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~ .4nvrn,wT. m. n,rtl)()(l()fstrrl)cst (Icscrnt isnpplicd innconvcrgcnt procc(ltlrc todotrrminc

thr zeros of pol~tl{mti:]ls hnving either rcnl or complex cocflicients. By exprmwing the poly -

nnminls ill tci-n)s of thr ~iljnk fllnrtimis, the methods nrw rrn(iily progrnmrncd 011 n digild
compotor. TINT si~nific:lnco of tlm prorcdums is thnt their nl)plicn lion i~ .s4rnightf(, rwnrd, nnd

noton]y is[’ot~vcrgenccrnl)id in the regionof nzcro hut corlvcrgcr)ce i8g\lnrnl)tccd inclcpcmlwrt

6 of the ;rritinl values.

Int roduct ion

I1ltl~is l):lI)cr tl~c:ll)l)lic:lti(} ~\of thcsteq)est (Imrcnt nppro:wh irl:tstr:~iglltfor}vard
eolivcv-~vl)l methml is c(msi(lcrc(l for tllc r:tl)i(l solution” of ]mlynomint cquntions.
T}](I nwt}wd is})rrwntcd :is h(’in~:l nlorrcffirictlt nlI(l thlls n n~orcr(’:~sorlablcal-

tcrnntive th:in lmwntly :iv:lil:l})lc nwtho(ls [1-31.
Jn m:lny pr:lrtiv:l] l)rol)l{~ll)sitlvolvirlg” the.w)lution of :ll~cl)r:li(’e(l{latiorls, there

is sl]flirirnt u ])riori kINI~vlc(lgc (,f tlIP r(,ots to permit the :~p])li(’:ition of the readily

rrp~llid, r:i})idly eollv(’r~irlg syntlt(lir (Iivisif)n nwth(t(]s. ‘llclimit:~tion of Xcwton-

l{t~])l}sotl’slllrt}jo(l,” JJin’smctllrxl, ll:~irst()\v's nlctl)()(l, arl(l()t tlcrsylltl)cti(: (division

methods is thtit convcwcnrr is (icpcndcnt on the initinl conditions.
17()rtl)r l)rc)l)lcll~s i[ltvllicl} then priori iTlforll~nt i()1~abo~lt tllclocfitio[lo ftllcroots

is in:l(lc(lll:ltr, tl)r I.rhnwr-Schur nwthod, Grwffe’s r(mt-s(lunring method, lkr-

noll]li’s nlcthm], or the meti~ods of IJ:I[lCCmny I)e {wed and convergence is fqwan-
twd. ‘I%(w nwtlio(k nre I)y no means simple and str:liglltforlv:~ rcl. and rrre not

rmpi(lly w)nvmwmt, :~nd thus for rflicicncy arc usually used to rdculatc only the

C)
:I})l)ruxinl:tteroot” l(w:~tionsso thrrt oneof tl)cll~orc r:~~)id syrltlletie divisio~~ methods

.!
mn.v then lw :il)pli{xl. Thr need for u straightforwmd method which ul}vays rwn-

vcrg(~.~:ll)(l~~lli(’1] h:w:t rapid ronvm-gcnceitl theregionofthc root istllus irl(lir:~tc(l.
Kokotovif:]n(i ~ilj:~k [I] hfivedevelopcd thestwpest descent npprrmch uwf hY

Levinc:lli(l 31ei.~.~iI)g(’r[2]:111(i 1.firl(;c [3]i11(’0njllll( ’tioll\vitll 31itrovic’s nwthod for

tl)c:]l)t()l~~:iti($:lrt:il( )g.~()l~~ti()ll()fI)()ly1l()rIlisls. T}lc]ill~it:ktiollof the rmnlognpprorwh
is th:lt ~ (,onsi(lcr:ll)~c scarcll n)ay lW required to scp:uwtcthe roots and find nppro-

t

(

prifiteiniti:ll wrl(litions.
In this ]):{~wrt he stwprst dc.went apprmch of Kokotovi& :wrd ~iljak [1] is extcndrd

i nn(l ;](l:l])ted for the Micimlt di~itd vonli)utation” of the zeros of rmnlytic funrtions
irivolvin~ I)olynomi:lls.” The stcqwst (lwctmt :tpprwrch is used to minimize a non-
nrgntivc fur)(tio]l, tl)c mininml vrdumof which arczrro snd rwrrc,~pon(l to the zeros
of th~ :ln:llyti(’ function ~]t~(lcriI]vcstigntior~. Thcnmgnitudcof thcinmement in the

81)cpnrtment d 13rctricnl Enginrcring. ThP rrwnr(’hrcpwtd herein wnsmpportcdby the

Nutionnl Acrmmutics and Spnw .kfn~inistrntion un&r C’untrnct No. NAS24WJ.
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Itmay he .showm that the tirw dwivativr of F is al\Y:Lys neg~tive, i.e.,

(5)

Substituting e(ls. (3) gives

:= -’[(3+(37‘o
((6)

This property {,f dF,’dt,tc)g(:tb(’r ivith the previ(~[l.<ly li..tt~l prol)(,rtiw of F, itl(lit:,t(,s

that for any procws simulat il]g eIIS. ( 3), F is :L LiapunlJ\” fun(t ion and tllc prt~((’..s
Wi]] a]lV:lyS L’OIIVC?r~(” tO LL ZCIW of ~(~) iIldCIK’Ilfk Il[ (Jf i[litid COIl(litk)[lS.

Algorithm

For the numerical rv:tluat ion c,f t be zeros of f(z), the difference cquat iu[ls e(Jrr(-
sponding to the different i:ll ml+. (:) ) :Lrc comi(lered, i.e.,

(7)

The direction of the steepest. (Ir+rent path given by the ratio of AX :u1(I A!) is il;(l(’-
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pcmknt of h, i.e.,

(9)

.
If the values of U, u, tlu,tc?.r, dr,’ilr cm be cnldated, then sucrwsivc appliwtion of
~s. ( 10) in the region of a zero of ~(z) gives rapid convergence to the zero loc:tt ion

for any rc(~uire(i :mwracy. It is to be noted that eqs. ( 10) :iro sirnil:w to those ~wtl
in the quadratically cozlvergent .\-(:~vt{jn-R:lirsto\v’s meth(d. The (Iiffurcnre lit’s in
the fact that eqs. ( 10) arc of the ft)rn~ of the steepest descent e(ls. (7), where

F=u2+v2, N (11)

‘‘(ii%)’”
This is evident, :M cqs. ( 10) m:ly be drriverl from eqs. (7) and (11), nncl the f(lnr-
ti(~n Uz+r? .s:ltisfi& the wn[litions ( -4). (It is immedixtely :Ipp:u-cnt th:~t the first
three conditions” (4) arc s:itisfietl, and by re:dizing that U2+/ is the sqwre of the
rnodulws of J(z), one may :lpply the nmximum moclulus theorem t(o show th:lt thr
fourth coudit ion is sfitisfie(l. ) It is conclu(lcd th:~t the applic:~tiorl of e(ls. (7) Mid

(11 ) or the rquiv:dent eqs. ( 10) indic:ltes the direction of the steepest dcwent of F.

(An exception to this exists \vhen y = O; for this cme, the direction indif’ntcxi is
n[ong the y-:mis. ) lpor w:iorls other th:m the rrc>ighbt)rho<)& of the zeros off(;), the
rlpplic:ltion of (J(lS. ( 10) \vitl give :1 poor estinl:~te {lf the ifl(,r(.nlerlt for whi(,ll F is
minimized in thedir(x,ti{m OFstt,epest cics(,ent of F. l[o~vcv~,r, even if more th:m ()!le
(’illCUl:lt ion is rlcc(,ss:lry, :ln increment can be found in the dir~,t,tit~n of st(w,j){~st
(!escent for ivhi(,h the valtl(, of F is recluced, :ln(l s() corlvt~rgl,nce m:tv be gu:tr:trlt(itw[.

The foll(~tvit]g :~lg{~rithr~~,\\l\i\,l~ :\rises ~llt of the ;Lt){)vcthl.(lretic~ll ~[t.v(.[(~l)rll{,ltts,
is the b.a.sis for ii convergent nwth~d for findiq& zeros of annly-tic functions.
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(13)

a. + fbfi # O,

und muy be cakuktcd using the recurrence rcl:ltiomhips’

~z.Yk+l + (x2 + /j .~k = 0!
Xk+z – -

(15)
Y&+2– 2rYk+l+ (i + y?)Yk= o,

where
X,=1, X,=.r, Yo=o, Yi=y.

The partiai derivotivt!s of .~k Jrlfl l’, are simply ctikuhted from the partial dif-
ferentiation of eq. ( l-l) )~ith respect to x, i.e.,

dn.~k
—= A!(/k-l).. (k – n + l).Yk-m ,
ax”

d“ Yk

ax”
—=k(k– 1)... (k–n+l)yk-..

(16)

Using eqs. ( l-l) :md ( 16), one rmiy c:d(ul:ltc the v:dws of the real part u :m~l t l]!’
imaginary purt L,of J( 2 ) fronl eel. ( 13) :md their part id clerivat ives as

V = k$(@ky, + bk .yk),

, ~ = ~ ~(ak Yk-1 + bk XI+ ,

(1:

~ = ,% k(k – l)(U,k ‘~k-, – bk y,-,),

1These are derived from a substitttt ion for ZAI, zk+l, and Zk using elr. ‘ 1~ ;:..., ‘!~ ~ z .’”. ‘i

Zqzz - 2ZZ + (z* + v’)) = 0; the red and imaginary parts are equ:~t~d t’) lef”
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cat ion.

Conclusions

A st r:tight f(mv:mi numeri(’d met h(xl
nomials ~vhich is rupidy converg(’[lt
guaranteed indeperderlt of the il)iti:tl
the polynomi:ds in tcrnls of the ~ilj:k


