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Abstract

In this paper, we present a semi-supervised approach te spagng by casting the recov-
ery of volumetric data from multiple views into an evidenambining setting. The method
presented here is statistical in nature and employs, astingtaoint, a manually obtained
contour. By making use of this user-provided informatiom, ebtain probabilistic silhouettes
of all successive images. These silhouettes provide a distribution that is then used to
compute the probability of a voxel being carved. This evagecombining setting allows us to
make use of background pixel information. As a result, outhwm@ combines the advantages
of shape-from-silhouette techniques and statistical esgacving approaches. For the carv-
ing process, we propose a new voxelated space. The proppaed is a projective one that
provides a color mapping for the object voxels which is cstesit in terms of pixel coverage
with their projection onto the image planes for the imagengar consideration. We provide

quantitative results and illustrate the utility of the nmedion real-world imagery.

Keywords: space carving, volumetric reconstruction, 3D reconsioa¢csemi-supervised meth-

ods.

1 Introduction

One of the areas in computer vision that has attracted ceraite interest is the recovery of three-

dimensional information from multiple views. This usualhyolves using images, from a number
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of cameras placed at different positions, to reconstruet3d shape of the object or scene of
interest.

There has been various approaches to solving the 3D reaotistr problem. The literature
along these lines is vast and spans from the use of steremsvolumetric approaches. In stereo
vision [14], the aim is to recover the correspondences adm@snes based on pixel differences
SO as to use 3D view geometry to compute a point cloud thaticegpthe structure of the scene.
Solving the correspondence problem is a demanding taskasteheived much attention recently
[18, 8, 19]. Some techniques also include the usage of bawijilstment methods [42] or modulus
constraints [29] to calibrate from a set of uncalibratedges Once the calibration is at hand, a
metric reconstruction can be effected from the imagery.

In contrast with bundle adjustment, where the rays betweeh eamera centre and the set of
3D points on the object are used, other approaches elsewhtre literature are based upon vol-
umentric representations. These approaches based onetolumeconstruction are dominated
by shape-from-silhouette techniques [4, 25, 22] and voskdrong methods [7, 20, 34]. An in-
tegral part of shape from silhouettes is the usage of obutocirs to construct a visual hull by
nding the intersection of visual cones formed by the objectluding contours and the camera
centers. Thus, a silhouette image is a binary image in wiielobject becomes an occluder of the
background from the observer's view point. As a result,@ikttes determine whether each pixel,
projected as a line-of-sight ray from the camera centrersetcts the surface of the object. This ap-
proach to object reconstruction using volume interseatiasa rst exploited by Martin et al. [25],
who recovered volumetric object representations makirggaisvisual cone intersections. This
intersection volume is known as the visual hull by Laurer@22] and described as the maximal
volume that yields the silhouette for the object from anyguae viewpoint.

In [9], three binary images are abstracted to quad-tre@eseptations and merged into an octree
visual hull. An octree representation of a solid region isaoted by hierarchically decomposing
a 3D cube into smaller ones (8 of them in this case). Hieraathlivision and cube orientation
usually follows the spatial coordinate system. DespiteaiVe, the drawback of this approach is
that the input of images is limited and there is a requirensenthe orthogonality of the optical
axes. Potmesil et al.[30] addresses this problem by reaastg an octree representation from
multiple images with arbitrary viewpoints. This approaaist generates conic octree volumes
from silhouettes of the object and then combines them soa@istéon a global model. The individ-

ual objects are then labelled using a 3D connected compaigarithm. In [38], the silhouette is
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approximated polygonally after segmentation via thredingl. These polygons are then decom-
posed into convex components and then ef cient octreesetion tests with back-projections are
employed. Szeliski et al. [40] build the volumetric modeisedtly from the actual photographs.
Laze[23]et al. have used polyhedrons to characterise the surface of tleetodap a set of vi-
sual cones. lliet al. [17] have used implicit surfaces to model 3D shapes usirgpgéttes in
uncontrolled environments. In a related development, ¢g.iand Wong [24] have addressed the
identi cation of the tangent space of an object surface veced from silhouettes by introducing
an epipolar parameterisation of the problem.

Nonetheless the accuracy of the visual hull constructicreiases with the number of images,
the result is dependent on the geometry of the object ofestebeing highly sensitive to the genus
of the surface object. Thus, one of the drawbacks of shape-&ilhouette algorithms is that
not all concavities of the object can be modeled using theaibull approximation. The shape
information from multiple silhouettes only guarantees tovide an enclosing space for the object
corresponding to its volumetric upper bound. The otherddiaatage is that the silhouettes needed
are usually obtained manually [39] or via image differenoesveen consecutive frames [37]. This
requires controlled background conditions and illumimaso as to enable proper segmentation.

Voxel coloring techniques, on the other hand, start with mayaof voxels that must enclose
the entire scene. These arrays of voxels are then kept oveghiased upon image color values
subject to constraints based upon scene reconstructiomnAnon assumption in voxel colorng
methods pertains the Lambertian re ectance of the objedeustudy. If a surface exhibits Lam-
bertian re ectance, light is then scattered such that tipaegnt brightness and colour of the surface
on the image is the same regardless of the camera’s anglewaf Voxel coloring approaches were

rst introduced by Seitz et al. [34]. Their algorithm begwgh an array of opaque voxels encom-
passing the scene. As the algorithm progresses, opaquks\asgdested for color consistency and
classi ed. A point is photo-consistent if it does not prdjéz known background or, alternatively,
the light exiting the point, i.e. its radiance, in the direntof the camera is equal to the observed
color of the points projection in the image. Moreover, photmsistency can be de ned as the
standard deviation of the pixel colors for the set of pixbltican “see” a voxel [36].

In practice, voxel coloring tests consistency of voxels mgkise of their visibility, i.e. whether
or not a given camera can see a voxel. The visibility issueadasessed in [34] by introducing
ordinality constraints on the camera locations so as totaglagle scan methods to voxel data.

This requires that the camera locations are such that alidkels can be visited in a single scan in

3



a near-to-far order relative to all the camera-centres. @tiee ways in which this can be achieved
is by placing all the cameras on one side of the scene. Thexls/oan be scanned in planes whose
distance to the camera centre increases monotonicallydidveback of this method hinges in the
placement of cameras, which are required to be placed sadlstene points are contained within
the convex hull of the camera centers so as to assure ordsibaility constraints. This implies
that the full 3D reconstruction of the scene is not possilelealnise the cameras can not surround
the scene.

Kutulakos et al. [20] recti ed this limitation by introdueg a multi-sweep approach. This algo-
rithm evaluates voxels one plane at a time in a similar fastoosoxel coloring techniques, except
that multi-scans are performed typically along the posiand negative directions of each of the
three axes. Space Carving forces the scans to be near+gdtve to cameras by using only the
images whose cameras have already been passed by the miawviaghe main argument leveled
against the method in [20] is that the method used to determsibility does not include all the
object images as some viewpoints on the moving plane maysif@evirom particular voxels. This
was addressed by Culbertson et al. [10] in the algorithnedd@leneralized Voxel Coloring (GVC),
where the visibility is computed accurately as comparedéodapproximate visibility utilized in
Space Carving.

All the methods above have the common drawback of making aaddirreversible commit-
ments on the removal of voxels. This can lead to large erroeggion and incorrect 3D recon-
struction by creating a hole, even if only one voxel is rentbveorrectly. This problem led to the
probabilistic approaches to space carving [7, 1, 6] beirgydele. The other advantage of proba-
bilistic approaches is that they avoid the need of a glob@mpater (variance) for color consistency
checks. In probabilistic space carving methods, each vsxasigned a probability determined by
computing the likelihoods for the voxel existing or not. El¢ne voxels are processed starting with
the layers closest to the camera. The visibility of each Viayer is determined by the probabili-
ties of the previous layer. This single sweep algorithmse @ependent on the speci ¢ placement
of cameras. That is, they have to satisfy the ordinal vigybtlonstraint.

It is worth noting in passing that photo-consistency is a-trosial task that has drawn research
from stereo methods [44]. Esteban and Schmitt [11] have sdleduettes and stereo in an in-
formation fusion setting for 3D object modelling. This igs@what related to the use of implicit
surfaces for voxel colouring. Along these lines, Grum andsB&3] have used implicit surfaces

so as to model 3D scenes from multiple views using spaceraarvi
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On the voxelisation of the space, the approaches above bsewaxels whose position is pre-
determined by the user. The drawback of this cubic voxelgpede is that their projections onto
the imagery changes in terms of pixel coverage, i.e. the rurobpixels “covered” by each
voxel, with respect to the distance of the voxels from thee@ncentre. This leads to inconsistent
comparisons of colors or intensities for photo consistar®ck as the voxels space is carved. Al-
ternatives to the cubic tessellation has been proposeditye&al. [31], where epipolar geometry

relating two views is used to construct a projective gridcgpa

2 Contributions

In this paper, we present a probabilistic semi-supervisethad for space carving. This method
makes use of a user provided silhouette and an image seqaemgt to deliver, at output the
3D reconstruction of the object under study. To do this, wa ta@ space carving problem into
an evidence combining setting and remove voxels based opasterior probability of a voxel
existing given the silhouette and pixel color informatiém.our method, the probability of a pixel
being foreground or background in a silhouette is recovenalling use of a sequential scheme
which, departing from the user-supplied object contoumpotes the posterior probabilities for
subsequent frames. We view the recovery of the probalildfea voxel existing as a supervised
classi cation setting dependent on the silhouette infdiara To this end, we make use of a
discriminant function which is governed by the averagearare of the pixel-values for the voxel
across those views in which its visible. Thus, by combinisgreprovided silhouette information
and image data, our method not only provides a means for sep@rvised space carving, but
also a link between shape-from-silhouette and unsupelgisace carving methods. It exhibits the
strengths of voxel coloring methods while having the adages of probabilistic space carving
approaches. Unlike other probabilistic approaches [Qurapproach enables us to obtain full 3D
reconstruction. This is due to the fact that our method ig@strictive on the camera position and
does not require ordinal visibility constraints to be satls

Nonetheless our method can be applied to cubic voxel seitug also propose here a voxelisa-
tion of the carving space which is projective in nature. Wkerfolate our projective space making
use of the camera centres to tessellate the space. The pdogmagective space offers bene ts such
as consistent back-projection from any voxel onto the imagad a more accurate color mapping

of surface voxels. Moreover, using this approach, the apprate number of pixels covered by
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Figure 1. Space carving.

each voxel at back projection can be chosen while populdtiegpace. This can be determined
on the basis of the reconstruction setup. The nature of thygosed space ensures that this back
projection remains consistent irrespective of the pasitibvoxels with respect to the camera cen-
tres. This increases the accuracy of the color mapping orettevered 3D representation of the

object.

3 Space Carving

In space carving [34], a voxel array is carved so as to remu&etvoxels that should be discarded
to reveal the volumetric shape of the object under studys Thrving process is either a plane
sweep one [7] or an operation on the surface voxels beingadenesl [36]. This carving process
can be single sweep or iterative in nature and is governetidintersection of the rays from the
surface voxels to the images in the sequence.

Let x{ be thel™ pixel in the image indexek. Similarly, the set of pixels in the image sequence
onto which the voxeV/; back-projects is denoteti as shown in Figure 1. As the surface voxels are
carved, their neighbourhood voxels are revealed eithehesame layer or the layer underneath.
We, at each iteration, compute the probability of a voxehbeliscarded, i.e,, = 0, based upon
the available data corresponding to the pixels in the imageience onto which it back-projects.
With the probability at hand, we perform inference and reenawxels from further consideration.

This step sequence is interleaved until no further voxelneahoperations are effected.



As mentioned earlier, we aim at posing the space carvingegsm an evidence combining
setting. Our approach is semisupervised in nature and g plaiser-provided silhouette which
corresponds to the object contour at the initial frame ofitteige sequence under study. Following
this rationale, the decision on whether a voxel should beechis based upon available pixel
attributes, such as colour, brightness, etc. and the slit@provided by the user at input.

We commence by de ning the posterior probability of iflevoxel V; being in the object given

the pixel-se; and the user provided silhouetiewhich we denote by
POy, =1jX;9=P@Oy,=1jX))P(9y,=1]9) (2)

where we have writte8,, = 1 to imply that the voxeV; is present in the object, i.e. exists, and
assumed independence between the pixel data and the pgdiedisilnouette.

The expression above opens-up the possibility of emploggerative models to recover the
posterior probability? (9y, = 1 j X;;S). These probabilistic models will be used throughout the
paper for recovering the shape and pixel probabilities adptimal cut-off values for the carving

process.

3.1 Silhouette Information

Since the silhouett8 determines a foreground-background separation in theesdszan be used
to de ne a shape prior over the image sequence. This obsamiatimportant since it allows us to
express the probability (9y, = 1 j S) in terms of a set of voxel projections onto the input images.
Thus, to take our analysis further, we write
P(Sj9v, =1)P(9y,)
P(S)

p EllsiOv =1JP(%, =1)

j2t0g EMAsiOvi = JIP(9v; = J)

PO, =1]9) (@)

where we have used the fact tH(S j 9y, = 1) = E(1s] 9y, = 1), E[] is the expectation
operator andLs is an indicator variable whose value is unity if the silhae& occurs and zero
otherwise.

To renderls tractable, we consider th¥& imagel; in the sequence under study. For the sake of
convenience, we assume the user-supplied silhouettespomds to the imag. Let the separa-
tion given by the silhouett8 between foreground and background be consistent with titeapil-

ity of a voxel existing or being removed. Thisis9§, = 1, the projection of the voxal; onto the



I pixel xK in the imagel x denotes a foreground pixel. Otherwise, the pixels a background
one.

As a result, and keeping in mind our Bayesian formulatiorhefgroblem, we can consider the
indicator variablels as the hard limit of the probabilit (G- j xK) of the foregroundCr given
a pixelxK. Accordingly, the expectatiok (1s j 9y, = 1) becomes the average over foreground
posterior probabilities for the set of pixeXs, i.e.

Elsjoy =10= 1 PG i) ©
JXi] xk2X |

Thus, the problem reduces itself to recovering the post@riobability P (G j xf). Further,
note that, since the user is required to provide a silhowtieamel o, we have, at our disposal,
a background-foreground segmentation which we can userforpeinference on the image se-
quence. Thus, by using a Markovian formulation, we can c®@ighe probability? (G j x) to
be governed by the set of foreground labels at the frame &dlex 1 for then-order neighbour-
hood systenN, centered at pixel coordinates. Moreover, sinceP (G j xK) = E[1q | xf],
we can use the expectation of the indicator varidlegiven the pixelkt as a means to compute
P9y, =1]j59).

Since the expectatiodB[1c. j x{] can be written as

1 X

P(Gjx)= N P(G jx5x) )
xK 2N |

we can use M-estimators [41] to express the probalfligg- j x<; xX,) as follows

P :
g N COPG I 1)

XijNi h (Xk; rl% 1)

P(G jx5xi) = (5)

where K 1is a vector of hyperparameters that govern the distributfcthe foreground pixels in
the neighbourhoodll,, andh (x}‘ 1) is a robust weighting function with bandwidth which, in

our approach, is given by a Tukey function [43] of the form

8
21 ()% i)
i) 1
h (x) = ’ ’ (6)
> .
-0 otherwise
where ()= H[ (u u)?,H []is aHeviside unit-step function and, as befareare the

pixel coordinates off.



By considering neighbourhoods; of the same size for ajl and selecting the bandwidth
SO as to be consistent with the neighbourhood-sizes, we itly simplify the expression for
P (G j xK). By substituting Equation 5 into Equation 4, and After sorigehlra, we get

X X

P(Gjx)= iNm N i P(Q:jxj!(; . (7)

xK 2N | xjk2N m

To complete our analysis, we turn our attention to the comtpart of the posterior probabilities
P(G j x¥; K 1). Making use of the Bayes theorem, the class-conditiondigisiitiesP (x£; ¢ j

Jrm

G-) and the priors for the class€s andG we have

1

ke ko 1y — o ky —
P(G x5 m )= sigf}) = m 8)
where siq ) is the logistic sigmoid function anrcr is a discriminant function of the form
P(xk; K 1jG)P
fhzip C09m 1%)P(G) 9)

) P(xt; Kk 1iG)P(G)

The sigmoid si¢f ) is, effectively, a “squashing function” that maps the fumef * into the in-
terval[0; 1]. Furthermoref * can be related to discriminant analysis by assur®i(@ j xf;  *
to be normal. Let the probability distributions for the bgakund and foreground be governed by
the parameter vectok * = f ¥ ' K 1g where X '=f ; pgand' K 1=1f ; ggare
the parameter vectors, i.e. mean and covariance, for teground and background distributions,
respectively, in the neighbourhoddl, at framel ;.

This is an important observation since the mean and covaiparameters may be computed
making use of the foreground and background labels for #madrindexedk 1. This suggests
the use of a sequential silhouette extraction scheme inhyaidramel o we use the labels for the
foreground and background pixels, as given by the userlgaogontour, to compute the posterior
probabilities for each pixel at framg. Once the posterior probabilities are at hand, we can use
the probabilitied® (G j x!) to recover the label-set for frame indexedNe do this by computing
the optimal cut-off value so as to separate the distribgtifmn the foreground and background
pixels. This process is repeated for the subsequent fram#geisequence using the label-sets
corresponding to previous frames.

In Appendix A, we show how the optimal cut-off valug can be recovered from the posterior
foreground and backgrourfl(G- j xK). For now, we continue with our analysis and proceed

assuming that the set of background and foreground pixelawailable. Let the set of pixels in the
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foreground be given bt = fxX 1jP(G jxK 1)  r.g. Similarly, the background pixel-set is

given byXk = fxX 1j P(G j xK 1) <rg. Recall that, for the rst frame of the sequence, the

foreground and background pixel-sets are extracted frencdimtour information provided by the

user. From the pixel sed* *andXg ?, it becomes a straightforward task to compute the vectors
K1=1f ¢, ggand' K 1=1f g; ggforevery neighbourhoo .

With these ingredients, the discriminant functfq‘nbecomes

1 i lj 1
kK — Z(xk T Lxk
fi - Eln j slj Z(X' 2 B (i 24

o AT AN R (9

where%is the ratio of the number of background to foreground pixekhe neighbourhoodil ,
at the view indexeét 1.

Therefore, we can compute the discriminant function aboves&ch pixel given a neighbour-
hoodN, at framel, ; and recover the probabilith (G | x}‘; kK 1) making use of Equation 8.
With the probability at hand, we can use Equation 7 and coeB(G- j x[), from which the
expectatiorE[1s j 9y, = 1] can be recovered. Moreover, noting trlrang o1gElls | 9y, =

j]IP(9y, = J) =1 in Equation 2, we can make use of Equation 3 and write

1 X 1
P(gvlzljS):— o
JXIJxlkZXi JNm N ] 0
X X 1 (10)

1+exp(fk
Xl 2N xk2N p( J )

3.2 Pixel Data

In this section, we employ the probabilitif{9,, = 1 j S) to recover the parameters that govern
the probabilityP (9y, = 1 j X;) by casting the problem into a supervised classi cationisgit

So far, we have focus in the probabilities emanating fromuser-provided silhouetts. In
this section, we turn our attention to the probabif{9y, j X;). To commence, we note that the
attributes of those pixels ; can be viewed as vectors, for which each entry correspondadtua
of brightness, colour, etc. Following this rationale, wesatrthe pixels as N-dimensional vectors,
i.e. xK = [x](1); X{(2); :::; xK(N)]T and, making use of the formalism introduced in the previous

section, we write

P9 =1jX))= = sig(g) (11)

1
1+exp(g)
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where
P(XI J 9Vi = 0) P(9Vi = 0)
P(Xij9y =1)P(9y, = 1)

is a discriminant function.

To take our analysis further, we note that, solely on theduafghe probabilitie® (9y, =1 j S),

a number of voxels will have a null posteriBr(9y, = 1 j X;;S). This is due to the fact that,
for those voxels whose back-projection correspond to pik&t are labelled as background, the
probability P (G- j xK) will be identical to zero. This is consistent with shapenirsilhouette
approaches, in which the object contour information is lalée. As a result, we can start the
carving process and remove, in an iterative fashion, voxeis null P(9y, = 1 j S) until no
further removals can be effected.

This is an important observation, since we can employ theveahvoxels and those that can not
be further carved, i.e. those for whie(9y, = 1 j S) 6 0, to recover the discriminant functiaj.
This can be done by viewing the logistic sigmoid(gjy as the probabilistic output of a classi er.
This classi er, whose output depends on pixel informatsimuld be consistent with those carving
operations effected on silhouette information alone. Assalt, we can use the voxels carved using
the posterior probabilitieB (9y, = 1 | S) to train a classi er in which the functiog is modelled

as follows
X

g=a nYn(Xi) + & (12)

n=1

wherey,(X;) is a function operating on th@" dimension of the pixels iX;, , are real-valued
weights andy;, i = f 1; 2g are constants.

Here, we make use of a functign( ) of the form

1 X

yn(Xj) = jx—ijerXi( n X:((n))z (13)

which yields the average variance of the pixel-values ferwbxelV; across those views in which
its visible. Our choice of functiom, () re ects the notion that, for those voxels that exhibit large
variation in terms of pixel attributes across differentwse the value of the discriminant function
should be large.

Here, we follow a two step process to recover the weightand the constantg anda,. Firstly,
we use AdaBoost [5] to recover the weights. Secondly, we umamum likelihood to compute
the constanta; anda, [28]. We do this by making use of a number of voxels for tragnpurposes,

whose binary label variables are assigned as follows. Weneamae by building the set of carved
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voxels = f 4; 2;::1) j ;0, where  are the set of voxels removed at iterationNote that

is the set all voxels for which the probabilig/(9y, = 1 j X;;S) is null. Let the set of those
voxels which, at iteration |, can be back-projected onto the views in the image sequeitice w
Yn(Xi) 6 0 8 nbe ; j:1. With these ingredients, we set to unity the label variapfer the voxel
Viif Vi 2 ;1. Thelabel variableis; = 1if Vi 2 j41.

As mentioned earlier, we commence by removing those voxalsvhich the probabilities
P9y, = 1 j S) are null. This process allows us to recover the parametetiseofliscriminant
functiong; and compute the probabilitiés(9y, = 1 j X;; S), as given in Equation 1. In practice,
after the voxels in have been carved, the further removal of voxels requires@ide rule. This
decision rule is based upon a cutoff value Therefore, a voxeY/; is removed if its probability
P9y, =1 X;;S) is less or equal to. Otherwise, the pixel exists in the object. This variable

can be computed using the method in Appendix A from the pntibeb P(9y, = 1 | X;;S)
corresponding to those voxels in j+1. The use of ; ;;; for computing hinges in the notion
that the mixture of both classes, i.e. removed and existin@lg, will be more evident for those
voxelsV; that are close to the boundary of the object.

Hence, after computing the cutofffrom the voxels in ; ;.1 making use of the formalism in
the Appendix A, we continue our plane sweep carving prooceis®ving those voxels for which

POy, =1jX;9 until no further voxels are removed.

3.3 Projective Voxel Space

As mentioned earlier, we perform our carving algorithm omagxtive voxel space which provides
a consistent voxel projection with respect to the imagegsa his is irrespective of the position
of voxels on the object space. Traditionally, the cubice#ason of voxels used in space carving
algorithms provides voxel¥; which are all of the same size, regardless of their positidh w
respect to the viewpoint. This is an important observatioeesthe projection area onto each
image changes with the distance of the voxels from the caoere under consideration. With
this in mind, in this section, we provide a method aimed abveang a voxel space based upon a
Voronoi tessellation procedure which minimises the voxadkoprojection error.
To commence, ldt, denote the image of the object of interest fromkltiecamerak = 1;::; n,

wheren is the number of images in the sequence. For égaclwve can view the voxels as being

spanned by a cone-like volume, de ned by rays passing thrahg four corners of the imade
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Figure 2. Union of Cone Volumes.

and the camera centogg,. Given that the object is contained in each image, it is guas, as
proved in [20], that the object will be contained in the unioof these cone volumes, as shown in
Figure 2.

The union can be voxelised for purposes of space carving by notingthieatoxel-centres
should lie on the projecting rays passing through the caenrtes. Moreover, the voxel-centres
should be such that their back-projection onto the imageepla invariant with respect to their
distance from the camera centre. Thus, in terms of proxitoityeference views, the boundaries
of points being projected from each viewpoint are de nechgsa Voronoi tessellation [2, 26] as
shown in Figure 3(a). Our choice of the Voronoi tessellatiorges in the nature of the problem
itself, which aims at solving a problem dependent on a prayigeometric relationship so as
to divide the 3D carving region into sections according t® gleometric position of a number of
camera centres. Thus, here we exploit voronoi diagrams sodigide the plane according to the
nearest-neighbour rule by associating each point withélgen of the plane closest to it. Thus,
our approach divides the carving space into voxels whosteeseare the nearest-neighbours to the
pixels corresponding to the closest image plane.

This approach has two main advantages. Firstly, it enalslés populate the carving space with
voxels generated by points projecting from the nearest caicentre. Secondly, it permits us to
associate each vox¥| to its nearest color map. Moreover, it can be shown that byguesiVoronoi
tessellation to subdivide the carving space, the back gtioje error for the colour is minimum.

This is due to the fact that, as a consequence of the tesse]ldie colour mapping for any voxel
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@ (b)

Figure 3. (a) Region partition yielded by the Voronoi tekdain; (b) Pixel projection in the

tessellated space.

would be drawn from the view corresponding to the nearesecanThe result of the carving space
tessellation for the case of two reference views is showmnguaré 3(b). In practice, the tessellation
is computed from the voxel-centres making use of Delaunagdulation [3]. Figure 4 shows the
geometric comparison of voxel back-projection using owel@pace and the usual cubic space.
Note that, for our Voronoi tessellation, the back-projectof any voxel onto its respective image
plane consists of one pixel. In constrast, the back praadir cubic tesselations varies with
respect to the distance of the voxel under consideration fhe camera centres.

For a more formal error analysis, we follow [21]. We commehgaoting that the image noise
caused by optic devices is often considered to be white and<tn. Consider the case of @n
order neighbourhoopN ,j = 1, i.e. the case when the voxXé| back projects to a region covering

only 1 pixel. Letx{; be the irradiance of the pixel under consideration. Then aweh

wherel £ N(0; 2). Likewise, for projections on multiple pixels, i.e. fiN ,j > 1, we represent

the mapping as

X
x5 = (X + 15) (14)
p ; ; I n
e X' X
- b XK+ - 1 X
INm] N INm] N

Thus, for our proposed voxel space, the error for the codpismot accumulated as a conse-

guence of larggN ,,j for those voxels that are further from the image plane. Alsothe recovery

14



(@) (b)

() (d)

Figure 4. Comparison of voxel back-projection onto the iesa@ the sequence; (a)&(b) Back

projection of a cubic voxel; (c)&(d) Back projection of a vadrawn from a Voronoi tessellation.
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of the colour mapping, the voxel colouring is in close acemiek to its respective pixgﬁ. Thus,
by using the proposed voxel space, we minimize the error byramg thajN ,j 1 and, conse-
guently, obtain a mapping for each voxel corresponding togle pixel on the respective image.
Further, note that one of the main consequences of our pirggam®xel space is that the quantity
JN ] does not depend on the voxel position, but rather can be xedssto account for calibra-
tion errors and noise corruption. Thus, denoising can kextftl by back projecting onto a xed
number of pixels. Thus, the voxel-centres can be obtainddngaise of rays passing not through
every pixel but every other pixel and so on. Our projectiveaelaspace still ensures that there
is consistency on the number of pixels being projected antespective of the size of voxels.
The color mapping, for each remaining voxel will thus be deiaed by taking the mean of the

back-projection over an equal number of pixels regardléfissdr position in the carving space.

4 Implementation Issues

Having presented the theoretical foundations of the methdte previous section, there are a
number of issues that deserve further discussion.

Firstly, we explain how we obtained our projective voxetespace. We divide the carving 3D
region using Voronoi tessellations with respect to the cansentres as follows. L&t .., be the
camera centres with being the number of cameras to be considered. We insert ploasts into
the space, creating cells in the space closer to each camet@cg. The regions of space are
outlined by verticesys;s 2 |. Each added pointg is marked with references to its associated
vertices. We can now add voxel centres to the partitioneidnsg As voxel centres are added, all
vertices,vy closer tocg are deleted and the new vertices are formed using the voréiesefor
each neighbouring verticeg, of vy4. The list of this new regions is then updated with respect to
point and vertex mappings. For a more detailed algorithnergeson and further optimizations
refer to [16]. We implemented this using list iterators stgrseparate lists for voxel centres and all
resulting verticess. Thus, at the end of the algorithm, the list containiggg iterated to obtain the
resulting boundaries. With the vertices and points at hdr&next step is to associate projected
voxel centres to each camera centre by solving the inesadis outlined by the vertices for each
camera eld of view. This delivers, at output, a set of progecvoxel centres whose nearest camera
is the one corresponding to its line-of-sight. Once a vogeemoved, the list is updated through

a search on the tessellation list. This is effected by deteng the neighbouring voxels. To do
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this, we rely on the tessellation list which contains thereiice to all those voxels projected to a
particular pixel on the image plane.

The carving process itself is implemented using list iteist At the beginning of the carving
process, we build a binary look-up list. This list is used &efx track of those voxels in the
surface of the model and their corresponding color valueei\dvoxel is removed, all the entries
corresponding to neighbouring voxels are set to unity. istianner, only those voxels which are
on the surface of the carving need to be processed at eaalidter Finally, when there are no
further removals to be effected, each remaining voxel takdss corresponding stored color value
from the look-up list. For visibility of voxels, we adopteket concept of item buffers as used in
[10]. The item buffer is used to record, for every pixel in amage, the surface voxel that is visible
from the pixel and provides an ef cient means to voxel remova

Note that, for the computation of the posterior probaleii® (G- j xf), only those regions
N whose foreground and background pixel-sets are both n@tyeneed be processed. This
allows the use of iterators across those neighbourhoodsHimh neither the background nor the
foreground label-sets are null. This is due to the fact ihatther of these is empty, the probability
P(G | x'f; kK 1) will take the hard-limit values of zero or unity. This is umgandable, since
the label-sets indicate whether the foreground or the backgl occur given the pixed:‘ ot
the foreground does not occur, its probability is then nuill.the contrary, if the region is all
foreground, its probability is one.

Also, since the carving process depends solely on the stt@information at start-up, we
can reduce the computational burden of the algorithm by ctimg the discriminant functiog;
only for those voxels carved after iteratipn j 2. This is also desirable since this assures the
existence of a training domain containing in which foregrd@and background voxels. This also
reduces the bias on This is understandable since, by employing the user-geavinformation
as a hard constraint for the recovery aénd the discrimant functiog, the voxel boundary of the
object employed for training becomes a volumetric uppemlddor the carving process.

Also note that, as the number of views increases, it is soraeexpected the accuracy to in-
crease accordingly. The reasons for this are twofold. IFirgiarger number of views implies ad-
ditional information will be available for the computationthe discriminant function. Secondly,
a larger amount of views also provides, in general, a smdifgrlacement in camera position be-
tween frames in the sequence. This, in turn, implies thasileuette recovery step across the

image sequence is less prone to error.
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5 Experiments

In this section, we illustrate the utility of our method fanrposes of 3D reconstruction. To this
end, we compare our results to those yielded by alternatethoals and provide robustness test
results. We have used three sets of sequentially acquiragan of real-world objects. At this
point, it is worth noting that, to our knowledge, there aresami-supervised space carving methods
elsewhere in the literature. Here, we provide a qualitatm@parison of our method to that in [7]
and bundle adjustment. Both, the method in [7] and ours asedapon statistical techniques.
Bundle adjustment methods, in the other hand, share witmatinod the use of bundle rays for
the 3D recovery and are standard in the community. Howekieget results must be interpreted
with caution since both alternatives are unsupervised taraa Moreover, our method does not
require that every ray must intersect at least one voxel osad upon the removal process. In
contrast with other probabilistic methods, such as theradte/e, we do not assume that if a scene
point is occluded in a view, then there must be another safamnt along the line-of-sight.

The datasets are comprised of 30 views, acquired in housa,tfiy camel, a leather boot and
a mannequin head. In our experiments, we have provided fuzithim, at input, the views of
the objects under study and a silhouette, which corresptimtise contour of the model at the
rst frame of the sequence. Note that, in practice, semistiped segmentation methods such
as the Random Walker [35] can be used to recover an inputusitten Other methods, such as
edge detection, can also be employed. Nonetheless, in #eeafaedge detection methods, a
disambiguation between foreground, i.e. the object ofrésie and background may be required.
Also, note that for the quantitative analysis throughoatdaction we have set the number of trials
to 10 for purposes of computing the mean squared error andritnce.

In Figure 5, we show on the top row, the rst view of our datasethe input silhouettes are
shown in the bottom row. In the silhouette panels, the pigelsesponding to the foreground
class, i.e.G:, are shown in black. As outlined in the previous section,algorithm commences
by computing the probabilitieB (G j xK) and the foreground-background labels for every frame
in the sequence. In Figure 6, we show sample frames for tlasestused in our experiments. The
probabilitiesP (G j xf) and the labels recovered making use of the cutoff valaee shown in the
second row of gure. From the panels, its clear that the pbdliges recovered by the algorithm
are in good accordance with the model outline.

In Figure 7, we show 3D reconstructions obtained using ouhate For the method in [7],
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Figure 5: Top row: First frame for the image sequences uridelysBottom row: corresponding

input silhouettes.

we have used the GVC algorithm [10] as an alternative to thagpkweep approach. This is so
as to relax the ordinal visibility constraints in [7]. Foretlhundle adjustment, we have used the
method in [42]. The 3D point cloud generated by bundle adjest methods was rendered using
VTK [32] after removing outliers via RANSAC. As evidenced the reconstructions, compared
to the alternatives, our method displays better accuradydateil. The two main reasons for the
improved results are the usage of the proposed projectxelat®d space and the semi-supervised
approach using silhouette information to guide the cargraress. The back projection yielded
by the projective voxel space provides the optimal color piag for each remaining uncarved
voxel. In the gure, we present both, the 3D shapes rendes@tgua Lambertian blue shade and
the voxel mapping onto the image pixels. We have done this sofacilitate comparison with the
scanned ground truth data in the top row of Figure 7.

Note that, for our method, each voxel is mapped onto one pix¢he image. As a consequence
of the use of the GVC approach, the mapping obtained by teenaltives corresponds to the aver-
age for the set of pixels recovered through the back-priojeci the voxels onto the corresponding
views. An alternative to GVC in this regard is to take the vneggl average of pixels from the back-
projection on all visible images. Nonetheless, these nistheay compromise detail and accuracy.
By comparing the reconstructions of our method and GVC, @menwotice the difference in fea-

tures where the average may not reliably represent the obsurface, such as the eyes, eye brows
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Figure 6: Top row: Sample input views; Bottom row: value®¢G- j xK) for the views in the top

row.

and the nose for the mannequin head. For the reconstrudtithe deather boot, we can see the
detail of the lace buckle has been preserved by using ouradeffrom the gure, its evident that
the results yielded by bundle adjustment methods lack tteel@dad color mapping accuracy. This
is mainly due to the scarce features available for corred@oce on some portions of the object.
This is also due to the presence of outliers, which degrael8Ehreconstruction result.

We also provide a quantitative analysis for our method ntakise of 5 real-world images for
the toy camel, the leather boot and the mannequin head, fek®mnovel viewpoints, i.e. views
that are not in the dataset used for 3D recovery purposeshiFe@mnd, we have added Gaussian
noise with zero mean and increasing variance to the inpugénaFor each noise level, we have
recovered the model and rendered it at viewpoints equivédehe novel real-world images. This
has been done following [7], where the rendering is done bsgmating along each ray and ap-
proximating, via maximum likelihood, the marginalised Ipabilities of a voxel existing. We have
then computed the mean least-squared difference betweernbered model and the noise-free,
segmented object on the novel views. The plots of the meat-$epiared difference, as a function
of the noise variance are shown in Figure 8. From the twonhefst plots, we can appreciate that
the mean-squared error for the renderings exhibit whatagge be a linear dependency with re-
spect to the standard deviation of the added noise. Thiseattiibuted to the use of the silhouette

information, which mitigates the impact of pixel-colourngption due to noise corruption.
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Figure 7: 3D reconstructions. From top-to-bottom: scarmedhes used as ground truth; 3D data
recovered by our method; object renderings using our appr@&D volumes recovered using the
method in [7]; renderings for the volumes in the fourth rol @eshes recovered using bundle
adjustment; renderings for the bundle adjustment resulisa sixth row. [42].
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Figure 8: Error analysis of renderings obtained using outhog(plot of mean squared-difference
VS noise variance). From left-to-right: error plots for ttemel toy views, leather shoe data and

the mannequin head.

Now, we turn our attention to the quality of the 3D data recedeby our method. To further
analyze the accuracy and the robustness of our 3D recotistriadgorithm, we compared the
recovered 3D data to the ground truth. The ground truth das ebtained using a Polhemus
Scorpion laser scanner at an accuracy of 0.05 inches andwssh the top row of Figure 7.

Again, as before, we added Gaussian noise with increasingneg to the input images. To
conduct our tests, we used the goodness of t for the recocistn of the leather boot, toy camel
and the mannequin head to the laser-scanned ground trugh dats comparison was effected
using Procrustes analysis [33]. Procrustes analysisrdetes a linear transformation between the
two sets of 3D points. Let the centered coordinates of tha daint indexed bep, = [X;

< Yi viZi ", where ,, y and , are the mean data-coordinate values in the x, y and

z axis. With these ingredients, the matrix of normalized Iinpcoordinates is given by =

D is of the formQ = RD which minimizes the normalized sum of squared errors

2
c_ kM _ Qk

15
kD k? (13)

whereM is a matrix whos&" row corresponds to the coordinates of the ground truth fodtexed
i andR is a transformation matrix. In the equation above, we hasarasd that the ground-truth
point coordinates are centered, i.e. the centroid of thargtdruth point cloud is at the origin.

It is known that minimizingE is equivalent to maximizingr[DM TR] [15]. Let the singular

value decomposition (SVD) @M T beUSV T. The maximum oflffDM TR] is achieved when
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VTRU = |. As a result, the optimal transformation matRxis given by
R=VU' (16)

The goodness-of-t for this transformation is determineging the sum of squared erros
between the points recovered by our algorithm and the 3Dngkdruth data. By usin@ as an
alternative to the raw data point-coordinates, the efres normalized by the sum of squares for
the centered 3D point-coordinates. The use of the nornthérer makes the quantity devoid
of scaling and translational components in the 3D data ucol@parison.

The error plots for the goodness-of- t as a function of noiseiance are shown in Figure 9.
Note that, in the gure, we have set, in the sake of consistethe y-axis range for all plots to the
interval[0; 2] and used different line styles for each of the alternatif#esm the gure, itis evident
that the performance of our algorithm is not overly affect®dGaussian noise variances below
0:6. This suggests that the corruption on the silhouette infion does not play an important
role in the accuracy of our space carving for variances b&é&wAlso notice that, even with the
presence of higher level of noise, the output for the manindagad is noticeably better than the
results yielded for the other two objects under study. Téidue the the fact that the variation
of the occluding contour with respect to successive viewlsws which, in turn, improves the
performance of the silhouette extraction algorithm andalsistness to noise corruption.

Also, note that, for noise free views, the algorithm in [7Hpems well. However, the effect of
noise corruption becomes evident after the gaussian naisance surpass€s3. Moreover, the
alternative requires a free parameter to be adjusted. $hislated to the voxel removal and its
dependent upon image quality. In our experiments, we havhisgparameter to its optimal value
making use of cross validation. For our algorithm, the dutafue is determined automatically
and does not require empirical setups.

The effects of noise on the reconstruction yielded by bumrdlgistment is more noticeable
than in the case of the alternatives. This is as a consequérmedle adjustment depending on
image features for purposes of matching. The detection edeteatures is overly affected by
noise corruption. Here, the mean procrustes error incsesteadily after the variance exce€@i
Thus, overall comparison of the 3D data for our method andivibealternatives suggest that, even
without the presence of noise, our approach yields a mafgmarovement. Moreover, the use
of the user-provided input silhouette to guide our 3D retmesions makes the method devoid of

free parameters and noise corruption.
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Figure 9: Mean procrustes error for the 3D data recoverewusir method (continuous line), the
method of Broadhurst et al.(broken line) and bundle adjastnfdotted line). From left-to-right:

Plots for the toy camel, leather boot and the mannequin head.

Now, we turn our attention to the effects of silhouette pdadtion on our algorithm. To this
end, we have blurred the user-provided input silhouette amdultaneously, added a Gaussian
jitter with increasing values of variance to the optimal-otftvaluer, used for the recovery of the
posterior foreground and background values. As in our presscomparison, we have separated
ve randomly selected views from the sequences. Once thed&Bid recovered from the remain-
ing views, we render the objects from the same viewpointfi@set corresponding to the excised
real-world images. We then compare these renderings wishréal-world imagery. In Figure
10 we show the user-provided input silhouettes, the bluoress and the foreground-background
masks after jitter with a variance of 10 has been added toutieftvaluery. The mean-squared
error plots as a function of jitter variance for the rendenesel views are shown in Figure 11.
Note that, from the panels, we can appreciate that, despge bmounts of jitter and the blurring
of the input silhouette, the error rates in the plots are cnalple to those in Figure 8.

As a nal comparison, we performed 3D reconstructions ugifjgnd [42] and compared their
output with the results yielded by our method using the sémafges® provided by the visual
geometry group at Oxford University. These images have baeely used in the community and
are well suited to the ordinal visibility constraint recedrin [7]. In contrast with the experiments
effected on the toy camel, the boot and the mannequin heathddOxford University views we
have used the plane sweep algorithm in [7]. The reconstmgtare depicted in Figure 12. Note
that the reconstruction yielded by [7] misses some detsilsh as the chimney structure on the

house. In contrast, our method preserved detail in the sc&hes is as a result of the use of

1The sample images are available at http://www.robotscoukévgg/data/data-mview.html
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Figure 10: From left-to-right: user-provided silhoueftsBhouettes after the Gaussian blurring
operation; foreground-background mask after a jitter oh&8 been introduced into the cut-off

value.

prior information in a semi-supervised fashion so as to gudr reconstruction. Thus, yielding
relatively more accurate results. The color mapping oktiis also better as compared to the
alternatives. In terms of the 3D data recovered, the poouctbbtained from [42] is sparse, with
a number of outliers. Again, this is due to the dependencéefiiethod upon features such as

edges and corners. This manifests in the accuracy of thestcated points.
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Figure 11: Error analysis of renderings obtained using oetthiwd when jitter is added to the cut-
off value employed for the silhouette prior computatiorpsterom left-to-right: Plots for the toy

camel, leather boot and the mannequin head.
6 Conclusions

We have presented a semi-supervised approach to spacegavich casts voxel removal in an
evidence combining setting. Our method is statistical tinreaand combines the information from
a user-supplied silhouette and the pixel-variance achassetviews in which a voxel is visible. In
this manner, the posterior probability of a voxel existirzgn de computed and inference upon its
removal can be effected. Note that our proposed methodestefély able to isolate the object of
interest from the background and is devoid of free pararaetdoreover, the approach presented
here can be further extended to multiple input silhouettesstraightforward fashion making use
of a Markovian formulation. This is due to the fact that th@mach taken here can be viewed
as a propagation across views in the scene which makes nmpisso regarding whether this is
“forward” of “backward” in the sequence. In other words, tiple silhouettes can be used so as
to correct error propagation across views at the silhoysette probability computation step. We
have also presented an approach to obtain a voxelated gapate which is projective in nature.
This projective voxelated space ensures consistency beepitojection of voxels onto images
irrespective of its position in space. This yields bettdocmapping and decreases rendering error.
We have illustrated the utility of the method to recover vokiric data by performing experiments
using real-world imagery and provided a quantitative asialyWWe have also provided comparison

of our method to alternatives elsewhere in the literature.

A. Cut-off Value Recovery

Here we describe the method used in this paper to recoveiatbessofry and . The method
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(a) (b) () (d)

Figure 12: (a) Sample image from the Oxford Univerisy imagte @) 3D reconstruction using our
method our method; (c) Result yielded by the method of Brossttet al. [7]; (d) Reconstruction
yielded by bundle adjustment [42].

presented here builds on that in [27] and its aimed at recuyehe optimal cut off value of a
binomially distributed set of univariate random variale& Z . To do this, we maximise Fisher's

linear discriminant [12] separability measure. This meassigiven by

-2 (17)
whereS,, S,, are between and within class variances given by
SZ = 1,S%+ 1,82
S = o1 2)? (18)

where ; andS; are the mean and variance of the class indéxatt! 1, ! , are real-valued class
weights.
To take our analysis further, we note that the maximum a&f given by! =1, =1,, where

I is the optimum value of the weights, which can be computedmgakse of the expression

I = 1t 2 19
RS EES: (19)

Moreover, making use df , it can be shown that the optimum cut-off value is given by

#=1f j(! )’=1 @ ! )g>0 (20)

where! is a real-valued function of the univariate random varialdle ned as follows
1 X
I = —— Zi (22)
1,
and is the set of variables whose value is less or equal thae. = fXx; | z g. Thus,
in practice, we can recovérmaking use of a linear search governed by the condition iraEop

20.
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