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Abstract

In this paper, we develop a new methodfor recover-
ing andsmoothing�elds of surfacenormalsin shape-from-
shading. We showhow transformthe problemof recover-
ing surfacenormalsthat satisfyLmbeert's law into that of
solvingthesteadystateheatequationfor a scalarpotential.
Accordingto thispicture, thesmoothed�eld of surfacenor-
malsis foundby takingthegradientof thescalar�eld. The
heatequationfor thescalar �eld canbe solvedusingsim-
ple �nite differencemethods,andleadsto an iterativepro-
cedure for vectorestimation.We illustrate theutility of the
new methodonrealworld imageryandcompareour results
with thosedeliveredbyanalternative.

1. Intr oduction

The recovery of a consistent�eld of surfacenormalsis
one that arisesin a numberof areasin computervision.
Examplesincludeshape-from-shading,shape-from-texture,
optical �o w andstereopsis.Oneof the problemsthat is of
pivotal importancein theprocessingof vector�elds recov-
eredfrom noisyimagedatais thatof smoothing,andpracti-
calsmoothingor regularisationmethodshavebeenreported
in the contexts of optical �o w computation[4], curvature-
basedsurfaceshaperepresentation[6] andthesmoothingof
stereodisparity�elds [3].

An importantissueunderpinningthesmoothingprocess
is that of preservingthe differential structureof the un-
derlying vector-�eld, while satisfyingconstraintson data-
closeness.In fact,thedata-closenessconstraintscansome-
timesbere-castasconstraintsontheindividualcomponents
of the vectors.For instance,in shape-from-shading,when
Lambertianre�ectanceis assumed,the componentof the
surfacenormal in the light sourcedirection is constrained
to be equalto the inversecosineof the normalisedimage
brightness[7]. For the purposesof optical �o w computa-
tion, brightnessconstraintsarefrequentlyused[1].

Theanalysisof theliteratureon thetopic of vector�eld
smoothingis not a straightforwardtask.Thereasonfor this
is that smoothingis frequentlyviewed as an integral part
of the relevant vision module,rather than one of generic
utilty. However, in shape-from-shadingsimple regularisa-
tion methodshave beenshown to oversmooththe �eld of
surfacenormals,andthisproblemcanto beovercomeusing
eitherstatisticallymotivatedrobust regularisationmethods
or gradientconsistency constraints[8]. In optical �o w es-
timation,existing algorithmshave beengreatly in�uenced
by the anisotropicdiffusion approachto imageregularisa-
tion developedby PeronaandMalik [5]. Therehave also
beena numberof attemptsto extend the variationalopti-
cal �o w estimationalgorithmof HornandSchunk[2].

In thispaper, wefocusin detailontheproblemof shape-
from-shading.We posetheproblemof smoothinga vector
�eld asthatof solvingtheheatequationsubjectto thecon-
straintsimosedby Lambert's law. We recastthe problem
of estimatingthe�eld of surfacenormalsasthatof recover-
ing aascalarpotential�eld. Thez-componentof the�eld of
surfacenormalsis constrainedby Lambert'slaw to beequal
to the inversecosineof the normalisedimagebrighteness.
The remainingcomponentsof the vectoraregiven by the
gradientof thescalarpotential.A simplevariationalanaly-
sisusingthedivergencetheoremshowsthatthetimederiva-
tiveof thescalarpotentialis givenby theaverageof theim-
ageintensity. As a result,a simple �nite elementmethod
canbeusedto computethecomponentsof the�eld of vec-
tors.

2. Heat Flow

Theproblemstudiedin shape-from-shadingis thatof es-
timatingthedirectionof thesurfacenormalvector �
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is light
sourcedirection.Unfortunately, Lambert's law allows only
the recovery of the zenith anglebetweenthe light source



Figure 1. Ground truth for our synthetic data

vector and the surface normal. The recvoery of the az-
imuth angleremainsundetermined,andrequirestheuseof
smoothnessconstraints.Hereweuseaheat-�ow analogyto
performthesmoothingprocess.

Theanalogyisasfollows.Weassumethatthereisatime-
dependantplanarscalar�eld �

�

�

�

��� 


, where
�

� are the x,y
andz-coordinatesof the point �
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and
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is the time epoch.
As a result of the contraint imposedby the scalar �eld,
the z-componentof the vector �
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is equalto the mea-
suredintensity )
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on the planeis found by taking the gra-
dient of the scalar�eld �
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. Our aim is to �nd the
scalar�eld �
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that is the steadystatesolutionof the
heatequation
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subjectto theconstraint
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. This involvesthe
analysisof the heat�o w on the plane �

�

. Oncethe steady
statesolution to the heatequationis found, then the vec-
tor maybecomputedby taking its gradient.However, here
we are only interestedin the azimuthangleof the vector
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, andthis canbecomputedby takingthearc-tangent
of theratio of the�rst-dif ferencesof �

�

�

�

��� 


in thex andy
directions.

To analysethe behaviour of this system,we turn to the
divergencetheorem.Consideran area  on the plane �

�

which is enclosedby a volumetric region ! . The �ux as-
sociatedwith the�eld of vectorsis givenby
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heatequation,we �nd that
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Finally, we use the dot product and note that )
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, andhencethe divergenceequation
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Figure 2. Smoothing results. Top row: input im-
ages; Second and thir d rows: smoothed �eld of
surface normals after one and eight iterations of
our algorithm; Bottom rows: �eld of surface nor -
mals delivered by the algorithm of Wor thington
and Hancoc k after 10 and 100 iterations.
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In otherwords,theaveragerateof changeof �
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with
time is equalto the total potentialenclosedwithin thesur-
facepatch .

We cansolve this equationusinga simple�nite element
approach.We commenceby setting �
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where
� �

? / is the set of points adjacentto �

*,�

. The quan-
tity �

� is theaveragedandnormalisedscalarpotential,com-
putedusingtheformula
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This processis repeateduntil thescalar�eld �
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sta-
bilises. On convergence,the azimuthangleof the vector
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at thelocationindexed  is givenby
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In theaboveequation
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Sincethecomputationof
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constrainstheazimuth
of thevectorto the �rst quadrant,we make useof thesign
of the �o w on thex andy-directionsto determinethesign
of thevectorcomponentson theplane �
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3. Experiments

In thissection,weillustratetheutility of ournew method
for purposesof smoothing�elds of surfacenormalsesti-
matedfrom shadingimageswhichexhibit largeamountsof

noiseandcorruption.To thisend,wehaveaddedcontrolled
levelsof Gaussiannoiseto syntheticandreal-world imagery
of objectsthatexhibit Lambertianre�ectance.In all ourex-
periments,wefollow WorthingtonandHancock[7] anduse
thegray-scalegradientasan initial estimateof thesurface
normal�eld directions

In Figure1b,we show a parabolicdomewith two ellip-
tic domessuperimposed.We haveusedthis objectto inves-
tigatethe effect of addingnoiseto the raw imagedata.In
the top row of Figure2, we show two imagesobtainedby
renderingthe surfacein Figure 1b with a Lambertianre-
�ectance model and addingcontrolledlevels of Gaussian
noisewith E

� C�F G ��CHFJI

to the resultantimage.The sec-
ondandthird rows show the�eld of surfacenormalsat the
�rst andlastiterationsof oursmoothingalgorithm.For both
images,the algorithmconvergedin eight iterations.In the
fourth and�fth rows, we show the �elds of normalsdeliv-
eredby thealgorithmof WorthingtonandHancock[7] af-
ter 10 and100 iterations.In contrastwith thealgorithmof
WorthingtonandHancock,ourmethodpreservestheshape-
edgeswhile beingableto copewith largeamountsof added
noise.

Next, we presentresultson real-world imageryof statu-
ary. Theseareadetailof theMichelangelo's“Moses”anda
fragmentof the“ThreeGraces”relief. In theleft-handcol-
umn of Figure3, we show the noise-freeimagesfor both
objects.In the secondcolumn,we show the resultantim-
agesafter having addedGaussiannoisewhosevarianceis
of

C�F K

. Thethird andfourth columnsshow the�eld of sur-
facenormalsat the�rst andlast iterationsof thealgorithm.
In thecaseof theMichelangelo's “Moses”, the�eld of sur-
facenormalsstabilisedat thesixth iteration.For the“Three
Graces”,the algorithmtook � ve iterationsto converge.In
Figure4, we show the �eld of surfacenormalssmoothed
making useof the Worthingtonand Hancock's algorithm
for the input imagesin Figure 3. The top row shows the
�elds of surfacenormalsafter 10 iterations.The �elds of
normalsafter 100 iterationsareshown in the bottomrow.
From Figure3, we cannotethat the �elds of surfacenor-
mals smoothedmaking useof our methodall have quite
complex detail, with a mix of concave and convex struc-
ture.Furthermore,thetopologyof thesurfacehasbeenpre-
served,speciallyneartheedges.Hence,our resultslack the
oversmoothingexhibitedby the�elds of normalsdelivered
by thealgorithmof WorthingtonandHancock[7].

4. Conclusions

In this paper, we have shown how a vectorial �eld can
besmoothedby makinguseof aheat�o w process.Thisap-
proachleadsto a parameter-free model which constraints
the�eld of vectorsto satisfyascalarpotential�eld asahard
contraint.Furthermore,thedifferentialequationsthatchar-
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Figure 3. Smoothing results for real-w orld imagery. Left-hand column: noise-free images; Second column: im-
ages with added Gaussian noise; Thir d and four th columns: smoothed �eld of surface normals at the �r st and
last iterations of our algorithm.

acterisetheheat�o w processmaybesolvedmakinguseof
a computationallyef�cient �nite elementmethod.We have
performedexperimentsonsyntheticandreal-world imagery
which suggestthe algorithmcanremove large amountsof
addednoise.
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Figure 4. Field of surface normals delivered by
the algorithm of Wor thington and Hancoc k after 10
and 100 iterations for the input images in Fig. 3.


