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An integral equation representation is given for
parabolic partial differential equations. When the
equations are defined in unbounded domains, as in the
initial value (Cauchy) problem, the solution of the
integral equation by the method of successive approxi-
mation has inherent advantages over other methods.
Error bounds for the method are of order h*2 and
h’/2 (h is the increment size) depending on the finite
difference approximations involved.
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Introduction

Parabolic partial differential equations [1] arise in
most branches of science and engineering and a num-
ber of methods are now available to solve these equa-
tions numerically in bounded domains [2-5]. For the
case where the differential equations are defined in
unbounded domains, as in the initial value (Cauchy)
problem, the obvious numerical approach to use is to
approximate the solution by introducing a large
boundary and boundary conditions, and solving the
parabolic equation in the bounded domain using avail-
able methods. The difficulty, of course, is in choosing a
bounded domain large enough to give a sufficiently
good approximation to the desired result, and at the
same time a boundary not so large that unnecessary
computations are made.

In this paper, an integral equation is constructed,
the solution of which, calculated using the method of
successive approximations, approximates the desired
parabolic equation solution. Error bounds are of the
order of #2 or K''* (where h is the increment size)
depending on the finite difference approximations used.
The error introduced by using the method of successive
approximations can be made arbitrarily small by taking
a sufficiently large number of approximations. The step
size £ and the number of successive approximations
determines a bounded domain which is used to ap-
proximate the unbounded one. From one viewpoint,

Copyright © 1972, Association for Computing Machinery, Inc.

General permission to republish, but not for profit, all or part
of this material is granted, provided that reference is made to this
publication, to its date of issue, and to the fact that reprinting
privileges were granted by permission of the Association for Com-
puting Machinery.

This research was carried out while John Moore was a visiting
professor at the University of Maryland and his work was partially
supported by the Australian Research Grants Committee. Authors’
addresses: John Moore, Department of Electrical Engineering,

1050

University of Newcastle, N.S.W. 2308, Australia; Prentiss
Robinson, Department of Electrical Engineering, University of
Maryland, College Park, MD 20742.

Communications December 1972
of Volume 15
the ACM Number 12



the method is simply an efficient way of using a larger
and larger approximating domain until a desired ac-
curacy is achieved. It is inherently more efficient than
choosing an appropriate approximating bounded
domain by trial and error and at each trial applying
existing methods (such as the method of lines) to the
bounded domain problem.

In the following section, the various results are de-
veloped for the simplest of parabolic Cauchy problems.
However, their extension to more general problems is
straightforward. An illustration of the practical appli-
cation of the results is given in [6], where the methods
of this paper are used to solve an important problem
in stochastic optimal control.

Integral Equation Representation and Error Bounds
The Cauchy problem considered here, in its simplest
form, is the problem of finding a solution u(x, t) of

the parabolic equation

ou .
2
————=aa—~x2+f(x,l)1n9

I

R X 0,7} (1)

with initial condition u(x, 0) = ¢(x) on R. Of course
f(x, t) is given throughout Q, and to guarantee unique-
ness of the solution u(x, #), appropriate continuity
and boundedness assumptions on f and ¢ are made
[1]. In addition, we assume that

u(x) € C'0, T}, |u(x)| < kiexp kol x|,

“fﬁ(x) < kyexp (ky|x|)

axt

for some constants ki, k., ks, k, and all ¢ € [0, T).

For convenience, we will assume that a knowledge
of u(x, 1) is required for x = 0, ¢ € [0, T]. (Actually,
with only minor modifications to the following theory
an arbitrary trajectory in @ may be considered.) In-
tegrating (1) yields the integral equation

o = i@ 4 ) | + 900 @)

where it is understood that integration is along the
x = 0 contour. Consider now a difference approxi-
mation to the partial deviative term as follows:

fu o K

e = AT T g (3)
where & = u(x £ gh) for some 0 < g < 1, and

A & pulx + k) — 2u(x) + ulx — h)] (4)

for some constant #.

It is now meaningful to consider a finite difference
approximation of (2) as

i = [olaNd + f(x,7)] dr + ¢(x) (5)
where integration is along the path x = 0. We now

show that this integral equation representation of (1)
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may be solved by the method of successive approxi-
mations.

First we restrict attention to a bounded domain
D c Q with | x| < x and give an error bound result
for the error term & = u — 4 as

|d| < |a| Bk, exp(kx)/248w? (6)

where 8 = Y4 — 2 /4. This result is readily developed
along the lines indicated in [4] for a closely related
problem. Notice that the error term | | is of order
W12 (The related problem in [4] is in fact identical to
the one considered here except that a higher order
difference approximation is used, and as a consequence
the error term in [4] is of order #7/2. Since the result
(6) is really incidental to the main idea of this paper,
the derivations are not repeated here.)

One conclusion from (6) and the bound on u(x)
previously assumed as |u(x)| < k; exp (k2| x|) is
that i is bounded as follows

4] < ful+ |d|
=k exp (kox) + (| a| 12/24870)k, exp (k%)
< ks exp (kex)

where ks = ki + (| a B32/248x0)k; and ks =

max [kz y k4]

We now look more closely at the calculation of 4
by the method of successive approximations. Equation
(5) may be written in operator notation as

= Mi with |4 =sup|d].

D
Observe that for 4, an arbitrary function (e.g. u = 0)
in D, we may write

MG — uy) = [§ dANa — uy) dr,

and by taking norms of both sides and using the bounds
on #, we can derive the following inequality:

| i — Muo| < 4aTks exp (kex)/h2.

This in turn may be readily generalized as
& — M™uy| < %—] (4d°Tks exp (ke x) /)™ (7)

Clearly, for m large and x > (m + 1)h, M™u; is a
close approximation to #; that is, M is a contraction
operator. Equivalently, # may be determined by the
method of successive approximations.

The two results (6) and (7) now enable us to give an
error bound for |u — M™u, | if required, since

lu — Mrug | < |4 — Mrug| + [d . (8)

Clearly, for sufficiently large m the error is of order #*/2.
The above results may be summarized as follows.
THEOREM. Suppose there is given the parabolic equa-
tion
dou 2 0u

5=a(—9;2+f(x,t)m9=RnX[0,T] (1)

with initial condition u(x, 0) = ¢{(x) on R". Suppose
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also that the solution u satisfies

u(x) € C'0,T), |ulx)| < kyexp (ks|x|
gli(x)‘ < kyexp (kelx]),

Sfor some constants ki, ks, ki, and ky for all t €10, T).
Then an integral equation representation of (1) for some
constant h along any trajectory in Q is

i = [o{(a/m)a(x + k) — 2a(x)
+ i(x — b)) + f(x,7)} dr + o(x

where bounds on the error i = u — i (see (6)) are of
order B2,

The integral equation (5) may be solved by successive
approximations where the bounds on the error after m
successive approximation is given in (7).

Some comments are in order.
1. More sophisticated difference schemes than indi-
cated in (5) may be used to achieve error bounds of
order 2. For example, a scheme could be based on
the difference approximation

dulx + h) du(x) du(x — h)
dx? +10 dx? dx?

where R is of order A4'.

2. Observe that for a particular integer m chosen for
calulating u(x, ) along a trajectory, u(x = (m + 2)h, 1)
is assumed equal to zero. With this boundary condition
the solution u(x, ) may be determined by any of the
standard means for solving parabolic partial differ-
ential equations in bounded domains. Of course the
solution near the boundary will have different error
bounds than the solution along the specified trajectory.
3. The theorem above is readily generalized to
parabolic equations.

ou _ i 9

0 G % 0%; a
in @ = R* X [0, T] with initial condition u(x, 0) =
¢(x) in R*, For this case, the coefficients, which may be
functions of x and ¢, are required to be bounded as

— 12a% =R

+Zb~+cu + f(x, 1)

| aij(x) | £ arexp (a2 ] x ),
| bi(x) | < azexp (as|x]|),

ci(x) < asexp (as| x|)

for constants o; — a5 and all ¢ € [0, T]. The bounds
on the coefficients feature in the error bounds cor-
responding to (6) and (7) without affecting the key
results; namely, that as m becomes large, the error (7)
is small and the error (6) is of order A3/72.

4. If the method above is applied to parabolic prob-
lems defined in bounded regions with, say, x € [0, 1],
then a vector U = [u(0), u(h), u(2h), ..., u(l)] may
be defined and an integral equation can be written for
U. However, solving this equation by the method of
successive approximations could be less efficient than
solving the corresponding differential equation using
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standard techniques—as is done in the method of lines
[3, 4].

5. In the practical application of the method of suc-
cessive approximations, the number of approximations
to take is not determined from the error bounds [7],
but simply from the results at each step in the iterative
procedure using standard methods.

6. In a companion paper [6], the above theorem is
applied to an important problem in stochastic control
theory. In [6], important cases are studied when it is
required to solve elliptic partial differential equations:

n
0= Z ai,-
1,7

defined in unbounded domains with u« specified on a
same domain S. This elliptic equation can be reduced
to a parabolic equation along trajectories

d
dr
when these terminate on S in a finite time. The parabolic
equations are

n
_Z aij
¥

with initial conditions determined from the boundary
conditions above. Difficulties arise due to the fact that
u is unspecified for infinite x. These are resolved in [6],
and the required solution is determined using finite
difference approximations and the method of suc-
cessive approximations of this paper.

+Zb ——r—+cu+f

xi(r) = bi(x(7),7) with x(¢) = x

+c +/
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