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ALGEBRAIC STRUCTURE OF GENERALIZED POSITIVE
REAL MATRICES*

B. D. O. ANDERSON an~p J. B. MOOREY

Abstract. Square matrices Z(-) of real rational functions of a complex variable
are considered with two properties: (1) Z () has finite elements; (2) Z (jw) + Z'(—jw)
is nonnegative definite Hermitian for all real w, other than those for which jw is a
pole of an element of Z(-). Necessary and sufficient conditions for the nonnegativity
property are derived which involve the existence of constant matrices satisfying
several algebraic equations. The work thereby extends earlier results on the strue-
ture of rational positive real matrices.

1. Introduction. This paper investigates the structure of a class of
matrices oceurring in various systems theory problems. We shall work with
n X n matrices Z (- ) of real rational functions of a complex variable s; the
matrices of particular interest are those for which Z( ) < o« (that is, no
element of Z(-) has a pole at infinity) and for which Z(jw) + Z'(—jw) is a
nonnegative definite Hermitian matrix for all real w with jw not a pole of
any element of Z(-).

The so-called positive real matrices [1] possess the aforementioned
properties, but also possess additional properties restricting the nature of
poles of the matrix elements. The structure of such matrices has been
investigated from the systems theory point of view [2], [3], and applications
of the structure properties have been discussed [4]. There are, however,
system theoretic problems involving matrices Z(-) with the finite-at-
infinity constraint and the jw-axis nonnegativity constraint, but without
the additional constraints imposed by Z(-) being positive real.

We shall term such matrices generalized positive real. Examples of
problems involving generalized positive real matrices as distinct from
positive real matrices may be found in {5}, which discusses system in-
stability, and in [6] and (7], which discuss inverse optimal control problems.

In [5], a single-input, single-output, time-invariant, finite-dimensional
system is considered, with a time-varying feedback gain coupling the output
to the input. The Nyquist plot of the open-loop system is supposed not to
intersect a certain disk in the complex plane; as a consequence of this, a
certain scalar function z(-) of a eomplex variable s is generalized positive
real. The number of encirclements of the disk by the Nyquist plot de-
termines whether 2( ) is or is not positive real. When it is not positive real,
an instability criterion is deduced.

To deal more effectively with systems theory problems involving rational
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generalized positive real matrices, we shall give a structural deseription
parallel to that which is known for positive real matrices [3].

Section 2 presents the main result of the paper (see Theorem 1) while
§3 discusses several implications of the results.

2. Main results. In this section we consider square matrices Z(-) of
real rational functions of a complex variable s subject to the constraint
that Z( o0 ) < o. A nonnegativity constraint will also be used extensively:

(1) Z(jw) + Z'(—jw) = 0 for almost all' real w

(the notation 4 = B {4 > B] for Hermitian 4 and B means A — B is
nonnegative [positive] definite).

Before stating results for matrices Z( - ) satisfying the above constraints,
two results on rational positive real matrices will be reviewed.

LeMma 1. Suppose Z(-) isan n X n matrix of real rational functions of a
complex variable s, with Z{ =) < . Suppose it is decomposed in the form

(3]
(2) Z(s) =J 4 H'(sI — F)(,

where F, G, H, J are veal constant matrices. Then Z(-) 1s positive veal if
(1) holds and all eigenvalues of F have neyalive real paits.

Proof. This lemma is but a restatement of the definition of a positive
real property.

LemMa 2. Let Z(-) be an n X n matriz of real rational functions of a
complex variable s such that Z( ) < «. Let {F, G, H, J} be a realization
for Z(-), that is, a quadruple for which (2) holds. Suppose further that [F, G
ts completely controllable (8] and (I, H| completely observable; then a necessary
and sufficient condition for Z{-) lo be positive real is that there exist veal
matrices P = P' > 0, L, W such that

(3a) PF + F'P = —LIL,
(3b) PG = H — LW,,
(3¢) WiWw, =0 +.J".

This lemma is proved in [3].

The following extended form of Lemma 2, relaxing simultaneously the
complete observability requirement and the nousingularity of I” require-
ment, will be required in the sequel.

LemMa 3. With the same hypothesis as in Lemma 2, save for requiring the
complete observability of (¥, H}, Z(-) is positive veal if and only if there exist
real matrices P = P’ = 0, L, W such that (3a, b, ¢) hold.

1 We exclude those « for which je is a pole of some element of Z(-).




GENERALIZED POSITIVE REAIL MATRICES 617

Proof. Necessity follows as in (3]. Sufficieney only will be established here.
Select a coordinate transformation 7' (see [8]) such that

(4a) TFT™ = [?2 1922]’

(4b) mwr =H’ o,

(4¢) G = [gj

with (Fy, Hi] completely observable. Let I, L, W, be such that
(5a) PFy + FuP = LI,

(5b) PGy = H, — LW,

(5¢) WiWo=dJ 4+ 1,

with 2 = P’ > 0. Existence of P, L., Wy is guaranteed by Lemma 2 and the
fact that {Fy, Gi, Hy, J} is a completely controllable, completely oh-
servable realization of Z(-). Then it is straightforward to check that

, | P00,
(6a) P —T[O O]q,
(6b) L= 7[é]

and Wy satisfy (3a, b, ¢), where the zero blocks in (6a) augment P to be
of the same dimension as ¥, and the zero block in (6b) augments the number
of rows of L to equal the dimension of F.

The extension of Lemmas 2 and 3 to generalized positive real matrices,
covered in Theorem 1 below, relies on associating with a generalized positive
real Z(s) a positive real ¥(s), applying Lemmas 2 and 3 to Y(s) to con-
clude the existence of certain matrices, and then defining a et of matrices
to be associated with Z(s) using those associated with Y (s).

TuEorEM 1. Let Z(-) be an n X n matrix of real rational functions of a
complex variable s such that Z (=) < . Let {F, (/, H, J} be a realization of
Z(s) with [F, G] completely controllable and [F, H| completely observable. Then
a necessary and sufficient condition for

(1) Z(jo) 4 7' (—ju) 2 0

to hold for all real o for which jw is not a pole of any element of Z(+) s that
there exist real matrices P = P’ det P 5 0, L and W such that

(3a) PF + F'P = —LL,
(3b) PG = H — LW,,
(3¢) WyWo=J+J"
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Moreover, I is not posilive definile tf Z (- ) is nol posilive real.
The proof of sufficiency is relatively simple; the proof of necessity harder.

We turn to the former first.
Proof of sufficiency. Explicit caleulation vields

Zljw) + Z'(—jw)
=J+J + H(jol - F)'G4+ (' (—jol — F'H
=J +J 4+ Pl = PV 4 (—jol — F'Y'PIG

+ WL (jol — FY'G 4+ (' (—jol — F)' LW, (using (3b))
=J +J + ((~jol = FY[=PF — F'P|(jol — F)7'¢

+ WL (joI — FY'G + G (—jol — FYLW,
= W/'Wy + ' (—jol — F'Y'LL (joI — F)7'G

+ WL (jol — F)Y7'G 4+ G'(—jol — FY'LW,

(using (3a), (3¢))

= W + (' (—jol — F') LW, + L'(jol — F)'G).

Because of the form of the right-hand side, (1) is established.
Proof of necessily. We begin by defining the matrix

(%) S(s) = [Z(s) = NZ(s) + 117"
It is not hard to verify that if
(9) S(s) = Js + HS(sI — Fs)'Gy,

the matrices I, G, H,.J and Fg, Gs, Hs, Js are related through the in-
vertible equations

(10a) F=Fs+ GoI ~ Jo)HY,
(10b) (= 2051 — Jg) ™,

(10¢) H =(I-Jy)'HY,

(10d) Jo= =T +2( —J™

Note. Because (1) holds and because Z( ©) < o, the matrix [ + J
or I + Z(») is nonsingular. This means that Jg is well-defined as
I — 21 + J]', and precisely because of the way Jg is defined, 7 — J,
= 2[/ 4+ J]™" is nonsingular. These two facts guarantee that all quantities
in (9) are well-defined or, equivalently, that (104, b, ¢, d) are invertible.

The following sequence of implications should be noted:

[, (7] is completely controllable implies [F, 3G(I — Jg)] or [F, (/5] is com-
pletely controllable.
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implies [F — (5K, (/g) is completely con-
trollable for any K of appropriate
dimension.

implies [Fg, (7¢] is completely controllable,
taking K¢ = (I — J5)"H{'.

It is also not hard to verify the following formulu:

(11) Z(s) + Z'(—=s) = 3 + Z' (=) — S (=S + Z(s)].
Equations (1) and (11) together imply that

(12) I = S (—jw)S(jw) = 0

for all real .

Now let a matrix K be chosen =0 that the eigenvalues of the matrix
Fs — Gy all possess negative real part. Such a K always exists when
[F's, (/] is completely controllable (sce [9]). ( Note that it may be possible
to choose K = 0.)

Define
(13) Q(s) = S(s)R(s),
where
(14) R(s) = 1 — K'(sl — Fyq+ (K.

Then simple manipulation vields
(15) Q) = Js+ (U — JK Vsl — 1o+ GR') Gy
Equations (12) and (13) also imply
(16)  R'(—jo)R(jo) — Q' (—j0)Q(jw) = 0 for all real o,
which, in full, is
(I = JsJs) = K + J(H — JK )Gl — Fs+ (K'Y s
0 - (;H’/(—Jul — FS 4+ KGHYK + (Hy — KJJ)J
+ Gy (—jol — F + KGOTIKK — (He — KJS )V (H — JoK)]
(el — Py + GE Y G2 0 for all real .
Deline now the matrix P as the unigue symmetric solution of
Po(Fs — GsK'Y + (F — KGJP,
(18) = KK' — (Hs — KJS)(H{ — JK").

1 1 T N ¢ 2 o YR Y] by by e Ay LYY 5 .
The cigenvalue restriction on 7y — GK guarantees the existence of a
unique and symmetric P, satisfving (18) (see {10D). Then (17) becomes,
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using manipulations like those used in deducing (7),

(19) Y(jw) 4+ V' (—jw) = 0 forall real w,
where, if Y(s) = Jy + Hy (sI — Fy) "Gy,

(20a) Gy = Gy,

(20b) Fy=Fs— (K,

(20¢) Hy = —K — HgJs + KJ5Js — PGy,
(20d) Jy =3I — J5Js).

Because Fy — GsK' = Fy has all eigenvalues with negative real parts, (19)
implies by Lemma 1 that Y'(-) is positive real. Lemma 3 may therefore be
applied to yield the existence of matrices Py = Py’ = 0, Ly and W,y for
which

(21'&) I)yFY + I"Y,Py = _LyLy,,
(21b> ])yGy = ]]y - L)'I/V()y y
(210) LV(;yWuy = Jy + Jy,.

For convenience, these may be rewritten, using (20a, b, ¢, d), as

(228) PyFs+ Fs'Py = —LyL) + Py(K' + KGJ Py,

(22b) Pulis = =K — HoJs 4+ KJ§'Js — Poliy — LyWoy,
(22¢) WorWoy = I — JdJs.

Recapitulating, we have passed from Z(s) to S(s), thence to R(s) and
Q(s), and finally to Y(s). The quantities of further interest are, in order
of their definition, ¥, G, H and J, then Fs, Gs, Hg, J5 (related to F, G, H
and J via (10a, b, ¢, d), K and P, (here (18) is relevant), and finally
Py, Lyand Wyy (see (22a, b, ¢)).

We now claim that matrices P, L and W, satisfying (3a, b, ¢) are given
by

(23a) P = 3(Pq+ Py),
(23b) L= (1/A/2) Ly + KWoy + Hs(I — J5) 'Wayl,
(23¢) Wo = 2Woll — Js) ™

I

]

Equation (3¢) is easy {o prove using (10d), (22¢) and (23c¢); to prove (3a)
and (3b) requires some manipulation, an outline of which will now be
given.
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Using (10a, b, ¢, d) and (23a, b, ¢), we have
PG —HA+ LWy = (P4 PY)Gs(I — Jo)™" — Ho(I — J¢)™
(24) + LiWor(I = J)™ + EWorWor(I — J5)™
+ Hs(I — Js) " WosWor(I — Js) 7.

Now if (22b) and (22¢) are used to substitute for Py('s and WoyWoy , and
all possible cancellations made, the right-hand side of (24) becomes zero.
This proves (3b). At the same time, (10a, b, ¢, d) and (23a, b, ¢) give

PF 4+ F'P 4 LL' = {(Pq+ Py)[Fs + Gs(I — Jo)"'Hy]
+ 3Fs + Hs(I — J) 'G5 |(Py + Py)
+ MLy + KWay 4+ Hs(I — J&) WorllLy' + WorK'
+ Worll — Jo) ' HY).

(25)

The first and second terms on the right side of (25) may be manipulated
to yield

2PF + F'P 4+ LL"
= Po(Fs — GsK') + (FY — KG)Py + PoGsK' + KGJ P,
+ Pois(l — J) ' H + Ho(I — J)7'6GY P,
+ Pols + FPy 4 PyGy(I = T H + (T — J)764 Py
+ Ly + KWy + Ho(L — J& ) "W llLy + WorK’
+ Wor(I — J) 'H|

(26)

Equation (18) eliminates P ¢ from the first two terms. Equations (22a) and
(22b) eliminate P o and Py from the next eight terms. What is left is then
an expression involving K, Hs,Js, (s , Ly and Wy, . Using (22¢) causes the
right-hand side then to equal zero.

Next, the nonsingularity of P will be demonstrated. The symmetry of P
follows from (23a) and the symmetry of P4 and Py . Suppose P is singular,
so that there exists a nonsingular 7" for which

I, 0 0
(27) P=1pPr=\0 -I. ol,
0 0 O

where I, is the » X r unit matrix and 0, a zero { X ¢ matrix (¢ > 0). Set
F=7"%FTG=T"GH=HT,T = LT. Then (3a) and (3b) become

(284) PP+ F'P = —LL,
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Partition F, G, A and L as
Frr Frs FrL

(29&) P' = Fsr Fss Fst 3
Fon. Fy Fy
G,
(29b) G =G,
G
H,
(29¢) i =1H\,
H,
L,
(29(1) ]J = Ls
L,

Then it is easily cheeked that (27) and (28a) force o0, 7, 70, Iys and
L, to equal zero. Equation (28b) then forces f, to equal zero, which is in-
compatible with the complete observability of the pair

Frr Frs O I]r
ey Foe 0 and H,
0 0 Fy I,

Finally, note that if P is positive definite, this fact, together with
(3a, b, ¢), implies the positive real nature of Z{-) (see [3]). Thus if Z(.)
Is not positive real, £ is not positive definite.

Just as Lemma 3 extends the result of Lemuma 2, so the following ex-
tension of Theorem 1 is possible.

CoRrROLLARY. With the same hypothesis as Theorein 1, save for the require-
ment that [F, H| be completely observable, a necessary and sufficient condition
Sfor
(1) Z(j) + 2/ (—jw) = 0

Jor all veal w, where jw is not a pole of any element of Z(-), is that there exist
real matrices I’ = ', [,, Wy such that (3a, b, ¢) hold. Moreover, Z(-) is posi-
twve real if and only if P is nonnegalive or positive definite.

3. Concluding remarks. It is possible to give a simple frequency domain
interpretation of the basic equations (3a, b, ¢). Defining

(30) W(s) = Wy + L'(sI — )\,

we have, using arguments appearing in the proof of sufficieney tor Theorem
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1, that

(31) 7Z(jo) + Z'(=joy = W (=jo)W (jo).

The determination for a preseribed Z(-) of a W(-) satisfying (31) is
termed spectral factorization. As is discussed in, for example, [11], for a
prescribed Z(-), there are many possible W () satisfying (31); here we
have elected to find a speetral factor W(-) which not only has the same
poles as Z(-), but which can have two matrices of a realizing quadruple
identical with those of Z ().

It is of interest to observe how P, I and Wy in (3a, b, ¢) may be caleu-
lated, given F, (; H and J. Section 2 shows how the determination of P
for a generalized positive real Z(-) ean be made to depend on the determi-
nation of P for a positive real Z(-), which is discussed in [12] and [13]; the
former reference shows how to determine P by solving a quadratic matrix
equation, while the latter determines P as the limiting solution of a matrix
Rieceati differential equation.

When P in (3a, b, ¢) has been found, the determination of L and W,
proves straightforward.

For stability and instability studies, the positive definiteness or lack of
positive definiteness of the I matrix becomes important, since Lyapunov
functions for systems with which a generalized positive real matrix is
associated may well have a term a2'Px appearing in them. For examples,
[5] and [14] can be consulted.

In inverse optimal control problems (see [6] and [7]) typically an equation
such as (31) has to be solved, with the constraint that with Z(s) of
the form J -+ H'(sI — F)7'G, then W(s) should have the form
Wo + L' (sl — F)7G; usually L has to be found, and the preceding two
sections exhibit procedures for this.
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