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Brief Paper

Fixed-Lag Demodulation of Discrete Noisy Measurements of FM Signals*

Demodulation h D61ai Fixe de Mesures de Signaux FM
Bruyants Discrets

Demodulation mit fester Verzogerung bei diskreten Rauschmessungen
von FM—Signalen
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Summary—This paper considers an application of some
recent results of fixed-lag smoothing algorithms to the
demodulation of discrete noisy measurements of FM signals.
The problem is attacked by first modelling the communi-
cations system in terms of a finite dimensional nonlinear
stochastic system and relating the resulting model to an
estimation problem for which approximate solutions can be
obtained. Performance results are presented, using the
modified truncated second order filtering algorithm. The
results illustrate that if delay is allowed in arriving at an
“on-line” optimum estimate, significant improvement can
be obtained by even a very moderate fixed-lag.

1. Introduction

IN THISpaper, we aim at achieving two goals simultaneously:

(1) To demonstrate an approach of obtaining improved
FM demodulation. The approach is quasi-optimum
fixed-lag smoothing of the received signal after
sampling.

(2) To provide some numerical results in the area of
nonlinear fixed-lag smoothing theory.

Stochastic estimation theory has been applied to the
demodulation problem by various authors [1-5, 14-16]. It
is found that the quasi-optimum FM demodulator when
simplified is the familiar phase-locked loop used for high
carrier to noise ratio (CNR) [5–7].$ With the advancement
of digital techniques, many investigators considered the
problem of digital realizations of the analog phase-locked
loop e.g. [8-10]. In particular, KELLYand GUPTA [4, 14]
considered the discrete time demodulation of continuous
time signals using state space techniques. The resulting
digital FM demodulators possess performance character-
istics that match those of the analog quasi-optimum real-
izable demodulator.
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It is well known that improved demodulation performance
can be achieved using demodulation with delay. This point
is well illustrated in Fig. 5.27 of Ref. [5]. Continuous time
demodulation with delay requires the realization of a pure
time delay equal to the value of the delay and is for many
sit uations an unattractive proposition [13]. In this paper, we
consider discrete-time demodulation of the received signal
after sampling and point out that demodulation with delay
and thus improved performance can be achieved in a
straightforward manner. The results are a natural extention
of those of Ref. [4] using the fixed-lag smoothing formulas of
Ref. [11].

2. Review of fixed-lag smoothing formulas developed in [11]

Consider the case of a continuous nonlinear n-dimensional
system with discrete observations described by the state
equations

i(t)=J(x,t)+G(x,t) u(t) (1)

Z(fk+l)=h[x(tk+l), t~+J+rJ(t~+J (2)

where tk< t < fk+1 for k=O, 1, . . .. The initial state .x(fo) iS
assumed to be a Gaussian random variable with mean mo
and covariance I’(io). The noise vectors U() and V(.) are
independent zero mean white Gaussian processes with

E{u(t)u’(t)} =I(t)d(t– T) and E{u(tk)u’(tl)}

= R(tk)akl.

The above equations (1) and (2) are those normally used
for a signal process model for the case of a continuous non-
linear system with discrete noisy measurements.

Numerous approximate nonlinear filtering algorithms have
been proposed, e.g. see [12]. The simplest and to date the
most useful is the extended Kalman filter. The “modified
second order truncated type” is a further improvement on
this filter and will serve as an example of an approximate
nonlinear filtering algorithm described in [12] for our
demodulator example here.

Smoothed estimates. It is shown in [11] that the required
smoothing formulas consists of the original filter equations
with the additional equations.
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,(tltk)= o (3)

Pi(+k)= Pi(t@(t) (4)

Pji(tpk) = o (5)

‘i(tk+ I)= fi - l(tk-+ 1) (6)

Pi(tk+ @=Pi_ ~(tk+; Itk) (7)

pii(tk+ ~ltk)=pi- l,i-l(tk+jltk) (8)

ft(tk+ 1 tk+ l)= fi(tk+ 1 ‘k)

_!_pi(tk+~\tk)p- l(tk+~ltk)[_f(tk+ ~ltk+~)

– f(tk + ~ tk)] (9)

Pi(tk+ ~ltk+~)‘p&+&)

‘pi(tk+@[&p-’(tk+ @’(tk+,/tk+,)] (10)

Pii(tk+ ~[tk+J=Pii(tk+ Jk)

‘Pi(tk+ ~lt~)p- ‘(tk+ ~ltk)[l

‘p(tk+~ltk+ ~)p-l(tk+ @]p&k+&+~). (11)

Where

i=l,2, . . . N, Xi(tk)~ ~(tk-~), Pi(tltk)

~ E{[xi(t) – ~,(tltk)][x(t) – ~(tltk]’}pit(tltk)

- ~{[xi(t)‘fi(tlt~)][xi(t)– fi(tltk)]’},tk

<t<tk+l, k=O, 1, . . . and

where Mi,j)(t) denotes the (i, j)th element of the matrix F and
j_(iJdenotes the ith component of the vectorj

Equations (3)–(11) can be used in conjunction with some
other types of approximate filters such as the modified
Gaussian second-order filter and the extended Kalman
filter.

3. Fixed-lag demodulation of FM signals using discrete
measurements

The problem considered in Ref. [4] is an approach to the
digital demodulation of an analog communications signal
with a minimum mean square error criterion of optimality.
The communications problem is cast in terms of a state
estimation problem similar to the one of SNYDER [3]. It is
found that the modified truncated second-order filter
worked reasonably well for the FM demodulation problem
considered. Our demodulation example here will be the
scalar message model considered in Section 3 of Ref. [4]. The
relevant equations to be considered are:

i(t) = w=[~ao[RJ
+Jzi

[1 o
u(r) (12)

h(t)=+ sin (Wct+dl//(t)) (13)

Z(tk) = Jr(tk)+ U(tk) (14)

where

E[u(t)u(~)] = qd(t –z) (15)

-E[u(tk)u(t{)]= ~(t~)ij~ (16)

E[rl(tk)u(z)] = o. (17)

Here l(t) is the scalar message to be estimated using the
scalar noisy measurements z(fk).

It is shown in Ref. [14] that the modified truncated second-
order filter can be applied to (12) to yield a demodulator
which consists of a digital phase-locked loop.

It is obvious that equations (3)-(11) for fixed-lag
smoothing can be applied to this demodulator which we
shall call “zero-lag” demodulator. For the demodulator
using a fixed-lag of N sampling intervals, we shall call it an
“N-lag” demodulator. The performance of the digital
demodulator is expressed by the output signal-to-noise
ratio (SNR) which is given by Ref. [4]:

SNR(t) = ~ –1 (for E[12] = 1)
P*(tIt)

(18)

where

P2(tlt)=E[(&qt))q (19)

The output signal-to-noise ratio depends on the following
four design factors [14]:

(1) bandwidth expansion factor jl=Jg~a;

(2) noise bandwidth B=20j?a/2n of the IF filter, where
(3is to be chosen by the designer;

(3) sampling interval 1% I/B;

(4) carrier-to-noise ratio (CNR) in the message band-
width.

Performance results of the demodulator are shown in
Figs. 1 and 2. These are curves of SNR plotted against CNR
for particular values of& 0 and 7’. The uppermost curve in
each diagram gives the inverse of mean-square unrealizable
error for FM systems, as is given in Fig. 4.3 of [5]. This
presents the uppermost limit of the performance of an FM
demodulator. The diagrams show that our fixed-lag de-
modulator do approach this uppermost limit with a lag of
only several sampling intervals.

At this point, we wish to review our somewhat “ideal”
FM system and indicate what we should do if some of the
assumptions are removed.

We have assumed a linear message model. What happens
if the message model is nonlinear ? Again, even if the message
model is linear, what happens if the message is distorted by
some nonlinear transformation, introduced either inten-
tionally or unintentionally, before being frequency modulated
at the transmitter? The answer is: our filtering and
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where

e

()

A’=ct log I+& O<l<v

- -a’”g(’-~ ‘“’”0 ’21)
v~=

log (1 +/l)

and p, V are constants.

1 Then we have(
51
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FIG. 1. FM demodulator performance for j?= 100
f3=5/T=O.l (SNR output as a function of CNR input).
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(22)

H0i(tltk)‘j(f(tlt~)) +(0”5)p(1’‘)(tlt~)azjt (23)

13A2

where

~2~!
IJ2 –1

—. ——

a,lz V log (1 +p) (1 +,u/V abs ($)2

sgn (~) (24)

A

sgn (2)= 1 if 1 is positive

– – 1 if I is negative—

I I =0 ifl=OI (25)
?5 ?0 35 40

CNR, dB

FIG. 2. FM demodulator performance for ~= 10 0=5/
7’=05 (SNR output as a function of CNR input).

smoothing equations of Section 2 still apply. We only need
to replace equation (12) by more involved equations. As
an illustration we consider some sort of compression of the
message is introduced before being frequency modulated, as
shown in Fig. 3. Then eauation (12) has to be redated by
the following equations: -

and ~ has argument (t l~k).

The type of nonlinear transformation described by
equations (24) and (25) is sometimes used in PCM com-
pandors [18]. In our case, this may be considered as a
device to limit the peak signal amplitude at the input of the
FM modulation so that the frequency deviation does not
exceed the frequency bandwidth allotted.

For the present case, the matrix F(r) in equation (4) is
given by

F= 1–a O
A

go
(26)

where

al P 1
—.
a~

(27)
log (1 +p) 1 + p/ V abs~)~

V(tk+l)

‘*m*z(’k+)
FIG. 3. An example of FM system with nonlinear dynamics.
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Clearly, the results of the previous sections can be easily
extended to include this case. Some results for a particular
sample path of the process U(.) are presented in Figs. 4
and 5 for p= 50 and V= 1. Note that because of (26), F’
is now coupled to i through F and PI fluctuates as time
goes on.

151-
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FIG. 4. Performance of demodulator for FM system
of Fig. 3 (SNR output for CNR= 1200, ~= 10, 0= 10,

T= O.5).
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FIG. 5. Performance of demodulator for FM system of
Fig. 3 (SNR output for CNR= 600, ~= 10, 0=10,

T= O.5).

4. Conclusion

We have shown that the nonlinear moothing equations
in Ref. [11] can be useful for freuuency demodulation from
discrete-time observations. Th~ per-_formance curve for
high carrier-to-noise (CNR) in Figs. 1, 2, 4 and 5 illustrate
the improvement obtained using the smoothing equations.

Note that our smoothing equations merely introduce
additional elements to the O-lag demodulator structure.
These additional elements do not require additional digital
phase-locked loops. In general, if we start with an N-1ag
demodulator, we can always append an extra block to make
an N+ 1–lag demodulator. All the outputs of N, N– 1,
. . . . O–lag demodulators are still retained.

The threshold performance of this type of fixed-lag FM
demodulators would be the same as the type of FM demod-
ulators described in [4, 14]. This is because both types of
demodulation can be thought of being driven by the same
approximate innovations process, the accuracy of which
determines the threshold.
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R&sum&—-Cetexpos~ consid &re une application de quelques
resultats recents d’algorithmes d’adoucissement 5 delai
fixe i la d&nodulation de rnesures de signaux FM bruyants
discrets. Le probleme est d’abord attaque en modelant le
systbme de communications en fonction d’un syst$me
stochastique non-lin+aire dimensional fini et en faisant Ie
rapprochement du modele r&dtant a un probleme d’esti-
mation pour lequel des solutions approximatives peuvent
~tre obtenues. Les r6sultats de performance sent presentes,
utilisant l’algorithme de tiltrage modifi6, tronqu6 de second
ordre. Les r+sultats illustrent que si un d+lai arrive a one
estimation optimum on-line, une amelioration notable est
possible m~me avec un delai fixe trh modeste.
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Zusammenfassung—Betrachtet wmd eme Anwendung einiger
neuer Ergebnisse von Glattungsalgorithmen mit fester Totzeit
auf die Demodulation diskreter verrauschter Messungen
von FM-Signalen. Das Problem wird angegriffen, indem
zuerst das Kommunikationssystem beziiglich eines nichtlin-
earen stochastischen Systems endlicher Dimension modelliert
wird und das resultierende Modell auf ein Schatzproblem
bezogen wird, ftir das approximierte Losungen erhalten
werden konnen. Ergebnisse des Verhaltens werden darges-
tellt, wobei der modifizierte abgebrochene Filteralgorithmus
zweiter Ordnung benutzt wird. Die Ergebnisse veranschaul-
ichen, da13, wenn bei der Erreichung einer optimalen “on-
line’’-Schatzung eine Verzogerung erlaubt ist, eine kennzei-
chnende Verbesserung sogar bei einer sehr ma13igen festen

Totzeit erhalten wird.

Pe3roMe-3Ta cTaTbx paccMaTpHBaeT HeKoTopbIe coBpeMe-

HHbIe Pe3YJIbTaTbI IIPliMeHeHIiH aJIrOPZiTMa CrJ3MKIiBaHli$SC

IIOCTOHHHbIMC 3aIIa3AbIBaHkieMAJDIAeMOWJIXUIfIi AIiCKpeT-

HbIx n3MepeHnti IUjJMOBB w cmHanax. ~po6neMa pew aeT-

CHC IIOMOILIbSOMOAeJIIipOBWHJl CEiCTeMbICB5t31iB TepMLiHi=lX

KOHeYHO-pa3MepHbIX HeJIIiHetiHblXCTOXEiCTHY&KIIX CHCTeM

K IIpliMeHeHH$lpe3yJIbTlipyIOWeI%MOL(eJILiL(JIXIIp06JIeMbI

OueHKkiflJIXKOTOpOh MOXeT6bITb lTOJIyYeH0rrpH6JrkrXeHHoe

peuremre ~pHBOJ(ffTC$+ pe3yJIbTaTbI @IKIIMOHliPOBaHWX,

IIPH 3TOM liCIIOJIb3yeTCXMOflIi@ZMHpOBi3HHbIii WIi_OpIfTM

@JIbTpWiEiBTOpOrOSIOpXUKi=i Pe3yJlbTaTbIIIOKa3bIBW3T,

WTO eCJIH nOIIyCTHMO 3aIIr13AbIBrlHEfeB IIOJtyWIIOWefiCfl

“OH Jlai’iH”OIITIiMaJLbHOiiOI@HKe 3aMKHyTOr0 KOHTypZl

TO MOXHO IIOJIyWTb CyIIreCTBeHHOe JVIyWHeHIieAaxeIIpSi

05eHb yMepeHHOM @iKCHpOBUIHOM 32UM3flb1BtiHkili.


