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This paper considers the adjustment of parameters in linear control systems to meet both
steadv-state and iransient response specifications. A graphical method using parameter plane
techniques is presented whereby the steady-state error may be minimized while being constra-
ined bv ihie transient response requirements. Another method is proposed whereby, for a speci-
fied steadv-state response, the transient response is given in evidence as a function of three
svsiem parameters. The procedures are illustrated by examples for both continuous and sam-

pled-data multi-loop control svstems.

The problem of linear control system design can
be interpreted as the adjusttent of the system para-
meters to meet both steadv-state and transient re-
sponse requirements, The Siljak parameter plane meth-
od [1—3] gives in evidence the pole-zero locations of
a svstem  closed-loop  transfer terms  of
two svstem parameters. [n the application of the
method, the transient response requirements are trans-
lated into constraints imposed on the pole-zero conlig-
uration of the svstem transfer function. The steady-
-staie response on the other hand. can be specified by
the crror constants. As shown in this paper, the error
constants arve functions of adjustable svstem para-
meters and may be introduced into the parameter
plane. This enables the steadv-state and transient re-
sponse to be considered simultuncously in a control
svstem design.

Two graphical design procedures are presented.
In the first, error constant contours are plotied on the
parameter plane enabling the steady-state error {o be
minimized subject to constraints imposed on the sys-
tem pole-zero locations. In the second procedure, the
transient response is studied on the parameter plane
for a specified error constant. and is given in evidence
as a lunciion of three system parameiers.

The parameter plane curves are readily plotted
using a digital computer, and so the methods are pre-
sented as a practical approach to the design of linear
control svstems. In the following sections, the para-
meter plane approach and the error constant defini-
tions arc reviewed for reference, the two design pro-
cedures are developed, and cexamples illustrating the
procedures are discussed for both continuous and
sampled-data multi-loop control sysiems.

function in

Summary of the parameter plane method

The characteristic equation considered in the de-
sign of linear continuous systems is

m

fls) = D st =0 (1)

k=0

The complex roots of equation (1) are expressed in
terms of their damping ratio ¢ and their natural fre-

quency o . S
" s= =l jo, V1 — (@)
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Substituting equation (2) into equation (1) results
in two equations which may be manipulated and con-
veniently expressed in terms of the Chebyshey fune-
tions as follows
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The Chebyshey functions () may be caleulated
from the recurrance relationship

Ui =28 U Q) + U, 4() =0 (4)

where Up(Q) =70 and Uy(d) -t
The coefficients of the characteristic equation are
expressed as

a, = bya+ e + hypaf + dy, (3)

where by. ¢, h,. and d;, are functions of the fixed
parameters of the svstem and are therefore of known
numerical value, and a and g are the two system pa-
rameters to be sclected in the design.

The substitution of equation (5) into equation (3)
results in two equations

Bia+ Cf + Hijuf + Dy =0,

6
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By solving equations (6) for a and f, the & and
w, curves are plotted in the ef-plane. The complex
roots of equation (1) are then determined by inter-
polating between these curves.

When the roots of the characteristic equation are
real, i.c, § = — o, equation (1) may be expressed as
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Constant o lines are rcadily plotted in the parameier
plane using equaiion (8). Therefore. both real and
complex roots are given in evidence as functions of
wand gl

R(S} C(s)

Fig. 1. System Dlock diagram

For sampled-data svstems. z-transform  theory is
applied and the characteristic equation is expressed

as follows
mn

fiz) :§ agrk -0 (9)
et
k=0
where
7= st {10)

I being the sampling period.

The complex roots of f(z) =0 are expressed in
terms of the z-plane damping ratio I, and the z-plane
natural frequency o,

2=, fcos 1) = 0.5 F o Y1 =2 (11
The real roots of f(z) are given by
Z= -0, (12)

The form of these equations is similar to that
given for continwous systems. Equations (6), (7). and
(8) may therelore be used to map the parameter plane
in dferms of Joand w, for a sampled-data system by
making the following substitutions derived {rom equa-
tions (2), (10), (11) and (12):

exp (—w, Ty for w,.
| " n

- cos (w, T I/I '~':3) for =, (13)

exp (—oT) for o

The only portion of the s-plane considered is the pri-
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Error constants

The symbol KA, will be used to cither
the position error constant K. the velocity error con-
stant KN, or the acceleration constant K. The error
constants are delined for the continuous svstem and
sampled-data svstem as follows:

represent

For continuous systems For sampled-data systems

K, = limg_ Gls). K, =lim, , G(z).
N, =lim, o, —z) G{z),T.

K, = lim, _, 4sG(s). /
K, = lim, (1 — 2)2 Glz),

KN, == limy _, (s°G(s). 2,
(14)
where G(s) and G(z) are the system open-loop trans-
ter functions. The steady-state crrors for a unit step

function. ramp or parabolic input to ithe system are
given by 1-(t + A ). 1 K. 1 K. respectively.

The next section considers the minimization of a
system steady-state error subject to the transient re-
sponse specifications. The analvtical maximization of
K. subject to relative stability constraints is consid-
ered and then the graphical maximization of K, on
the parameter plane subject to the transient response
specifications s illustrated by ex-
amples,

introduced and

Minimization of steady-state error on the

ap-plane

Consider the error constant K. expressed as a
function of the two system parameters « and p:

K,= K, (ap) (15)
‘the solutions of the simultancous equations
ak. ek,
=0 and , =10 (16)
da ap

which satisfyv the conditions
2K g DN 3°K. &'k,

[ o ‘ <
ap”
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arc the maxima values of K, on the ef-plane. The
absolute maximum K, is therefore veadily determined.
However. the transient response associated with  this
value of K, is usually not acceptable. To ensure a
more acceptable transient respouse, velative stability
constraints may be included into the analvtical deri-
vation as follows.

Consider the maximization of K, subject to the
constraints  that all the of ithe characteristic
equation have damping ratios O greater than or equal
to the preseribed value Sy e 22 25, The region of
interest in the ap-plane is therelore bhounded by the
It the maximum A, for this region oc-
curs inside the boundarv. then its value may be de-
termined from equations (16) and (17). If the maximum
K, for the region does not occur inside the boundary.

roots

S0, curve, "

then it occurs on the boundary itsell and its value mas
be caleulated from the Tollowing equation

oK 8N, du sk, ap
J.o_ S _0
Bw, ! ¢ = Jy cu  dm, afy 8w, § =y

(18)
P
o-K ..
and the condition ( ')
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Fig. 2. Maximization of the error constant
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Ilie partial derivatives and mayv be obtained
a“’u a“)n

from equations (6) and (7) in a straightforward man-
ner. but the caleulation of the maxima values of K,
mav become tedious as the roots of a high degree
algebraic equation in w, must be found and examined.

The constraints 5= 2, are not sufficient to ensure
an acceptable  transient  response. but  to include
further constraints  analvtically would be difficult.
Using the parameter plane. however. the problem of
adjusting the syvstem parameters to give the best com-
promise hetween steadyv-state and transient response
mayv be attempted by plotiing contours of constant K,
on the ap-plane. The curves are interpreted as in the
fellowing examples.

Consider the syvstem of Fig. 1 where

s+ 1 K*

(b0 BT

Gyls) = K =
= K ST+ 088+ 1)
Gols) =K s,

G =K %
The system characteristic equation is

s {e+ NS F 020+ 5+ 110) 57 +
F 024+ y 02 s b0 (19)

where « = RALK_, and p =K,k ., and » = KK,
The error constant K can be expressed as

i

0.2 (1 + §)

- (20
IYig. 2 gives the parameier plane curves for the con-
dition » = 20, Bv plotting just a few O lines. the region
of interest in the gp-plane is evident. Tt is seen that
perhaps the best compromise between the steadv-state
and the transient response for a specified 2, is not at
the point of maximum A, given by analyvtical methods
(coge My for Z=03: M, for 5, —~03), but in the
where  the characteristic roots are

real axis

conveniently located (e g My for 2, = 0.3).

I‘L'g‘i(m

System block diagram

Iig. 5.

I o svstem design. the transient response may be
calculated at points of inferest in the parameter planc.
The roots of the characteristic equation for these poinis
may be found approximately by interpolation [rom
the parameter plane or, more accurately. by an itera-
tive method. In the example. the characteristic equa-
tions roots M. M, M, are given as follows:

", M, al,
5005 51=103 =05
iy, 2.25 Wy, = 2.25 0, = 1.25
<5 = 0.09 =080 o = 1.7
m,, = 1.99 w,, = 1.98 0, = 7.4

I'or the regions M, and My, the two pairs of complex
poles are now given explicitly, and it is seen that for
the regions My and M, the transient response is unac-

ceptable. The response for the region M, mav be cal-
culated using Laplace transform methods and a design
compromise achieved, Further. the ¢f-plane curves may
be replotied for different specified
order to explore the possibilities of an improved de-
sign. Usually. when a time constant is considered as
the one parameter oo and a gain as the other para-
meter f.oap-product terms appear in the characteristic
used to

parawmeters  in

cquation and the results of reference 2 arve
plot the parameter planc.

-5

Fig. +. Maximization of K, in a sampled-data system

Consider as a second example the sampled-data
svstem given in Fig.5 [3] where the sampling period
1" is one second and

{—c 7 A,
Gl = o EL .
0TH R 19K s
Gl ks Gy
the z-transforms of interest are
0.91 0414272 F 0480
Ci0a2) ke s G Ry oy

0.159 z + 0.019
GGG (z) — KN
R R R
The characteristic equation may be written as Tollows:

J(2) == 2% + (0089« = 2)28 + (- 0237 « -+
+ 0.092 -+ 1.14)22
A (008w 0014 5 - 0.1406)7 - (21)
+ (000 a == 0.004 p - 0,002} = 0

where « == K K. and p = KA

The error constant A is given from the delinition

AY =]
(14) as
i (22)
t+ 019«
The maximum K. for a specified settling time is
A

given in evidence in Fig. 4. For a seitling time
s = 04: 1e w, == 0903, the maximum K, occurs at
the point M in Fig. 4 (i.e, K, =27). It is to be noted
that the steadv-state errors are given only at the
sampling instants.

The parameter plane in these examples may be
plotted with the error constant as one of the axis. All



a8 J. B. Moore: Steady-staie response in the parameter plane

that is required is that the equation for K. be in-
corporated into the computer program which caleula-
tes the various parameter plane curves. The parame-
ter plane method is not limiied to the damping ratio
(2) and the settling time (w,2) contours as illustrated
in the above examples. but any convenient contour
may be plotied and therefore other stability constrainis
may be considered in a system design.

The error constant for a svstem mav be specified.
in which case the transient respouse mav be investiga-
ted as a function of a g and o third parameter 3 on
a single parameter plane diagram. This case is now
considered.

501

20t
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Fig. 5. Parameler plane diagram for a specified K,

Three-parameter problem

[l the error constant K is specilied. the parameter
plane method may be extended to study the character-
istic equation root locations as a function of three
parameters. The effect of adjusting the two parameters
a and f may be studied on the effi-plane, and for cach
point a third parameier ¢ is then given as a known
function of «, f. and K, An example from the prece-
eding section is used io illustrate the design procedure.
For the system of Fig. 1.1 K is specified, the character-
istic equation may be expressed in terms of « and p
by eliminating the third parameter y from equalions
{19) and (20). I'or K, =10, y =2 (1 -+ §) and

st (e + 1) s + 020+ f+ 1.16) 2 +
+ @225 +22s+ 28 +2) =0 (23)

I'rom the parameter plane plot of equation 23 in Fig. 5.
it is scen that « and g may be selected to give a good
transient response and y may then be calculated for
trial points and the svstem designed (e. g., for M. o =
=05, w, =25, 0/ = 1.5, 0, = 2.1). This approach to the
simultancous consideration of steadv-state and tran-
sicnt response enables the designer to examine readily
the effectiveness of various compensating networks. All
that is required is the interpretation of the parameter
plane diagrams corresponding to each proposed system.

Conclusions

It has been shown that the steady-state and tran-
sicut response may be considered simultancousty in a
lincar control system design using the parameter plane.
Two procedures were developed and illusirated by
examples of both continnons and sampled-data multi-
-loop control systems. In the first procedure. the steady-
-state error was minimized subject to the fransient
response requirements; while in the second procedure.
the effects of three system parameters on the transient
response were given in evidence for a specified error
constant.

The scope of the problem discussed in this paper
i but one aspect of the more general problem of in-
troducing specilications and constraints into the ana-
Ivtical or graphical design procedures in order to give
in evidence more relevant information for the svstem
design. The work of this paper mav be extended to
include more directly the transient response specificat-
ions into the design procedures such that the effect
of more system parameters may be considered.
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Stacionarni odziv u parametarskoj ravni. Uradu je primenjena graficka paramctarska me-
toda za sintezu lincarnih sistema antomatskog upravijanja sa minimalnom greskom ustaljenog
stanja. a uz zadovoljavajuéu relativnu stabilnost. U radu se takoder predlaze da se u parame-
tarsko] ravni crtaju familije krivih u odnosn na konstante gresaka ustaljenog stanja kao treceg
parameira. Postupci su ilustrovani na primerima kontinualnih i impulsnih sistcma automatskog
upravljanja. Pofto je ukratko izloZena parametarska metoda. u radu se predlaZe jedno prosire-
nje ove metode za sintezu sistema automatskog upravijanja. Parametarska metoda omoguéava,
naime, sintezu sistema automatskog upravljanja Zeljenih dinamickih osobina, dok se greska usta-
lienog stanja moze proveriti tek kada se sinteza sistema sprovede. lzrazavajudéi greske ustaljenog
stanja preko konstanti greSaka, u radu se razraduje postupak, koji omoguéava da se tokom sin-
teze istovremeno vodi ratuna i o dinamickim osobinama sistema i o greski ustaljenog stanja, pa
prema tfome 1 minimizaciji greSke ustaljenog stanja pri zadatim dinami¢kim osobinama sistema.
Postupak je primenljiv kako za kontinualne tako i za impulsne sisteme automatskog upravlja-
nja i nije ogranicen u pogledu njihove strukture. Postupak je ilustrovan sa dva primera.

Cratvueckan XapaKTepPHCTHKA B ILIOCKOCTH NAPaMeTPoB. IIpejgaraemas 4nTareqio cTaTbsl PAcCMATPHBAST
BOMPOC HACTPOHKI NAPAMETPOB IHHEHHLIX CHCTEM ABTOMATHYECKOro YNpapleHus JAsf BLINOJHEHIs Tpe-
SoBaHni BO3TAIAEMBIX HA CTATHMECKYI) H JUIHAMMUECKYIO Xapakreptcrtuiit. [Ipemxmaraercs rpaduieckuii
METOL H3ITOILIYVIOIIA TEeXHIKH ILIOCKOCTH INAPaMeTpoB, KOTOPbId Mo3BossgeT MHHHMH3UDPOBATbL CTATII-
YECKYK OHIIOKY, OHOBPEMCHHO Oepst B yuer TPeGOBaHIS K JUlHaMIdecKoM XapakrTepHcTHke. Jlaerch
TOZKE JAPYTOH METO, KOTODBIA, TIPH 33 aHHON CTATHYECKOH XapaKkTepHCTHKe, ompejeaseT JIHAMIIECKYIO
X2PAKTEPIICTHKY, KaK (QyNKIING TpeX napaMmerpoB. JTHe MeTOAbl IATIOCTPHPYIOTCS TpHMeEpaMbl Hempe-
PBIBABIX I JHCKPETHDIX MHOIO-TIETICBBLIX CHCTEM aBTOMATIUECKOI'O YNPABIEHHUS.



