
Complex Plane and Parameter Plane Linear

System Design Methods
J. B. MOORE*

Summary
Constraint equations and inequalities relating the adjustable

parameters of a system are considered for a multi-parameter design.
Constraints determined from the characteristic equation root
specifications, dominant root parameter sensitivity specifications
and error constant specifications are incorporated into the design
analytically, while relative stability and dominancy constraints
are considered using graphical methods on the parameter and
complex planes.

1. Introduction

The problem considered in this paper is the efficient
calculation and presentation of information to provide
a basis for the selection of the adjustable parameters in a
control system design.

The Siljak parameter plane methodl, 2 gives relative
stability information for linear systems as a function of
two system parameters. Using a digital computer, this
information is readily calculated even for high order
multi-loop systems. Other performance characteristics
snch as the system error constant,3 band~vidt h4 aml
(lominant root scnsitivit),y ~ may also h plOttfd 011 th(~

lmrameter plane, thus enabli~g the designer to select
values for the two adjufitab]e parameters which give a
(lmign compromise. The transfm function pole mm
locations may be determined at any point in the para.
meter plane by mapping a grid of contours covering the
complex plane into the parameter plane and using inter-
polation. Having this information is useful as the well
established correlations between pole)zero patterns,
frequency characteristics and time domain performance
may be used. However, the calculations in question
and their interpretation for high order systems are ineffi -
cient and the possibility of improving the design with
further parameter changes or structural changes is not
indicated.

In this paper, the parameter plane concept is extended
to facilitate an efficient multi-parameter design. In
selecting the adjustable parameters of a system, con-
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straints determined from the characteristic equation
root specifications,l error constant specifications and
dominant root parameter sensitivity specifications are
incorporated into the design analytically, while relative
stability and dominancy constraints are considered using
graphical methods on the parameter ,an[l complex- planes.

2. Basic Considerations

2.1 (70nstraid liquations

2.1.1 Characteristic Equations

The characteristic equation considered in the design
of continuous linear systems may be written as

.

~=o

where s is the complex variable (s = o + j w) and the
cocfficicnts, a~ , arc functions of the r s,ystem adjustabk,
parameters, ql , qz , . . .

~r > ‘hat’ ‘s~ai = ak(ql ~ q2 , ., . qr).

ITsing the functions XI,(O, o)) an(l Yk(o, (IJ) (lcfinml
from th-c equat, ion

Sk–, .Xk .{ j y} (~)
equation 1 may be conveniently scparatfxl into two
eqnations b-y equating the real part. R, and the imaginary
part, T, of f(s) to zero, that is,

1.

~.

3,.

4.

5.

L
k=o

(3)
.
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For the case ~vhen s is real, that, is, w = 0, equation 3
reduces to

&
h-[)

The functions XL an(l Y,: may be calculate(l using
recurrence relaticmshil)s,

.Yk,2 - 2u.Xk, l + (0’ t U’).xi - ()
(5)

Yk ,, -- 2crYk+, + (u! + oF)Yt = o

where X. z 1, X1 = a, YO == O and Y, = (o.

It is seen that equations 3 and 4 are in fact constraint
equations relating the system parameters for the case
when characteristic equation complex roots (that is,
s = a + j o)) and real roots (that is, s = LO)are specifie([
respectively. Equation 3 is nlore convenient to use
that equation 1 because in equation 3 the oxpressious
are given in the real flon~ain.

If the sensitivity of a characteristic equation con]plex
root is specifkxl as well as the root, itself, four constraint
equations result.

Consider that the sensitivity of the real an(l imaginary
parts of a complex root of equation 1 are defined as

((;)

so that when CT,o), Sg , S,,, , q; iJII(l ,1 q i are specified, th(,
constraint expressions are given by equation 3 together
with the follolving equations :

l’lme Liueat A’?yste)//Detsiqu Mdhods

LLII(laL’ writtl(’rl as
a&’ =- ai (cl, -+ A(I, . (I, I A(12, (I, I AII,)

For the case when the classical small parameter sensiti-
vities are specified, equations 7 and S may still ht. use(l
by selecting the parameter variation (for example, Iql )
to he arbitrarily small.

~. 1.3 E?’rOl’ (~OTL$t(LtLt lf;~tldk)hv

The constraint equation relating the system parameters
for the case when
derived from the
that is,

an error constant is slwcified is readily
approlwiat e error c(mst ant {letinit ion,

where K ~ , K,, an(l K,, arc thr posit iol) error corwtant.
velocity error constant and accclerat ion error constant,
respectively, an(l C~(s) is the (qxm lo(q> svst em transfer
function.

~,f cO?L,St)fii)/,tIWqWLhtk?S

~.~.1 Bplatity ,$’tahil@ (_’())Ldt’U~)LtSo)),the [’(LtYL?)l Pt(’~ 1’/(1)!(’

For the case when the coetlicients, ak, of equation 1
can he expressed as linear functions of tlvo par’a]llet(vx.
ql and qz , an(i their product term, qlqt , th:lt is,

a~ biql+ (kq2 +- dkqlq! I (’A (1(l)

as often occurs in the characteristic equation of linear
control s,ystems with two a(ljustable ])arameters, then

.,
equation 3 may he rrwmtten as follol~,s,

11 n ,Z 98

,,

where a,,’ = al,(qr , (1z , . , qf-1 , qi +’lqi , qi+l , . . . q)

and
./10 = CTlsa4qL ‘[~;

//10) = O)s,Olqi’q,

If the sensitivity of a characteristic equation r(’al root
is spccitied as ~vcll as the root itself, two constraint
equations result, that is, equation 4 an(l the follo~viug :

(s)

When more than the one I)aranwter is consi(lere(l as
\-ariable, that is, qi(i = 1, 2, r) the scnsitivit.y functions
(equation 6) may be generalise(l to, for example,

AuJ,/oj
s,,, ———

.

For a specified o and o), the X7, and Y,, functions may
km readily calculated using equation 5 and thus equa-
tions 11(a) aml 11(b) may be solved for the t~vo l)ara -
]neters, ql and qz Repeated calculations enable contours
in the complex s-plane to be plotted into the ql(~z l)ar:u
meter plane. Shading the parameter plane contours
according to the sign of the ,Jacobian of equations 11
(a) and 11(b), enables the regions in the paran]eter
plane to be interpreted in terms of the number of roots
lvithin the corresponding regions of the complex ~lane.’;
For the interpretation to be complete, prior information
is required concerning the locatiorl of the roots for one
l)oint iu the parameter plane.

If contours covering the entire complex plane are
mapped into the parameter plane, the roots of the charac-
terist ic cquat ion at any point in the parameter plant> wil I
IN; given in evidence using interpolation. The value of
such results for a control system design is appare]]t hut
the inetliciency of such calculations is also evident.

The important contributions of this method is that
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The two I)aranleter control system lmrhlem may be
considered in the comphm plane, ‘1’hc solution of equa-
tions n(a) and Ii(h) together with the application of’ a
]uctho(l for factoring polynomials gives the parameters ql
and qz which achieve a specified root togethm with tht,
remaining roots. The repeated application of this
l)rocedure cnahles a root locus to be plotted having a
slx;cifred branch (for cxanlple, a constant dan~ping
ratio contour) aml for each point in the locus t~vo para-
meters are calculated. The plotting of just one, t~ro
or three such root loci is sufficient to indicate ~vhether or
not the two adjustable parameters can bv adjusted to
mtisfy the relative stability ami donlinancy requirements.

‘l!h~?advantage of using the abm-e proce(lures is that
relative stability and rtonlinaney constraints may k’
ronlwniently considered simultaneously. Further, by
l)lotting the loci for other values of the fixed parameters,
the ettkcts of a third parameter arc considered conveniently
(JI1 the same compk’x ])]anf; .

The shading of the root loci according to the sign of
the product of two Jacohiaus indicates the mo\-enlellt of
the loci for an incremental change of the specified loci.
This n]a-y he useful in interpreting the complex plane root
loci for a systen~ design.

It is to be noted that the zeros of a polyliomial may
IW found in a straightfor}vard convergent procedure which
has rapid convergence in the region of a zero using the
X,, aml Y,, functions. 7 Thus. the solution of the para-
l~wter plane equations followwl by the solution of the
reduced pol.vnomial is both an efficient and a useful
calculation.

3. Design

The sin~ultanwus sohltion of any available independent
constraint equations may he used to determine suitable
values for the adjust able parameters. For the ~encral
case when the equations are non-linear, if n]ore than two

i. Mrmro, J Il.,, “ A (y[)n~-rrgcnt Algolithlll for Solvirlg I’oly -
nomial l~q(uitlolls “, J. of,4.(’..l,., vol. 14, A’(). 2, April 1!)07,
I>. :;]I.

I’la)le hiwwu ,Systera Design Method.?

Kwl st)lutiolls occur, th(’ itltj(’rl]rt,tt~tioli(i th(, zwlllts

llI;l}J 1)( (lificll]t, vor t]l(~ cas(> ivh(,r) the equations ar(,

Iin(;ar or contai]l only one ])roduct ternl, straightforward
general computer programs may be used giving, at the
most, two real solutions. Thus, in order to applv the
general computer programs only t~vo, three. four or
maybe five parameters arc considered.

The follmving steps may be use(l,

1.

.)-.

3.

4.

5.

It

Calculate the coefficients of the adjustahl~’ ]wa-
Ineters in the constraint equations (the .X,,. and Y,,.
functions w-ill beused~vhcm the constraint equations
are of the form of equations 3 or 7 an(l these are
readily calculated using equation .5).

Xolve the simultaneous constraint equations for
the adjustable parameters and calculate any Jacol)iall
that may be required (note : only real solutions
have significance).

Comstruet the characteristic equation of the system
from the results, remove any known factors of this
equation and then calculate the remaining factors.

Calculate any other relevant information such as
relative stability, dominancy, system mros, sensiti -
I’ity characteristics, error constant, bandwidth,
stochastic properties, time domain criteria or thr
system response itself.

Repeat the process for alternate slwcitications or
other fixed parameters or othm s.vstem structures
until a satisfactory design compromise is achiev(, d.

is at this point in the calculations that the (lmigner
may employ graphical methods using the complex and
parameter planes and contribute to the design procedure
from his experience or his ability to interpret preceding
results in terms of what further investigations are require (t.

Examples of the application of the ahove steps will
now he given.

Exmnple 1

(i) l](.rar~~eter 1]l(Lr7e

For the multi-loop systtml of fig. 1, it is required to
iuvcstigate the effects of variations of the parameters
ql and qz on the system relative stabilit,v for the case
q~ = 1.25. Thesystemc haracteristice quationisgivcw as

(1{).2(13)s’+ (19.? + 74.5qJ)s’ + (74.5 + 75.7(]8 + 1440q,)s” -+
+ (75.7 + ?:k(iq, + 792q, + I??&lq, q:l)s’ -+

+ (X3.ti -1 461q:, .1 :36q1 + I?2W[,)S + 460 () (1?)

R(s) 6,4

Ii{ 11-

C(s)
15

0

2s+1 20s +
(0.4s+1 )(1,2,+1)

I
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MOORE : Complex Plane and Parameter

Fig. 2 gives one set of contours which cover the para-
meter plane plotted using as constraint equations,
equations 11(a) and 11(b), The regions of various
relative stabilities are thus readily determined. In
order to give further information regarding the root
locations, further contours must be plotted and the
roots at any point determined using interpolation.

Plane Linear System Design Methods

(ii) Complex Plawe

For the example above using steps 1, 2 and 3 of’
the preceding section, root loci are plotted on the com-
plex plane having the relative stability contcmr

L = – a (a’ + o)’) k = (J3 as a specified branch ~~ith
natural frequency 0),, = (a’ + w’) $ as a parameter.
The loci are plotted for the case when q? = 0.5 and lYhen
q ~ = 1.25, (see fig. 4). At any lmint in the loci, thc i \v()

1.0

I
q208

0,6

0.4

0,2

c

IYI/’----m

iii—————’<.0.2

0.2 0.4 0.6 0.8 1,0

ql —

Fig. 3 gives another set of contours which cover the
parameter plane. For high order systwns the plotting
of remaining contours may require a considerable search
procedure and it may be required to plot many planes
of the form of figs. 2 and 3 in order to avoid intersection
of many contours, The plotting of information regarding
root configurations is more efficient on the complex planr.
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Figure 3.—Pctrc(meter p[cin e cliagrf{ m.
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lmralllctms q] an(l (]Z arr given from the L = (~.3 loci in
fig’. ~. !l’he transi(>nt rwponws {t)rr(,sl)ol~(lillg to the
lwints nlarked 1-5 (m the loci are given in fig. 6 for the
case qt = 1.25. It is seen that responsrs 3 aml 4 give
good compromises between rise time, overshoot and sett -
ling time. If the response \vas not acceptable, repeating
the calculations for either different fixed parameters
or for different specified branches enables a system
design to be carried out in a systematic manner. A
further example of the complex plane approach is con-
sidered in referencr 8,

Example 2

This example illustrates the application of steps 1, 2
and 3 for the case when more than two Constraint equa-
tions are considered.

(i) ,Vpecijied Dominant Root S!en,siti?’ity

Consider the system of fig. 7 in ~vhich the feedback

8. J[oore, J, B. and Dorf, R. (“., ‘“ T}](J Design of an .lttitud~,
Control System for a Space l’ehirle “, Proremiing. of the NE(;
Conference, (lctober 1966.
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ql —
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q, q, q,

Ifl 1 0.;8 0.;5 1.;5

/

2 0.19 0,30 1,25

3 0.20 0.60 1.25

4 0.28 0,47 1.25

r 5 0,40 0.47 1,25

T1m —

R(s) *C(S)

ff’i({((l’c 7 .—-SIJS!(!))L l)lock (Iiftyl’(( /)!,

conlpcnsation [roles arc at s == -- I4. ‘~h(> z(’I’OS (f the
fmdback compcnsatcw, <, , ~(~,, the pole of the series
compensator, p, , and the system gain, K, arc to be deter-
lllineci such that thecl(~lllir~ant roots vary fr(~lll A(-5 ~: j(i)
to B(—i ~ j2) as the gain, K, decreases by a factor of’
ten, that is, from K.f to K,l .

The system characteristic equation is

S; + (~~ + PC)S~+ (5S8 -}-~~pc)s’;-(2744 -1 WIP. 1-1{)s2 I

+ (~~~~w 1- 2Lc+K)H + Kwc’ t) (13)

The cocflicieuts, a,, , may be expressed as linear func-
tions of the ljararncters ql , qz , qlqz , qt and ql v hcrr

({1 ~ K .
,/ , q~ = (o,;~, q:] == l)C au(l ql = K,15(,0JC . ‘rhe

f’our (’quatiotls (5 al~(i 1I) are nolv solve(l for the four
I)aranletcrs ql , qz , qt and qi }vhere a = 5, w = 6,
~’ ~ —f. (,)’ = 2 and a,,’ = a~(O.lql , qz , q3 , ~.~qt).
From the results, the follo~~ing values were calculated.
K, = 43.57, K“ = 435.7, m, = 7.45, <, = 0.754 and
p, = 4.37. The other roots of the characteristic equation
corresponding to the case \vhcn the dominant roots are
at A( –--5 * j6) were calculated as -–3.6 * j 11.12.
The results of the approximate root locus method b-y
Horowitz 9 are given for comparison.

1{., W)O, K,) W), WC 7.5, <, 0.707, I)c -- 4.7.

(ii) AS@fi@d DJn?inu)d Root

For the system of the above l)roblem (that is,
fig. 7 and equation 13), if two pairs of roots are specified
the four parameters once again may be calculated,
using two pairs of equations given from equation 3. If
required, a parameter plane may be plotted of the form
of fig. 2 or a complex plane may be plotted of the form
of fig. 4 for which a specified root exists and for which,
at each point in the plane, four parameters are gi~-en
in evidence.

(iii) AYpecijied ll~ror Cotbstant

Either of the error constant expressions (equation 9)
may he solved simultaneously with the parameter plane
equations for three adjustable parameters quite reaclily.
An example is given in reference 3.

4. Conclusions

‘l’his [mlwr has presented an approach to the design of
rl~lllti-l)ararllet{;r systems using analytical and gral)hical
techniques.

The introduction of constraint equations to be considered
in conjunction with the parameter plane equations has
been investigated but shown to be of limited usefulness
except when the constraint equation is the error constant
equation.

Considerations of graphical procedures based on straight -
forward computer calculations gave the following conch l-
sions. Parameter plane plots are useful when relative
stability is specified and when the effects of parameters
on system characteristics are to be investigated. On
the other hand, complex plane plots are useful, particularly
for a multi-parameter design when the pole/zero locations
must satisfy both relative stability and dominancy
requirements.

The significant characteristics of the I~roccdllres
I)rescntcfl are that the nlulti-l)ara~~l(;t~’r problems are
consi(lerwl systematically, at each step in the design a
luore optimum solution is given and possible fllrther
investigations are indicated. This conclusion is further
illustrated in the design of a sixth order multi-loop
system in reference 7.

!). Horowitz, 1. M,, ‘< Synthesis of Feedback Systems “, .4caricmic
Press, NCW York ( 1963), Chapters 6 and 9.
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