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Steady-state response in the parameter plane**
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‘1’his I)apcr consi(lcrs the a(ljllstment of parameters in Iillcar control systcrns to lnwt both
slca[l~--statc allcl transient response spccil’icatiolls, A ~rtll)llic{ll method nsia~ paramclc’r plane
tcchlli([acs is l)r(,s(, IItcd \\llrrcl)y the steady-state error nlay he minimized uhilc being’ constra-
ined hy the transiclit response r(’([llir[>lll(’llts. Anotllcr method is proposed whcreh>-, for a speci-
Iic[l stca(l\-state r<’sl,()[l.c. tllc (rail.icllt rcsl)onsr is gi\cn ill cvidcncc ,1s i, function ,~f three
i\stclII r)aramt,ters. “1’IIc rlro((,{l~lrcs arc illastra [cd by examples I(]r botl~ (otltilluous atk(l sarll-
[)lc(l-dat;l multi-loop cont;wl s}stcrrrs.

‘lhe prrrblcm of Ii[lcur (ontrx)l s)stcm (Icsiyn (all
Iw intcrl)rctc(l as tllc a(lj~[>ta]cllt OF tllc \!stcnl [mra-
Inetcrs 10 mc(,t both stca(l\-stat(~ arlcl transi(, ]it r~’-
sponsc reqniren]el[ts, ‘1’hc Siljak paranlclcr plane lllctll-
0{1 [1—5] ~ilcs in c\i(lcncc (lie [)olc-zero Imati{)ns (If
a S>’slcnl closed-loop lransf’cr f’[[lltlion ill terms t)!
t\\o system parameters. III tl}c application t)l tllc
IIlt,tl]()(l, ille trallsicl~t rcspousc ri,(lllirctll(’llts arc, trans -
I<ltc(l into constraints i]nl)os(,(l 011 lllt’ I)olc-zero conl’i:;.
IIration of lllc systeru irdllslcr fallction. ‘1’llc stea(ly -
-?,rill,, rLJ3[J,,lISC~~[,tl]c ~,t}],~r Iitltl(l. ctlll l)c sl)(,cifi(,(l I)y

tl]c error constants. JIS sllo\r II in this lmlwr, tllc error
(’Ollstants ‘arc fnllctiotls of a(ljustal)lc systcrn para-
meters and may be i]]irodll{d into tllc parameter
plane. ‘his enables tltc strad:-state aII(l Iransiellt rc-
si)onse to l)C collsidcrc(l sirll[llt~ill(:()[[sl\ ill a coati-ol
slstcm design.

Two grnpllicaI design I)rtwc(l{lrc$ arc pr(’s(’l~tc(l.
Ill the first. error (Wllstallt (wlltt)i]rs arc })lottml [Jll the
parameter plane cnal)lin~ tl]c stca(l}-state crrt)r to Iw
nlinimized sabjwt to constraints iml){hc(l 011 tllc SyS-
tcm pole-zero locatio]l\. III the second procedure, the
transient rcs])onse is \tli(licd on tllc parameter plane
Ior ;I spwificd error co]]stallt. al](l is gi\cn in evidence
as a function of three sysicm l)aranletcrs.

‘Ihe parameter plat]e (ur\cs arc rcndily I)l(l{tc(l
Ilsinx a (Ii:ital computer, an([ so tllc mcthrxls arc prc-
scmtml as a practical approach to tl]c design of linear
control s!stems. In the following sections. the ]mra-
mctcr plane appronct~ and the error constant defini-
tions arc rcvicwcxl for rcfcrcn(e, the two (Icsign pro-
(wlarcs arc (Icvclopcxl, and c.xaml)lcs illustrtiting tllc
prt)(txlllrw are (Iiscussed for hill continuous and
sanll)lcd-data multi-loop (wlltrol s~stcms.

Summary of the parameter plane method

‘J’lle characteristic cquatirrn considcrrd in the de-
sign 01 linear colltinurrus systems is

m

I’he complex roots of equation (i)
terms of tl]cir damping ratio < and

(t)

are c.xprcssed in
their natural frc-
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S[ll)stituti[l~ (xl[latio]l (2) i[l([) t,q~[atio[l (t) reslllts

ill two couations }vlli(h nlal he manil)nla{cd and (x)n-.
1 cnicntlv cxl)rcssc(l ill terms of the Chebyshcv func-
tit)ns

‘1Ilc

from

as’foll(ks

<L(- I)k a,, ,1(1, ~[’,, (:) = o,

k=o

(lebyslle}- Iunctions (;~,(()
the recarrancc relationship

(3)

,(;) =0

may be calculated

M here (()(1) – -0 and ~1(<) i.
‘lhe cocff’i(irats of the cl]ara~tcristic cqaati[)tl are

cxprcsscd as

~l; = 1~/@+ ekl’ + ]Iwf + dk (5)

\vllcrc b,(. c,;, h,,. and d), arc functions of the fixd
Imramctcrs of tile s! stem and are therefore of knmv]k
numerical Yaluc, ulld a and j’ are the t~vo systcm pa-
rameters to be sclcdcd in the design.

‘I”ILcsubstitution of equation (5) into equation (3)
lesalts in two eqaat ions

Blct + (71/7+ H1(@ + D1 = o,

B2a + C’2~ + 112(1$ + Dj = O
(6)
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By SOIIiug equations (6) for a and /?, the J and
a),L curves are plotted in the c#-plane. The complex
roots of equation (t) arc then determined by intcr-
l)olnting betwccu three carves.

Whru the roots of the Chara(tcristir cqoation arc
real. i. c., s = – 0, eqllntiorl (1) may 1x, expressed as

a$j,(- o)k + ,(jj,,(- o) + a$jh,c(- o)k +

k=o k=o k-O
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+ \’(;/, ( fi)~ () (s)
It (!

r(ItIll)lLJ\ rools ilr(, ~i}t,il ill (LI i(l(~l)(~c as Ilill((iot)s 01

It :111(1 /).

R(s1 c(s)

T“
Fi,g. 1. .y,fJ,SfHll b[(JCk diagra?n

I“’or S,II)l[)I((I.(1,,1,1 S,S((II1.. X-trilnslt)rnl tllctlrv is
u[)l)lic(l ,111(I tllc (llt,rii(l(risti, vqllatiorl is (’kl)rcwxl
ils follo\\s

?!1

)(z) ==> ‘l,,?~t () (9)
h~o

\\ll(,re
z-:~~ (10)

1’ Ix’itly [II(> stili][)litlg [Jt,ri[)(l.
‘1’11(,((~ml)l(,~ HN)[S of f(z) = O arr cxprcssml ill

lrrnls 01 tll(, x-l)liIIItJ (lul]ll)illg rati[l ~. :111(Ithe z-l)lu[Ic
I]at[jral lrc([llcll(\ ~}J.

z = w2/t’os 1(:) = (!).:. : ,(,). f, - ;,,
... . (11)

‘1’llc rcii] roots of /(z) arc gi\rll I)y

x=--o, (12)

‘1’IIc f,)r[]l ,)1 lll~sr cqilotions is si]nilt]r to tlldt
;i\cll for (()[l(i[lu(][ls s\ SIC(HS. Iql[atiolls (6). (T). an(l
(S) ,lltl~ IIl(rcl(,r(, I,C (h~,(l [[) n],il) tllc I)dra,ncter ])lun(>
ill tL~rIIt\ t)l Y ~,1,(1~,,,1 for o san]l)ld-(latu s!stcm l)y
I]ltil.iilg III(} [ol lo\\ il)~ sul)s[it[[li[)l]s (leri\c(l I’r<lnl w[\LL\-
ti(lt]s (2). (lo). (11) all(l (1?):

(,11) (– ,o,,H’) I’or (0,,.

,,,s ((,),/y’l[f - :2) f’,,, :. (Ii)

(~11)( frl’) for o

‘III(, OJII} I)orlit,]l III [1]{, ,s-l)laII(, (f]]lsi(lcr(~(l is 111(,l]ri -

]Imr! strip; i. (I.. ‘(()Vf --:1 s 7,1’.

Error constilnt;

‘1’11(S}lll[)ol k,, \vill I)(> II W,(I to r[,])rcscl][ t,itllcr
illr I){)sitit)]l vrror consttltlt Kl,. the Yelo(ity error cOn-
Sttlllt K,, or the itccclcralio[l (wllstallt L-,,. ‘1’hc error
(ollstallts ii f’(’ del’inc([ for tile continuous s}’stcnl and
\t\ll}l )l(~(l.(lil l?\ S}st[ml tls follows:

F(H co)tfirtuou,s ,sysfent.s fi’(>1’ Y:lltllJIC’(/-( [dftl S{/S/(>l)l S

Kl) =-’ Iin],,.+ ,,(~(s). ~1, = lim2+ ~(;(z).

K, - lim ~+(,s(; (,s). hv =- limz+ ~ (1 – z) G(z)/’/’.

h’,, - Iim, ~w\2G”(s). K:, = Iinlz+, (t – z)’ (;(z),’f”.

(14)

Tt-l]ere (1(s) and G(z) arc the system open-loop trans-
fer fllnctio]]s. ‘rhc stendy-state errors for a unit Step

Nlinimizntion of sten(ly-stnte crmr on the
(q)-plane

‘l”IIcJsolutions” or the sin]l,ltancous c(lll,itit,lls

2h’,, s h-

\\ Ili(ll stltisf\ tll(~ ct)n(lili{)t]s
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from c(lualions (6) aIIt[ (T) in a

2/{
nlil> llcOl)tail](vl

a(l),,

strilig[l(foritiir([ nltin -

G,(s) = K, ~ (;2(s) -= “-
(. + ().2) ‘ .s(s~+o,ss+ 1)

(; ,(.s) ‘- h ].<. (: ., = K .,,s~

.s”+ ((I+ i)S~+ (().J(l +/;-> 1.16)s2+

+ (0.2 /1 ~ ;, + 0,2) s } ;, -- () (10)

L----- . . ––——-.–--–- .J

--l 0.5 .
==0,5

.
.1 ~1 == ().5

‘- ~,~j

(’111 ,
“)l!l = 2“25

= j ,25

(“,(,

.

--0.69

.
. ., . .) = 0.86 ~l=j- . .

[’J,(: = j ,99 [J)/12= f ,98 -40.,=. .

l--(

c,(s)
.s

I h“.,

(;2(.s)
s 1-().19”

Al 1.9K ,s

(; , (s)
l.()) ,S1-if)”

illt\~rt,\[ {Ir(’

0.142 z I ().1s6

(),11()X I ()()1()
(;:j(; ,(; ,(Z) /( ,K

‘ (z -- (),15) (z 0.02)

‘1II( (lltlrii(t(’risli( (xlilillioll IIItI\ lx \\ ritl(l] {Is l(lllo\\5:

/(z) - z{ * (0,18’) (f 2)X’ -t(--o.2~:(tt-

+ ().()92//} t ,u)x~

! (().()s1 (, + ().()14/; (), I -I())Z ! (21)

-} (().() I fl -- ().()()4 /) (),002) -- ()

\\l](, rc u --- Elk..l iIII(l /i = K-2A ,

‘Il[e error cwllstoltt A-, is gi\cll Iro]u th~’ (I(,lillitiol]
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that is rcquird is that the equation for /iv be in-

(orporatr(l ill(() lIIC (.(]tll[){tlcr [)ro~rat]l \\ Ili[ll ciIl((tla-

[(’s 111(’ \arions l)aralll(,t~,r l)la IIc c(lr\(,s, ‘llIe l)aratllc-

tcr l)lilll(, III(JI1l(I(I is ]Iot Iill\il(,(l to tll(, (Ian]l)illy r~ltio

(~-) dll(l the s(, itlil]g tinle ((,),(: ) coutours as illrtstrate(l

in tllr alK)\c c\anlpltLs. I)llt an} (wn\t, tlie]tt ([)ntoIIr

Jna}. I)c Ijlottc(l iIll[l Ihcreforc otlIc,r slal) ilily Collstraillls

lna~’ I)(J (.ol]si(l(,r(,(l ill iI ST s[(>tII (1(,siyl).

‘1’11(, (,rror (()]lstallt for a s\ sl(,m l))a\ I)c SI)(>(ifi,,d,

ii! }tl)i(ll (.asc tllc trill]si(~tlt rcs])OIIs(J IIIaI- 1)(, i[l}csliga -
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i,’i,<~. 7. l)drdltlc((,r I~la)ICJ {/ict&Jldjtl f’or ;) .slx,ci/j(,,l h“,,

‘rlll’(’(’-~)il rillllt~ter ptwl)lenl

I I (11~,(,rror tt)l]sltlllt ~(, is sl)c(ili(,(l. (11(, l)ural]l~,((,r
l)ltlll[ 111{,111(1(1liliI} I)c ~,Ii(,tl(l(,{l to st{l(ly illc (lltira(ttJr-

i~li( C(l(ltltiotl root” l(watio]l\ as a fnll(tioll of (Ilrc!,!

j]tiralnt,t(, rs, ‘III(L eff’c~.t of tl[ljustillg the t~vo l)arameters
(L [111([/i nla\ bt! sllt{lic(l ot) lI]C afi-plallc, ;Ill(l t’or cacll
II(lillt a (Ilirfl l)ilralllt, (c!r :, is tilcu given as a ktlo\vl)

I II[[ctiol] of u, /1. ;III([ h“,,. .\t I (Jxanll)lc froul [11(: l)rc:(,-

t’(ling scctio,q is IISC(I it) illustrate the dcsi~o I)ro(r(l([rr.

I,’or tllc S]-S(C]]I of 1,’ig. 1. i~ L-, is spccif’ie(l. tllc (lIaraci(,r.

istic c(luation ma} b(, (,xl)rcss(,(l in terms of (t UII(l $

I)y (linlillatil]~ tllc tllir(l [)aran]ct(, r y f’rot]l C(luatiolls

(19) and (20). For ~, = 10, y = 2 (1 -1-~) an(l

S(+ (u+ l) S:]+ (0.2 cI+~+ 1.16).++

+ (2,!2 /~ + 2?.2)s + (2 /)’ + 2) = () (23)

l’ronl (hc Imrameter pla IIe plot of equatiol] 23 ill I;ig. 5.

it is seen that u UIId /) IIIa 1 ])c scl(,ctt,(l to gi\ (, a g,},,(l

transient rcspotlse un(l y may then Iw calcIIlaled for
trial points and the system (Iwigllcxl ((~.g., for M, ~ =
= (),5, (,j,l = 2.5. 01 = 1.5. 02 = Z.I). ‘1’llis apl)roa(h to tll~,
sili]ulta])(,t)lls (OIlsi(l(,rLltioll” of stea(]y. sfate aII(l tra]]-

si(.[lt r(,spo[ls(; (,n Lll)lcs tl]c (Irsigller to esanlill(~ rca(lil~

tll(: effectil-cllcss of \ariolls {ompensotin~ llcl\\orks. ,iil
tl]at is rc(lllir[xl is the illtt>rl)r(,t{ltiolt of tllc l)aramcter
plane diagrams (orres]mn(ling to each proposed s) stem.

Conclusions

It has l)fxII slIown lllat IIIC sttw(ly-st;,te UIId tra]i-

, l),, (otlsitlt,r{(l silll[[ltt,,,eo[[sly ill asit,ilt resl)t)llsc n]av
Iillcar (olllr(~l systcltl (lcsi~[l llsil]~ tllc paramctt,r pla]le.
‘1\\{) l)roce(l[l rcs \\ (Ire (lc\ t,lopc(l at](l ill[lstratr(l lJ\
cItlll]j)lt~s of 1)()(11(ontitl[[olls” an(l sLillll)lc~(l-(liIiiI nlulti-
-I(lttl) contrt)l s~stenls. I1) tllc first [)roc(,(l[[rc. tl)c stca(l~-
.Siat(, (,r’r’or” ~tas mi[limiz(d subjc(t to th(, trallsicllt

rcs[)olls[, r(,([(lirc,r]](,llts; \\ Ilil(, ill the S(,(.oll(l l)r(](.c(lllr(,.

[II(> cff’(~(. ts of tllr(y, syst(~t]l I)nramet(, rs 011 tll(. irtitlsicil!

r(s[)otl\t~ \\cr(. {i\c[l in (,\ i(l(,[lcc Ior a specifiv(l rrr(lr

(l)llstallt.

‘1’llc s(r)l)(~ 01 tllr I)rol)lcnl discl[sstxl i]] this I)ul)cr
i\ l)IIt 011(, asl)t,(t ()[ tllc, Inorc ~cncrul I)rol)lcln 01 ill-

Ii(l(l[l(i[ly sl)c,(ili(tlti(llls aII(l (wustraints into tll~, aIltI-

1) Ii(ill (jr :rtll)l)i(al (lvsi~[] procedures in (lrflrr to gi\c
ill c\ i(l~~[l(c~Inorc r(Jl[,\iillt illf’ornlation for the s>stc,l]l
(iwigll. ‘1’llc ]rork 01 this paper may I)c extcn(lwl to
i[lclodc more (lirr(tl~ t Ilc t ra]lsicnt rwponsc spccit’icat -

i(~ns itlt(~ Illc (lc,si~l] pro(wlurcs sucli that lllc eft’cct

of m(~re s) stcm l)arun]ctcrs muy l)e considcrxxl.
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Sttlcionarni odziv o parwnetarsk{)j ravni. ura{ll~ ,It ,Iri[llc[l,jtl]<i gra fi;ka lmralnctarslw nlc-
tII(la xa sinl(~z[l lil]t~ar]]ih sis((~lt]tt alltt)]]]atskog ul)ra\lja[lja sa mill ilnul nom grc<koln ustaljcnog
Stall la. il Ilz z~l(lovollti\aj[l{u” rclati~]][l stal] illlost. [j radu se tak(l,(lcr I)re(lluic (la sc u parantc-
tarskoj ralni (Jrtajll familijc kri}ih II ()(1IIos(l na konstante grc~al. tl (Istaljenog stallja kao tre6cg
l)aramr(ra. l)ostul){i so ilos(ro\atli IIa I)rinlcrimu kontil]llalllill i i]!ll)l[lsrlill sistcn]a automatskog
~l[)ra~-liallla. 1>()<1() jr ukratko i~loZena partimetarska meto(la. II ra(lu se prcclla Ze jedno pro; ire-
IIj C OJ(, In(, to(ic za si[li(,z(l sistcIlla automat skog llpraJ lla Ilja. l)aram~, tarslm metoda onIogn&rY a,”
naimc, siutczu sistcma automat shog” ul)ra~ ljunja Zclleni]l (Iinamidkil) oso~ina. dok sc greika usta -
lirno~ stallja I]I07C l)roJeriti t(k kil(la sc sintcza sistc]]la sproic(ie. lzraZa\tlju Li ~re~lic ustalicnog

h [t radl] SC,razru(iuic I)ostul)ak. koii otno~ufava da se tokom sin-slat)lu l)rcLko L(]tlsta]ltl grc.~a .1.
I(,ZC ist(l\r[,nlt,llo \-()(ii rad[lrla i () (Iinarniikirn osol)inama sistenla i () gre~ki ustaljertog stanja, pa
l)r(n)u tome i Inini]nizaciji grc~kc ustaljenog stu]kja pri zudatim ([inami~kim osobinama sistema.
I)ostlipal, jc primenljiv kako za kontinnalne tako i za inlp[lls]le sisteme antomatskog- llpra~lja-
llii( i nijc ograniten u pogledu njihove strwktnre. Postul)ak je illlstr(~]an sa dva primers.

CTawqecKasr xapaKTepticwKa r3 rrnocKocw napaMeTpoB. I1pe,T.~aIaemin q1rrare,m3 cTaTb9 pacc~ia~pmmer
BorlpOC HdCTj)OfiKII H:lpaMeTpOB .TIIl[ettHI,lX CHCTeM :lllT()\!:lTII, [eCK()lC) ~npal).le}[ilfl ,TJtStlJbIItO.lHeHIIR T[)e -
601~;lIlllfi no3:la Iae~fI,rx 113 cTarJ[qecKy}() II ;I[[Il:IMI~LIecKyK) x:]p:iKrel)ircr~[](lI. ]lpeflIaIaercH 1’pO@IIqeCKIll’i
MeT(),’( 113110.’[l>:;yK) IILllti reXIIIIK1l nJOCKOCTI[ r121paMeTpOI$, KO’ropbIfi rro3[iomreT MIIIIlIM11311porlal’b cTaTl I-
qeCKy SO 0uII16KI, (),’IIIOl; peMCHHO 6epsr B ~qCT Tpe601; al+Irx K ;[IUfa MIIqeCKOfi XapZi KTepll CTMKe. ~[aCTCl

To;l(e ,.LpyIYJii XICT(J;I, KOIopI,Ifi,” npl[ 3aJIaHHOrl craTt-tqecKofr xapatiTepIfcTIi Ke, onpene.TfleT n}[H3}fl[qecKy:o

x:; pil KTe[)IrcrI[l <y, KOK $\ Illi 1111K) I])CX napallerpotr. ~TllC MeTo)~I>[ lI:17K~CTpIIp~K3 TCff npil>[epax[I,l nerrpe -
pbIBHblx II JIIiCKpCrHbIX \ll{(]lo-rrerJlel;bIx cI1cTeM ar3ToMar11qecKoro ynpa~~emm.


