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~r~CCSS;,r,.~LllC~s,~fi~i~,]t~O,,clitit},,s~,re[it>~-clolwcl for the fxistt,nce :111(1C,211(lll?lt ion

of v-c,ll.dctil)o(l l{im~~iti (liffer(,l]ti~ll (Jcftl:ltioll solutio]ls ~issociate[l ~vitll illfi]]ii e time
qundmtir 10ss ]ninilniz:itioll l]roble)ns.

‘1’l)e si,qlificance of tllc rwults is t Iult t 11(,) JIot 0111) extend o])tinlal centrol tlleOr~-
but also have al]l)licatioll i,, a IIUIIIINIof”LII(,iISothertlla])ol)tinml mntml, e.y. st+thility
theor~- m](l tinlt,.vnryi]lg sl)wtral fartoriz~itiotl theor:-.

1. Introduction

In a compal]ioll ]ml)er. 3100re al~d Anderson ( 1968), a fill ite time cluadra,tic
10ss minimization problem is (onsidered, and the necessary and sl~tficient
conditions are given for the {)])timal control law to exist. Also, the stel)s re( ~uired
in tile cadculatiol~ of the control lalv are given.

in this lMLIWYa simplified version of the same problem is considered and is
extended to the case when the minimization is for an infinite time interval.
The signiticanve of the results is that tl~ey not, only extend o])timal rontrol theory
but also have application in :Lnumber of areas other than Ol)timal cent 1’01,e.g.
stal)ility theory. Moore and Anderson ( 1967 a), and time-varying speckral
factorizatiol~ theorj”, J1oore and Anderson ( 1967 h). There is a correspondence
between the various extensiolw and tllosc given in Anderson ( 1967) for t11(’time
invariant I)roblcrn.

2. Review

A specialization of tl~e results given in tl~e companion lmper, Moore and
.inderson (1 !268) is now reviewed. These are to be extended in the following
section for the case when the time intervals of interest are infinite.

Consider the linear, n-dimensional system:

,i=J’x+cu, (1)

and performance index:

f
V(XO,u, t,, t,,)= “ (u’Ru + ~X’HU) dt, (~)

@
where

(Al) F, G, R, B-’ and H are finite valued and R = R’ > ().

For convenience we define:

l?(t, ~)= R(t)8(t – T) + H’(t)@ (t, T) C7(T)1(~ – T) + G’(~) cD’(T, ~)H(T)l(T – ~). (3)
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where @(t, T) is given from :

$@(t, 7) = fm(t, T) ; 0( T,7)=I,L, (4)

and label six conditions as follows :

(A 2) R(t, -r) is a covariance,

(A 3) [1’, G] is completely controllable at t~, in the sense that for any state
.l;oat ~0,a control UCand time To may be found taking the system from the

zero state at time to—7’0 to the state JOat, time to.

(A 4) R(t, ~) – ql,,ti(t – ~) is a covariance for some positive constant q.

(.1 5) [F, G] is uniformly completely controllable, Silverman and Anderson
(1 968); F, G, H and R are bounded.

(.A 6) F’ is asyml)totically stable. nor the ease when the interval of interest
is bounded on the right (but possibly not On t,he left), . F’ is asymptotically-
stable and bounded” should be interpreted as meaning ‘ F is bounded and
the transition matrix @(t, ~) is bounded by a quantity of the form

al exp [ – fLJt– T)]

for some positive constants al, az’.

(A 7) 1’ and H are bounded.

(lomtrol law 1. For the system (l) and performance index (2) with (A 1)
satisfied on [tO,tl],the necessary condition for a control law Ux to exist, and to
minimize the index (2) is that (A 2) be satisfied on [tO,tl]. Sufficient con-
ditions arc either that (A 4) be satisfied on [tO,/l] OFthat for some ‘TO,matrices
F. 0, R and H can be selected on [t.– To,to]such that (A 2) is satisfied on
[t, – 7’., tl]and (A 3) is satisfied.

The control law U,i,is given by:

~q = – R--l(C’H(t, Q + H’),u (5)

and the minimum index is:

J’* (’~~o>?~>k~tl>to)= ~o’~ (~o>tlk~o! (6)

Ivherc Il(t,tJ is the solution of the Riccati differential equation :

– i[ = TI(IL CR--IHq + (Ff– HR-w’)n – IIGR-w’n – HR-111’, (7(()

Il(tl, tl)=o. (7/))

Further, the minimum l)erformanee index J’,K(.co,U*, tl, to) is bounded :1s
follows :

where K is — V(O, u,,, to, to—To), see (A 3), and depends on ~o, (because ?I,
depends on Xo), as well as to.
Some results for the case when the interval [to, tl] is infinite are also given in

Moore and Anderson (1968). These are now reviewed.
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For the limiting case as tl+m, assuming that (A 1) is satisfied on [~0,m),
the sufficient conditions for (8) to be satisfied are either that (A 4), (A 6) and (A 7)
be satisfied on [to, co) or for some positive TO, matrices F, G, R and H can be
selected on [tO– To, to]such that (A 3) is satisfied and such that (A ~) be satisfied
on [to–To,co].

For the case when to is arbitrary we may require the I{(xO, /.) of (8) to be
t t) to be bounded as :independent of to, i.e. we require V* (J{),U*, 1, ~

— m < K(xo) < V*($50,u*, tl,to)<0. (9)

For the limiting case as to+– m, assuming that (A I) is satisfied on ( – w. tl ],
sufficient conditions for (9) to be satisfied are either that (A 4), (A 6) and (A 7) are
satisfied on ( – m, tl] or that both (A 2) and (A 5) are satisfied on ( – m, tl].

For the limiting case as both to+ – cc and tl+ m, assuming (A 1) is satisfied
on ( – m, m), sufficient conditions for (9) to be satisfied are either that (A 4).
(A 6) and (A 7) are satisfied on ( – m, m) or that both (A 2) and (A 5) are satisfied
on ( – co, co).

Another result that may be quoted from Moore and Anderson ( 1968) is that,
when the initial state is zero, then :

*m X
v((), u, t~,to)=

L(
u’(t) l~(t, T)U(T) dt d7, (lo)

—m —w.

wit h u(t)taken to be zero outside [to,tl].

3. Existence considerations

Two lemmas are now given regarding the limiting solution of (7) as tl+ m.

Lemma 1. Assume that (A 1) is satisfied on [t,, m) and either (A 4), (A 6)
and (A 7) are satisfied on [to, m) o) a selection of F, G. R and H can be mad(> in
a finite interval [t. —TO,to] such that (A 3) is satisfied and (A 2) is satisfied on

[t.– TO,m]. Then a matrix l~(t)is defined by:

lim I[(t, t,)=ii(t)
/2+7

(11)

for all t > to.

Ppoof. Let UI be the control which minimizes I’(J1, U,t~,Q for some tl ~~nd
t2with t2> tlz toand some state+ at time tl; let IZ be the state at time tzresulting
from xl and Ul, and let Uzbe the control which minimizes for some t:]> t2the P~r-
formance index V(Z2, u, t~,t2). (Note that (A 2) implies R + R’ is non -w+ti~re
definite, and thus by (A 1), the finite -valuedness of R-1 and the symmetry of R
imply that R is positive definite. Then control law 1 guarantees the existence

of both controls U1 and U2.) Let Ulz denote the (:ollc:~lltell:~tioll of UI and uZ.
Then

.rl’n (tl, t3)71s L’(J’l, U12. t3, tl)

= l’(X1, Zq, t2, Q + J’(*z> ’74. t:], tz)

The application of control law 1 means that *Z’F1(t2,t~)~~is bounded above
by zero; thus ( 12) may be simplified as follows:
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That is, Z1’II(tl,t)xlis a decreasing function of t. This, together with the
result that it is bounded below (see control law 1 with tOreplaced by tl, *Oreplaced
by JI, fl rel)laced b,J t) may be used to show that Iim H(tl,t2)exits; since tl is
arbitrary, the lemma is established. t,+Y.

LPm rrw 2, \\’itll conditions satisfied as ill lemma I ii(t) given from (11)
satisiies the equation :

–fi = II(J’ – GNH’) + (F’ -- HR-W)~ – nGR-W’ii – HR-lH’, (14)

Proof. Using the notation II(t, /1, ; B) to denote the solution of (i a) wit h
B as tl~c boundary condition at tl, then for the case tO< t < tl < tz :

Il(t, t,)= n(t,tl ; II(f,, t2)). (15)

(Xote that II(t. t,) and 1l(t. t, ; (j) are equivalent,) In tile limit as t,+ w. using
the eontinuitj of the solution of differential quations with reslwct to initial
conditions:

Since then
established.

4. Infinite ti..

m(t)= I[(t, t, :Tl(tl)), (I {j)

l(t. II : fi(tl)) satisfies (7 a), 1I(t) satisfies ( 14) and the lemma is

Ie control law

Further lemmas are no~r considered leading to a control la\v for the infinite
time case.

L<t~ltnu 3. lVitl} (A 1). (A 6) and
(A 8) l’ and G bounded.
satisfied on Ito,m) and either (A 4) and (A 7) satistied on [to. m) or (.A 3) and
(A 4) satisfied on It,,- T,), w ) for suitable selection of F, {; etc., on (/,, – T(,, f,,]
tl~en the al)plication of the control law:

/l* = –&yG’fi + 11’),r (17)

results in an asympt oticall~ stable closed-loop system, i.e.

i= [F– G’W(Wti + H’)]./’ (18)

is asyml)totically stable.

Proof. If (A 4) and (A 7) hold on [to,co),then because (A 6) also holds, a
selection of 7’., F, G ete., may certainly be found on [t. – TO,tO]such that R(t, T)
is a covariance on [tO– 2’,,, m) and l’, G is completely controllable. See Appendix
1 of Moore and Anderson ( 1968). in fact, selections may be made so that
R(t, T) – fi~~(t – T) is a covarianee for any positive f < q, as may readily be checked
b~ examining the constructive lmocedurc in detail. Thus we can always assume
that (A 3) and (A 4) hold, with 4 replaeing q, either by initial assum])tion, or
because of (A 4), (A 6) and (A 7).

The first step in the proof of asymptotic stability is to show that ?z* is square
integrable. Define d to be the concatenation of u,, as defined in (A 3) and u* as
in (5), and having zero value ouside the time interval [t. – 7’., tl ] ; then using ( 1()}
we may write:

H

-,. ~ -,
T’((), u(,) to, f“– To.) + J’(<uo,u*. f,, f“) = ti’(t)R(t. 7)ti(7) dt (iT. (19)

—-G -,:
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Now an al)plication of (6) and (A4) results in the inequality, holding for anJ-
t3<t1i

Taking the limit of both sides of (20) as tl~ m gives, using (11) and ( 17):

‘1’hc finiteness of the interval lto,t~] is important for taking the limit on tl~c
right -hand sideof(20). &~c)mTsillcet]leleft sideofthe illec~~~alit,y(21)isindel )ellci[Jilt

of tq and since both l’((), z~<l.to,t,)– TO) and .UO’fi(to)xoare finite (see control la\\-
1 and lemma l), it follows that IZ* is sqlmre integrable.

Because 1’ is boulded and asym~)toticalll- stable. it is expol~cl~tiall~-
asymptotically stable. (k)nsequentl~- tllc reslmtme of:

a~)lnwaches zero as t+ m. Ilsillg the boludcdnc’ss of (7 and a slight moclifi(’atiol)
of :1 resll lt of !+tl)dbcrg ( 1!)64) , see tlleorem 9.

Lemma 3 does not establish tlmt ~i,k is al] ol)tinlal control la~~-for tl~e illfil~ite
time ~)roblcm, It al)lwars that to do this. strolgcr (wlldit-ions are re(~uired

/x))7))/a 4. l\’ith (.4 1), an(l either (.12) and (A .5) or (.4 4). (.1 6). (.17)
holdil!~on (– co. ti):

()>[l(t,, t2)>81 fol” all t1<t2 (23)

for some negative i3. l\ritll (Al). :~nd(~itller (.12)il{l(l (.+5) ()i( .44), (.+6)
(.4 7) hokling on ( – m, X).

02ii(fJ281 for all tl. (24)

for some negative 8.

/’moj. (lmsiderfirstthc lwoofof (23) The result f’ollows bynotingtl~at
either set of assl~med conditio~ls iml)ly the existence of ~(tl.t2)and satisfaction of:

where Kis independent of tl. Arguments /ls in silverma,l~ and Anderson 1!)(i$l

yield, when (A 2) and (A 5) hold, that K(Jl)>8‘:cl, 2 for some negatlive 8 a]ld all
xl. whence (23) followw.

LTnder (A 4), (A 6), (A 7) it is shown in Moore and Anderson ( 1968) that

f

11

[~(%)= –P ~l_To u.”% at

where p and u,, are independent of tl. It then follows again that I{(xl) >8 ./,’ z
for some negative 8 and all .rl. Similarly (24) may be proved.

Equations (23) and (24) also hold for all tl > Tl, where TI is some fixed tim[>.
if (.4 4), (.A 6) and (A 7) hold on [7’1, m) or (A 5) holds on ITl, Z) and (A 2) on
[Tl – T,’, m) Where T1’ is greater t,han the minimum time required to transfer

from the zero state to an arbitrary state. The proof is again a simple extension
of the earlier material.
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Lemma 5. If conditions (A 1), (A 4), (A 6), (A 7), (A 8) hold on [to,m) the
optimal control minimizing:

F’(Z1,‘u,m, Q = JW(u’RzL + 2x’Hu) dt (26)
(~

for arbitrary tlz tois ti* given from (17) and the optimal index is:

for some negative constant 8.

Proof. The substitution of ( 17) into (2) and the application of (7) gives for
arbitrary tz:

V(xl, ?Z*, tz,Q = X1’R(QZ1 – x;n(t2)z2. (28)

Taking the limit as t2+m and using the boundedness of H which follows from
lemma 4, together with the stability of the closed loop system, see lemma :3,
yields (27). In order to show that ti* in fact minimizes (26) assume there is a,

diflerent control u,, with performance index less than zl’fi(tl)zl.Then for tz

sufficiently large:

V(zl,24., t~, +) < zl’H(tJzl (29)

and since :cl’H (tl,t2).ulis a decreasing function as tz increases, from (29) we have:

V(zl, ZLo,t2,tl)< ,Ulm(tl,~2)z1) (30)

i.e.

J’(xl, ‘u,),t~,Q < V(q! U*.tz,f,). (31)

This contradicts control law 1 and the proof is complete.
A partial converse to the above result is that if R(t, T) is not a covariance,

lack of existence of an optimal control can be demonstrated along the lines
adopted for the finite time case.

The preceding results may be summarized into a cor~trol law for the infinite
time problem.

Control Law 2. For the system ( I) and performance index (26) sufficient
conditions for a control law G* given by Riccati theory to exist and be well
defined which minimizes (26) are that (A 1), (A 4), (A 6), (A 7) and (A 8) be
satisfied on [to, m). A necessary condition is that (A 2) be satisfied on [to,m).

The control law fix which minimizes (26) is given in (17); the minimum—
index is given by (27) where H satisfies (14) and is given by ( 1I) where, in
turn, H(t, /z) is the solution of (7 a) with the boundary condition II ((Z.tz) = O.
The closed-loop system (18) is also asymptotically stable.

5. Further properties of fi(f)

Lemma 6. If the conditions of lemma 1 are fulfilled guaranteeing the

existence of ~ (t)and if the following condition is satisfied:
(A 9) [1’, H’] is completely observable at time t, in the sense that if

H’(tl)@(tl, t)x(t) = O for all tlimplies x(t)= 0, then n(t) is negative definite.
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If the stricter condition
(A 10) [F, H’] is uniformly completely observable on [t,, co) and F, G. R-1
and H are bounded on [tO,m) is satisfied, then:

H(t) < yI < () (W)

for some negative constant y and all t.

Proof. Since d(t)Il (t, tl)z(t) is a decreasing function as tl increases (see
( 13)), then if it can be shown that 11(/, tl) is negative definite, we may conclude

using lemma 1 that ~(t) is negative definite. Certainly ~(t, tl) is non-positive
definite (see (6) and (8)), and we no~r show that :

z*’(t)rI(t,tJc*(f) = o (33)

for all tland some non-zero x*(t)leads to a contradiction. Assumption (33) is
equivalent to the assumption that the optimal performance index (6) is zero for
the case to= t,Z.= x*(t),tlarbitrary. Since the optimal control ZLfor a fixed tl

is unique, Athans and Falb (1966), and a zero control results in a zero performance
index (see (2)) then the optimal control U* is zero whatever tl is, and (5) gives:

(34)– R-l(G’II(u, Q + H’).c*(u) = O,

where this equation holds for all tl, and for all a in the range [t, tl]; also, z*(u)
is the response of the system with zero input and initial state z*(t). Setting
~ = tl in (34) and using the boundary condition on H leads to ~’(&) z*(tl) = (~,

which contradicts the complete observability of [F, H’], thus establishing the
first part of the lemma.

The solution IIz(t, tl)of

– fIz = ~z(F– GR-lH’)+ (1” –HR-lG’)J12- HR-lH’, (35 a)

r12(t,,tl)= o, (35 b)

is easily verified to be:
flt~

r12(t,Q = – J @l’(A, t)FZR-lH’@l(A, t) d~, (36}
t

where

$@l(t, /)) = (F– GR-’If’)@l(t, A) ; @l(A. A)=1 (37)

and therefore if [F – GH-]H’, H’] is uniformly completely observable there
exists a constant tio such that for tl– t>130:

112(t,t,) <yl <0 (38}

for some negative y. The uniform complete observability condition may be
stated in terms of its dual, viz. we required [F’ —HR–W’. H] to be uniformly
completely controllable.

This restatement may now be simplified using the result that for bounded
linear systems, uniform complete controllability is preserved as bounded
state feedback is applied, Silverman and Anderson ( 1967). That is, since
F, H, R-l and G are bounded we require simply that [F’, H] be uniformly
completely controllable. This is in fact the dual of condition (A 9), and thus if
(A 9) is satisfied (38) holds and the proof may proceed.



,Substracting (7) from (35) gives a linear differel~tial equation in the variable
11–r12:

–(rl– r12)=(11 –112)(J’-GR-1H’) +( F’– HR-W’)(I1 –r12)-HflR-WII,
(39 a)

[I(tl, Q – 112(t1,Q= (), (W /))

which has a solution:

f

(~
H(t, tl)– T12(t,fl) = – O1’(A, t)nfl~-w’nq(~. q (40)

t

and this is non-lwsitive definite. This result together with (38) imply that, for
tl–t>ao:

I[(t,tl)<yt <o. (41)

The fact that ll(t, Q is a decreasing functiou as tl increases (see ( I3)) and lemma 1
together iml)ly that in the limit as II al)proaches infinity (41) may be written as
(32).

To conclude this section, we make some con) ments on the case to= – x.

Points of illtcrest are the limiting behaviour as fo-~ – z of i [(to, t,) and fi(lo),

and lnwl)erties of the closed-loop system for both the finite and iniinitc t, cases.

IA’iatncl 7. If conditions (A l), (A 4), (A 6), (.17) and (A 8) are satisfied (JI~

( – m tl]. 11(~,t,) is boulded for all t and the transition matrix of
&’– CR ‘1(~’1] + ~~) is cxlwncrltially k) Lmckd on ( – m, tl]. ~\”ith~1reldaf’ctl

b~- intinity. the same is true with iI(t,tl)ref)li~(:cd b)- ~(t).

f>roof. Ekundedness of I[(/, tl) and fi(t) follolvs from lemma 4 ; lemma :1
atrd the assumed bol~lldedness of F. 0. H and h? 1 guaral]tees the exlmllel~tii~1
bound of the transition matrix of the closed-loo!) sjstem for /l= T. I’or
finite tl. observe that e(ln. ( 19) yields:

(

/1
– K(,t;,))+ ,L’o’H(to,II)JO~ ? a:>‘U* dt, (4?)

4)

~rhere we have used thc fact thnt K is independent of to (see lemma 4). ‘rile

bountl on II yields that

is bounded. The boundedness of F and G anLI the asymptotic stability of 1’
t]len yield as before thzt ~ = P’./+ L?.L*, i e. the closed-loop system is asyrnptot i-
tally stable; exl)ont’nt ial asyml)t,ot ic stability follows because F —CR 1(G”T1+ H)
is bounded.
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