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ARsTRACT.  The method of steepest descent is applied in a convergent procedure to determine
the zerog of polvnomials having either real or complex coeflicients. By expressing the poly-
nomials in terms of the Riljak functions, the methods are readily programmed on a digital
computer. The significanee of the procedures is that their application is straightforward, and
not only is eonvergence rapid in the region of a zero but convergence is guaranteed independent
of the initial values.

Introduction

In this paper the application of the steepest descent approach in a straightforward
convergent method is considered for the rapid solution of polynomial equations.
The method is presented as being a more efficient and thus a more reasonable al-
ternative than presently availuble methods [1-3].

In many practical problems involving the solution of algebruaie equations, there
is suflicient a priori knowledge of the roots to permit the application of the readily
applied, rapidly converging synthetie division methods. The imitation of Newton-
Raphson’s method, Lin's method, Bairstow’s method, and other synthetic division
methods is that convergence is dependent on the initial conditions.

For the problems in which the a priori information about the location of the roots
is inadequate, the Lehmer-Schur method, Graeffe's root-squaring method, Ber-
noulli’s methad, or the methods of Lance may be ured and convergence is guaran-
teed. These methods are by no means simple and straightforward. and are not
rapidly convergent, and thus for efficiency are usually used to caleulate only the
approximate root loeations so that one of the more rapid synthetie division methods
nmay then be applied. The need for a straightforward method which always con-
verges and which has a rapid convergence in the region of the root is thus indicated.

Kokotovi¢ and Kiljak [1] have developed the steepest descent approach used by
Levine and Meissinger [2] and Lance [3] in conjunction with Mitrovie’s method for
the automatic analog solution of polynomials. The limitation of the analog approach
is that a considerable search may be required to separate the roots and find appro-
priate initial conditions.

In this paper the steepest deseent approach of Kokotovié and Siljak [1]is extended
and adapted for the eflicient digital computation of the zeros of analytic functions
involving polynomials. The steepest descent approach is used to minimize a non-
negative function, the minimal values of which are zero and eorrespond to the zeros
of the analvtie function under investigation. The magnitude of the increment in the
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direction of steepest deseent for each iteration is caleulated from equations similar
to those uscd in the rapidly converging Newton-Bairstow method.

In particuluar, the rapid factorization of polynomials having either real or complex
coeflicient= i achieved. By expressing polynomials in terms of Qilj:lk functions, the
methods yre readily programmed on a digital computer.

Review of Stoepest Descent Equations -
Consider the equation

f(z2) = u+ =0, (nH
where f(z) is an entire function of the complex variable z, where
z =z 4 1. (2)

The differential equations which nmay be used to determine the zeros of f(z) by
the method of steepest descent are

aF
9z _ —;(—C and == —~h—,

9z ady oF (:
at ar at dy

3)
where & is a positive constant and £ = F(x, y) is a function satisfying the following
conditions:

(1) F is nonnegative;

(2) the derivatives aF/dr und OF dy exist; 1)

(3) the zeros of Foare located at the roots of fizy = 0;

(4} these zerus are the only minima of F.

It may be shown that the time derivative of F is always negative, i.e.,

dFF  aF dx oF dy (5)

dt — ar dt ' ay dt”

Substituting eqs. (3) gives

dF aF\ o\
T = —h I:((—)T) + (a/‘)] < 0. (6)

This property of dF/dt, together with the previously listed properties of F, indicates
that for any process simulating cqs. (3), Fis a Liapunov function and the process
will always converge to a zero of f(z) independent of initial conditions.

Algorithm

For the numerical evaluation of the zeros of f(z), the difference equations corre-
sponding fo the differential cqs. (3) are considered, i.e., :

aF aF
Az = —h% and Ay = _115;'- ;(7)

/

The direction of the steepest descent path given by the ratio of Ax and Ay is inde-
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pq‘n(l(‘nt Of h, 1.e.,

éfz‘ipj/"p (8)
Ay oz/ ay’

The maenitude of the increment in the direction given by Az and Ay is determined
by . The value of A should be chosen to minimize the function F along the direction
of steepest descent. Consideration is now given to the caleulation of a suitable A.
In the neighborhood of a zero of f(2), the hicher order terms in a series expansion
for u and v are negligible, and therefore the following approximations are valid:
o Ju & v
—u >~ — Ar +——.\ ~v >~ —Ar + — A} (9)
Fy Yy o + 3y Uy
where Az and Ay are the distances in the r and y direetions from a point in the
neighborhood of the zero of f{(z) to the zero of f(2). Using the Cauchy-Riemann
equations and solving eqs. (9) for Ar and Ay yields

dx dr Ay~ axﬂ il (10)

~m, m‘)’

If the values of u, v, du/dx, dr/dz can be calculated, then successive application of
eqs. (10) in the region of a zero of f(z) gives rapid convergence to the zero location
for any required accuracy. It is to be noted that eqs. (10) are similar to those used
in the quadratically convergent Newton-Bairstow’s method. The difference lies in
the fact that eqs. (10) arc of the form of the steepest descent eqs. (7), where

F=u+7 N (11)
0.5
dx azr

This is evident, as eqs. (10) may be derived from eqs. (7) and (11), and the func-
tion 2’4" satisfies the conditions (4). (It is immediately apparent that the first
three conditions (4) are satisfied, and by realizing that W+t is the square of the
modulus of f(2), one may apply the maximum modulus theorem to show that the
fourth condition is satisfied.) It is concluded that the application of eqs. (7) and
(11) or the cquivalent eqs. (10) indicates the direction of the steepest descent of F.
(An exception to this exists when y = 0; for this case, the direction indicated is
along the y-axis.) For regions other than the neighborhoods of the zeros of f(2), the
application of eqs. (10) will give & poor estimate of the increment for which F is
minimized in the direction of steepest descent of F. However, even if more than one
calculation is necessary, an increment can be found in the direction of steepest
deseent for which the value of F is reduced, and so convergence may be guarnuteed.
The following algorithm, which arises out of the above theoretical developments,
is the basis for a convergent methgd for ﬁndmfr zeros of analytic functions,

9

1. Scale to have some roots within|fhe unit dgircle.
2. Choose initial approximations other than o;\ the real axis, i.e., ro, yo.
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3. Compute w, 1, du. dr, dr dr, and F. -

4. Cowpnte the new approsinitions fromegs, (10), te, 1y = 1o + Ar, yi = Yo + Ar.

5. Take rous roand goas e and repeat steps 3,4, and 3, including the following step 6, until
CONVETECNee voeirs.

6. If the value of £ ealenlated is greater than the value for the preceding iteration, reduce the
increments Ar and Ay used previously until the value of £ is smaller than for the preced-
ing iteration. The inerement may be reduced by 4 factor of say one quarter each trial.

Solulion of Ayebraic Equations

Consider the algebraie equation

flz) = 2 (@ + ib)2 =0,
k=Q (13)
a, + ib, # 0,

where a, and by are real. As ineq. (1), f(2) 15 an entire function of the complex
variable z = & + Jy. The real and imaginary parts of f(z) and their partial deriva-

tives may be conveniently calculated in terms of the Siljuk functions X and Vi .
The functions Xe(r, y) and Yilr, y) are defined from

= Xi + iFs, (14)
and may be calculated using the recurrence relutionships'
Xigz — 22X + (22 + )X = 0,

2 a. (15)
Yiee = 2tV + (27 + y) Ve =0,
where
Xo=1 Xi=12x, Yo=0, Y, =y,

The partial derivatives of X% and T, are simply calculated from the partial dif-
ferentiation of eq. (14) with respect to z, i.e.,

O Xk hh—=1) e (k= n+ 1)Xemn

ar~

- (16)
O k-1 (k=4 Y.

dz"

Using eqs. (14) and (16), one may calculate the values of the real part u and the
imaginary part ¢ of f(z) from eq. (13) and their partial derivatives as

u = Z (ar X — b, Yu), v o= Z (ar Vi + be Xo),
k=0 k=0
u 2 . 3 v 2
— = Z Klae Xom — b Vi), — = Z klae Yoy + b Xi1),
ax kw0 or k=0 (1
2 n
z‘l‘f = Z k(k - 1)(ak Xk—z - blc Yk—a),
az* k=0
2 n .
9—31- = Z k(k - 1)(ak Yk—z + bk -\'l")'
axr =
! These are derived from a substitution for 253, z**1, and z* using eq. 14 .00 e ceaie

2%(z* — 22z + (22 + y*)) = 0; the real and imaginary parts are equated to zems.
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For the case when the algebraic equation coeflicients are real, i.e., by = 0 for
k= 0 — n, eqs. (17) are simplified. (Note: The values of w, v, (9u),'(dz), and
(o) "(ae) may be ealeulated using dhternate functions [t} or from the remainder
coefticients caleuluted from a synthetie division of f12) and f/{z) with factors corre-
sponding to the particular £ and 5 of interest)

Using the steepest deseent methods of the previous section together with eqs.
(15) and (17), one can achieve the rapid factorization of a polynomial on a digital
computer. Once a zero of fi2) is determined, by use of synthetie division a reduced
polynomial is found, and this muay be used in the evaluation of the next zero. As in
other procedures, a suitable first approximation may be read into the machine or
calculated from either the first three or the last three coeflicients of the polynomial,
or, if frequency scaling is used, at least some of the zeros will be in the vicinity of
the origin and a convenient first approximation may ber = 0, y = 1.

The computer time for each iteration, when Newton's method is used, is about
three quarters that for the above method. However, as mentioned previously, when
one uses the methods of this paper convergence is guaranteed, and no o priori in-
formation about the root location is required. For the seventh-order equation
of [1}, for example, all the roots were found in seventeen iterations.

Transcendental equations involving polynomiuls have also been solved by use of
the approach given in this paper, and thus the method has o more general appli-
cation.

Conclusions

A straightforward numerical method has been presented for the solution of poly-
nomials which is rapidly convergent in the region of a zero, and convergence is
guaranteed independent of the initial values. It has been shown that by expressing
the polynomials in terms of the Siljak functions the method is convenient to imple-
ment on a digitul computer and is applicable to the solution of algebraic equations
having either real or complex coeflicients or to trunscendental equations involving
polynomials. It is concluded that in terms of simplicity and convergence properties
the approach is more efficient than presently availuble methods.
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