe nd that

(4)

Finally, we use the dot product and note that
, and hencethe divergenceequation

Figure 2. Smoothing results. Top row: input im-
ages; Second and third rows: smoothed eld of
surface normals after one and eight iterations of
our algorithm; Bottom rows: eld of surface nor-
mals delivered by the algorithm of Worthington
and Hancoc k after 10 and 100 iterations.




becomes
)

In otherwords,the averagerate of changeof with
time is equalto the total potentialenclosedwithin the sur

facepatch
We cansolve this equationusinga simple nite element
approachWe commencedy setting . At

timestep , theupdateequationis

— (6)

where is the setof pointsadjacentto . The quan-
tity istheaveragedandnormalisedscalampotential,com-
putedusingtheformula

()

This processs repeateduntil the scalar eld sta-
bilises. On corvergence,the azimuth angle of the vector

atthelocationindexed is givenby
8
In the above equation and arethe
rst differenceapproximationgo the and components
of thegradientof , andaregivenby
C)

Sincethe computationof constrainghe azimuth
of thevectorto the rst quadrantwe malke useof the sign
of the o w on the x andy-directionsto determinethe sign
of thevectorcomponent®ntheplane . Thus,therotated

vector is computednakinguseof thefollowing rule
sign
sign
(10)
where

3. Experiments

In this sectionweillustratetheutility of ournew method
for purposesof smoothing elds of surface normalsesti-
matedfrom shadingmageswhich exhibit large amountsof

noiseandcorruption.To this end,we have addedcontrolled
levelsof Gaussiamoiseto syntheticandreal-world imagery
of objectsthatexhibit Lambertiarre ectance.In all ourex-
perimentsyve follow WorthingtonandHancock 7] anduse
the gray-scalegradientasan initial estimateof the surface
normal eld directions

In Figure1b, we shawv a parabolicdomewith two ellip-
tic domessuperimposedie have usecthis objectto inves-
tigatethe effect of addingnoiseto the raw imagedata.In
the top row of Figure2, we shav two imagesobtainedby
renderingthe surfacein Figure 1b with a Lambertianre-
ectance model and adding controlledlevels of Gaussian
noisewith to the resultantimage. The sec-
ondandthird rows shav the eld of surfacenormalsat the
rst andlastiterationsof our smoothingalgorithm.For both
images the algorithmcorvergedin eightiterations.In the
fourthand fth rows, we shav the elds of normalsdeliv-
eredby the algorithmof WorthingtonandHancock[7] af-
ter 10 and 100iterations.In contrastwith the algorithmof
WorthingtonandHancock ourmethodpreserestheshape-
edgeswhile beingableto copewith largeamountof added
noise.

Next, we presentesultson real-world imageryof statu-

ary. Theseareadetailof theMichelangelos“Moses” anda
fragmentof the “Three Graces'relief. In the left-handcol-
umn of Figure 3, we shaw the noise-freeimagesfor both
objects.In the secondcolumn,we shav the resultantim-
agesafter having addedGaussiamoisewhosevarianceis
of . Thethird andfourth columnsshav the eld of sur
facenormalsatthe rst andlastiterationsof thealgorithm.
In the caseof the Michelangelos“Moses”, the eld of sur
facenormalsstabilisedat the sixth iteration.For the“Three
Graces” the algorithmtook ve iterationsto corverge.In
Figure 4, we show the eld of surfacenormalssmoothed
making use of the Worthingtonand Hancocks algorithm
for the input imagesin Figure 3. The top row shows the
elds of surfacenormalsafter 10 iterations.The elds of
normalsafter 100 iterationsare shovn in the bottom row.
From Figure 3, we cannotethatthe elds of surfacenor
mals smoothedmaking use of our methodall have quite
comple detail, with a mix of concae and corvex struc-
ture.Furthermorethetopologyof the surfacehasbeenpre-
sened,speciallyneartheedgesHence ourresultslack the
oversmoothingexhibited by the elds of normalsdelivered
by thealgorithmof WorthingtonandHancock{7].

4. Conclusions

In this paper we have shavn how a vectorial eld can
besmoothedy makinguseof aheat o w processThisap-
proachleadsto a parametefree modelwhich constraints
the eld of vectorso satisfyascalampotential eld asahard
contraint.Furthermorethe differentialequationghatchar
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Figure 3. Smoothing results for real-world imagery. Left-hand column: noise-free images; Second column: im-
ages with added Gaussian noise; Third and fourth columns: smoothed eld of surface normals at the r st and

last iterations of our algorithm.

acterisghe heat o w processnay be solved makinguseof
acomputationallyef cient nite elementmethod We have
performedexperimentonsyntheticandreal-world imagery
which suggesthe algorithm canremove large amountsof
addednoise.
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Figure 4. Field of surface normals delivered by
the algorithm of Worthington and Hancoc k after 10
and 100 iterations for the input images in Fig. 3.




