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ALGEBRAIC STRUCTURE OF GENERALIZED POSITIVE
REAL MATRICES*

B. D. 0, ANDERSON AND J, B. iifOORE~

Abstract. Square matrices Z(. ) of real rational functions of a complex variable
are considered with two properties: (1) Z(m) has finite elements; (2) Z(jco) + Z’(–ju)
is nonnegative definite Hermit,ian for all real u, other than those for which jco is a
pole of WI element of 2(.). Necessary and stdficieot, conditions for the nonnegativity
propert,y are derived which involve the existence of constant matrices satisfying
several algebraic equations. The work thereby extends earlier results on the struc-
ture of rational positive real matrices.

1. Introduction. This paper investigates the structure of a class of
matrices occurring i)) various systems theory problems. We shall work ~vith
n X n matrices 2(. ) of real rational functions of a complex variable s; the
matrices of particular interest are those for \vhich Z ( w ) < ~ (that is, no
element of 2( . ) has a pole at infinity) and for tvhich Z (,j~) + Z’ ( —ju) is a
nonnegative definite Hermitiau matrix for all real co with jk not a pole of
any element of Z (. ).

The so-called positive real matrices [1] possess the aforementioned
properties, but also possess additional properties restricting the nature of

poles of the matrix elements. The structure of such matrices has been
investigated from the systems theory point of view [2], [3], and applications

of the structure properties have been discussed [4]. There are, how-ever,
system theoretic problems involving matrices Z (. ) with the finite-at-
infinity constraint and the ju-axis nonnegativit y constraint, but without

the additional constraints imposed by 2( . ) being positive real.

We shall term such matrices generalized positive real. Examples of

problems involving generalized positive real matrices as distinct from
positive real matrices may be found in [5], w-hich discusses system in-
stability y, and in [6] and [7], \\hich discuss inverse optimal control problems.

In [5], a single-input, single-output, time-inv:wiant, finite-dimensional
system is considered, \vith a time-varying feedback gain coupling the output

to the input,. The Nyquist, plot of the open-loop system is supposed not to
intersect a certain disk il] the complex plane; as a consequence of this, a
certain sc:dnr function z ( ) of a complex v~riable s is generalized positive

real. The number of encirclenlents of the disk by the IXyquist plot de-

termines \\-hether z (. ) is or is not positive re:~l. \Wlen it is not positive real,

an instability criterion is deduced.

To deal more effectively lvith systems theory problems involving rational
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generalized positive real matrices, \ve shall give a structural description

parallel to that which is known for positive real matrices [3].
Section 2 presents the main result of the paper (see Theorem 1) while

$3 discusses several implications of the results.

2. Main results. In this section we consider square matrices Z(. ) of

real rational functions of a complex vari:d]le s subject to the constraint

that Z ( w ) < m. A nonnegativity constraint, }~ill also be wed extemively:

(1) Z(@) + 2’( –jti) > 0 for almost alll real u

(the notation A > B [A > B] for Hermitian A and B means A – B is
nonnegative [positive] definite ).

Before stating results for matrices Z(. ) satisfying the above constraints,
two results on rational positive real matrices will be revie~ved.

LEMMA 1. Suppose 2(. ) is an n X n ntafrix oj”real rational junctions of a
complex variable s, with Z ( m ) < x, Suppose it is decomposed irt the fornl
[3]

(2) z(s) ==J + H’(!d – F)--’(;,

tchere F, G, 13, J are ~eal constant ~nairices. l’hen Z(. ) is positive veal ij
(1) holds and all eiqenvalws of F hale ne{jatiue real parts.

Proof. This lemma is but a restatement of the definition of a positive

real property.
LEMMA 2. Let Z ( . ) be an n X n matrix oj’ real rational fundions oj a

complex variable s such that 2( co) < x. Let ~F, G, H, J] be a ~ealization
for Z(.), that is, a quadruple for whid (2) holds. Suppose jllriher that [F, G]
is completely controllable [81and {F, 11~co}ylpletcly observable; then a ?~ecessarg
und suficie?~t condition jor Z ( . ) to be positive real is that there exist real
matrices P = I’t > 0, L, IVOsucA that

(3a) PF + P’r = – 1.1,’,

(3b) PC = 1{ – Lwo ,

(3C) wow,,= J + J’.

This lemma is proved in [3].

The following extended form of I.emma 2, relaxing simultaneously the

complete observability requirement and the nolwillgularity of P require-
ment, w-ill be required in the sequel.

LEMMA 3. With the sarrlehypothesis as i~~Lemma 2, save jor requiring the
complete observability oj”[F, H], Z (. ) is positive real ij’ and on/y ij’ there ezist
real matrices P = P’ 2 0, L, Wo such that (b b, c) ho[[~.
.——

I We exclude those o for which ju is a pole of some element of 2(.).
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Proof. Xeccssity folloJYs as in [;3].Suflicieney ol)ly will bc established hem.

Select a coordinate transformtition T (see [8] ) such that

(4a)

(h)

(4C)

‘FT-’=[2 :21,
[[’T-’ = [H{ o~,

m =[1G,
G2 ‘

with [Fll , HI] completely observable. Jet 12, ~, Wo be such thut

(5C) WO’W” = J + J’,

$Vith P = l;’ > 0. 13xistcnce of P, 1,, W(1is gumw~tecd by I ,cmma 2 uud the

fact that {1’11, 6’I , HI , J) k ~ completely controllable, corrrp]etcly OIP
servable realization of ~ ( . ). Then it is st,r:liglltfor~v:~rci to check th:tt,

(6a)
[“ 1I’= T’: :T,

(6b) [1L1,=7”0,
and WOsatisfy (3a, b, c), \rhere the zero blocks in (6a) augment 1> to be

of the same dimension as 1’, :md the zero block ill ( 6b) :~ugments the number
of rows of ~ to equal the dimension of F.

The extension of Lemmas 2 aud 3 to geuemlizcd positive real matrices,

covered in Theorem I belo~v, relies otl :Lssociuting \\it,ll a gweralizcd positive

red ~(s) w positive real 17(s), upplj,iI~g 1.eInn]as 2 til]d 3 to y-((s) to cork

elude the existence of cert:kin matrices, and thcll dc[illi~lg a set of matrices

to be associated with ~(s) usirlg t how :lssociat ed trit h 17(s).
THEOREM 1. Let X(. ) be m ~1X ~L matrix of real rational J’uncta’onsof a

conlplex variable s such that Z ( z ) < m. I,et [I’, (;, H, ,J] k a realization ljj
Z(s) with [F, 6’] con~pldelg cot~lrallaldea~ld IF, Ii] col}!pletely ol)sfrtubie. T)(en,
a ner-essargand su,jlcient rwujiiion ~or

to hold for all Yealw jor whid jcd is not a pole of any del}le?il of Z (. ) is that
there exist real ntairices P = I“, det f’ # O, L and WO such tht

(3a) p[? + p’1’ == – LL’>

(3b)

(3C) W;WO ==J + J’.



.Voreooer, 1’ is ?UJLposilile definde i~Z ( ) is nol positive real.
The proof’ of’suf[icieucy is relatively simple; the ~mmf of necessity harder.

WC turn to the forn~er first.
l’)o(j oj sqficierwy. Explirit, calculatioli yickk

Z(,ju) + Z’(–ju)

(using (%,), (3c))

= [w,’ + f~’( –jo] – F’)’‘Z.][WO + L’(jcoI – F)-’G’].

Because of the form of the right-hand side, ( 1) is established.
l’1’o{!~({f?iwrssfl!l. we begin by defining the matrix

(s) s“(s) = [z(s) – I][z(s) + l]-l.
It is not h:uxl to verify th:lt if

({)) 49(s ‘) = Js + Hs’ (,S1 — F~)–@h$ ,

the m:~trice,s P, C, H, J Nl]d Ffl , {i. , H., , tJSare related through the in-
vertible cxluations

(10:1) F == P., + C:S(I – Js) “’H.’,

(lob) (; ==2C,9(I – J,)--’,

(Ioc) H’ ==(1 – JL,)--’~Aj’j

(10(1) J = –1 + 2(1 – .J.,)-’.

.Yofe. Bec:wm (1) holds :md becaus(l Z( m ) < w , the m:ltrix 1 + .J

or 1 + Z( ~ ) is nollsilqgul~~r. This mc:~rls th:~t ,/., is ]~cll-cfeflr~ed :~s
1 – 2[1 + ,J]-’, and precisely bcc:~use of the w:~y J., is defined, Z – J,,
= 2[1 + ,1]–] is nonsingul:m. ‘rhesc two facts glr:ir:mtee th:it all quantities

in (9) are w-en-defined or, equiwdently, th:~t ( 10a, b, c, d) :we invertible.
The follo~ying sequence of impliml,ions should be l~oted:

[F, (i] is completely controllable implies [F, ~G(l – .JS)] or [F, f;.] is com-
pletely controllable.
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implies [F — ({,,1{,,’, (;s] is completely con-

trollable for :my K,q of tippropriatc

dimension.
implies [Fs , (;,,] is colnpletelj controllable)

taking Ks’ = (1 – J,,) -’lH,’.

It is also not harcl to verify the t’ollol~ing form{ ll~l:

(11) z(s) + 2’(–s) == ;[1 + 2(-s)][1 – S“(-S)LS(S)JII + z(s)].

Flquatioms ( 1) and (11) to@her im~)ly ttmt

(12) 1 - S( –,ju),S(,ju) > 0

for all red 0.

No\\- let a matrix K ho cliosel] w that the cigellvaluw of the nmtrix
If’,$– (;,SK’ all ]IOSSCSS lieg:~tive rc:il part. Such n ~< alwaj’s exists \\heu

[F,! , (J’s] is completely cotltrollxblc ( wc [9] ). ( Xot e that it m:ly Im lmssible
to choose K = (). )

Define

(13) (J(s) = AS(S)R(S),

\rhere

(14) R(s) = r – K’(SI – F. + (;,.1{’

‘l’lJell ,simple lll:ilii~>({l:itit)l~yi[~]ds

(15) (J( !s) = J,, + (f{,,’ -- J,,K’ ) ( SI -- /“,, +

Ihluations (12) :ilId ( l;j) :AstJ iluplj

‘(r’,,.

(;,,1<’) 1{/,, .

(16) R’( –,j~)f?(.ju) – Q’(. --,;w)Q(,/u] > 0 for Rll rc:d m,

which, in full, is

(z – !/,,’J,, ) – @ + ,J,,’(H.,’ – .J,SK’)J(,;OI – /’. + (;,9K’) ‘L’s

– (~fi’(–,jul – 1’,,’ + K(t’,’) “[K + (11,9 – 1{./,9’)!1.,]
(17)

+ (;,,’( –,;(41 – 1’,,’ + K(;,,’)-’[KK’ – (1[,, – KJN’) (H,,’ – J,K’)]

~(,jul – 1’,, + (;,sK’ )- ‘f;,, >0 for all WI U,

lkhne Imv the nmtrk P ~ :w the uuiquc symmetric sohltio]l 01

PQ(FL, – L’L,K’) + (F,,’ – K(J,Y’)F’()
( 1s) —– KK’ – (H., – KcJ,,’) ( H,,’ – .JX’) .

‘lh cigcuv:due rest rictiot~(IIIII’,.— (1’.X’ g{u~r:ili(ccw the Cxistcllce of :L

~klique al]d synmctric, 1}~ stiiisfyiug (,1S) (W) [lo\). Tl,eli (17) bec(mm,
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using manipulations lik those used in deducing (7),

(19) Y(,ju) + Y’( –,ju) > 0 for all real w,

where, if Y(s) = ~Y + Hy’(sl — FY)–lOY ,

(20a) (7y=G8,

(20b) Fy = Fs – G,K’,

(20C) Hy = – K – H~J. -j- KJ,9’tJ.y– PQG8,

(20d) J, = ~(1 – J,g’J,).

Because F., – G@ = F, has all eigenvalues with negative real parts, ( 19)

implies by Lemma 1 that Y( . ) is positive real. 1.emma 3 may therefore be

applied to yield the existence of matrices P Y = P Y’ 2 0, L Y and WOYfor
which

(21b) I’yG”y = 11, – Lj.WoY ,

(21C) W:,W,)Y ==,Jy + .J~’.

For convenience, these may be rewritten, using (20a, b, c, d), as

(22a) PYF,, + F8’PY = – 1.,11 y’ + P Y(;,,K’ + I<(i,q’r , ,

Recapitulating, }\-e have passed from Z(s) to S(s), thence to R(s) and
Q(s), and finally to Y(s). The quantities of further interest are, in order
of their definition, F, G, H and J, then Fs , GS, Ha, J5 (related to F, G, H
and J via (lOa, b, c, d), K and PQ (here (1S) is relevant), and finally
PY, L, and VVO, (see (22a, b, c)).

We now claim that matrices P, L and W“ satisfying (%, b, c) are given

by

(23a) P = +(PQ + P,)>

(23b) L = (1/@)[Ly + KW:, + H.s(I – JS’)’lWiY],

~~~~lation ( 3C ) is easy I ~, prove ~l~illg ( 10Ci ), (22c) and ( 23c) ; to prove (3a)

and (3b) rcflllires some nmniplllation, :~n outline of \vhich will now be

given.
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Using (lOa, b, c, d) and (23a, b, c), we have

1’(2 – H + 141i’””= (PQ + P,)G,(I – J,)-’ – H,(I – J,’)-”’

(24) + L,w”,(l – J.)-’ + Kw;, rwo,(l – J,)-’

+ H,(1 – JS)-’W;,WI),(I– J,)-’.

Now if ( 22b ) and ( 22c) are used to substitute for P ,C,g and W: YWar , and

all possible cancellations made, the right-hand side of (24) becomes zero.
This proves (3b). At the same time, ( lOa, b, c, d) and (23a, b, c) give

PF + F’P + LL’ = +(PQ + PY)[FS + G.(I – J.)-’H,’]

(25)
+ i[3’s + Hs(l – tTS’)-’G’](PQ + Py)

+ i[L, + KWi, + H,(I – Js’)-’Wor][Ly’ + WoyZ{’

+ W;,(1 – JS)-1H,9’J.

‘l’he first :md second terms on the right side of (X) may bc manipulated
to yield

2(PF + F’P + LL’)

= I’ Q(F., – G,,K’ ) + (F.,’ – KG,,’) PQ + P ~(;xK’ + KGL,’P ~

+ PQL’,,(1 – J,,)- ‘H.’ + H.(I – J,,’) -’(;.,’PQ
(~(j)

+ 1’,]7,, + F,,’I’, + PI-L’., ( ~ – JS)-’H,’ + fI,,(I – J.’)--@~JIJ1

+ [L, + AWL,+ 11. s(1 – J,S’)-’W”Y][L,’+ W,,,K’

+ Wi,(l – !1,,) -’H,,’]

Equation ( 18) eliminates P ~ from the first t~vo terms. Equations (22a) and

(22b) eliminate PQ and P, from the I}ext eight terms. What is left is then
an expression involving K, HS, Js , Gs , L ~and WOY. Using (22c) causes the
right -hand side then to equal zero.

Next, the nonsingularity of P \villbe demonstrated. The symmetry of P
follo;vs from (23a) find the symmetry of P ~ and P, . Suppose P is siligular,

so that there exists a nonsingula,r T for \rhich

[1
1,00

(27) F’=T’PT= o –18 o ,
0 0 0,

where 1, is the r X r unit nmtris :uld 0~ n zero t )( t matrix (t > O). Set
~ = T- ’f?T, ~ = T-”’<;, R = 1/T, ~’ .= 1,’2’. Then (3a) and ( 3b) become

(2%) PF + F’P = –EL(,

(2s1)) p(j ==17 – Llv” .
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l’artitim F, G, R ad L w

[1
12.

(yJc) II = H, ,
H,

(yJ,]) [1[1,
I, = L,? .

r,t

‘llleII it is ca.sily chcclwi th:lt (27) aIId (X+) force F’,t , f“$l , /’1, , I’l. aIKI
Lt to equal zcrw. Equation (Z$h ) then forces H, to cqud zero, ~~hich is im

compatible with the complete obsmwbility of the pair

F’:’i]“1’[1
Yillally, note that i~ /] is positiw clefillite, this fact, together ~vith

(33, b, c’), inkl)lies the positive re:d II:Lt\Irc of Z( ~) (see [:;]). ‘1’hw if Z(. j
is not pmitive real, P is llrrtjpositive cle(i]lite.

Just, as Lemrm :;extends the result of l,emma 2, so the foHo\~il]g cx -
tensiorl of Theorem 1 is possible.

COROLL.iRY. With the same hypothsis as TILWWIIL 1, save far the require-
?tzctd that [F, H] be cotnpletel~ rrbsewable, a necessary and sufLcient condition

for

jor all real w, trl{ere,? is not a pole oj alljj elcj)[crd (!f Z(. ), is that t/(eree.cist
real )}latuices 1’ = J’ , [., IVO such that (3a, h, c) hold. ilfotwwrj X( . ) is posi-
tive real ij ard only if P is nonne<laliveor positive dejinite.

3. Concluding remarks. It is possible to give a simple frequency domain
interpretation of the basic equations (3rL, b, c). Defining

(30) Jr(s) = H’,, + 1,’(s1 – 1’)--’(;,
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1, that

(31) Z(ju) + Z’(–jCO) = W’(-j~)W(jcO).

The determination for a prescribed X(. ) of a W’(.) satisfying (31) is

termed spectral factorization. As is discmsscd in, for example, [11], for a

prescribed Z (. ), there are many possible W (. ) satisfying (31); here we
have elected to find i~ spectral f~ctor W (. ) ~vhich not only has the same

poles as Z(.), hut ~vhich can hzve tfvo matrices of a realizing quadruple
identical with those of Z ( . ).

It is of interest to observe ho~v P, 1, and WOin (32, b, c) may be calcu-
lated, given F, 0, H and J. Section 2 shoivs ho~v the determination of P

for a generalized positive real 2( . ) can be made to depend on the det,ermi-
rlation of P for a positive real Z ( . ), ~vhich is discussed in [12] and [13]; the
former reference sho~vs hov- to determine P by solving a quadratic mxtrix
equation, ~vhile the latter determines I’ as the limiting solutiou of a matrix
Riccati differential equation.

When P in (3a, b, c) has been found, the dct erminaiion of L and WO
proves straightforward.

For stability and instability studies, the positive definiteness or Ifick of

positive definiteness of the P matrix becomes important, since I,yapunov
functions for systems \vit,h which a generalized positive real matrix is

associated may w-en have a term z’P.z appearing in them. For examples,
[5] and [14] can be consulted.

In inverse optimal control problems (see [6] and [7]) typically an equation
such as (31) has to be solved, with the consi,roint that with Z(s) of
the form J + H’ (SI – F )–lG, then W(s) should have the form
WO + L’( sl – F’) ‘1(7; usu:dly L hm to be found, :uld the preceding t \vo
sections exhibit I)rocedures for this.
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