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Stable Realization of Fixed-Lag Smoothing
Equations for Continuous-Time Signals

P. K. 8. TAM ano J. B. MOORE

Abstract—Novel smoother structures are introduced for the
optimal fixed-lag smoothing of continuous-time signals in noise.
The smoothers have the very desirable property that they are
simultaneously realizable, stable in the sense of Lyapunov, and
optimal. This is in contrast to those proposed to date which are
either optimal and realizable but unstable, realizable and stable but
suboptimal, or optimal and stable but unrealizable.

1. INTRODUCTION

In [1] it is pointed out that existing continuous-time fixed-lag
smoothers are computationally unstable, as are some proposed dis-
crete-time algorithms.

A number of approaches have been developed, since the appear-
ance of [1], to achieve stable discrete-time fixed-lag smoothing
algorithms [2]-[4], but all attempts to extend the various results to
continuous-time smoothing have achieved stability only at the
expense of either loss of optimality or loss of realizability [4]-[6].
Stated in another way, the performance of proposed suboptimal
continuous-time fixed-lag smoothers approaches that of the optimal
fixed-lag smoother only as the smoother dimension, delays aside,
approaches nfinity. Without denying the obvious utility of the
results of [5] and {6], it is clear that a noval approach is required to
yield continuous-time, fixed-lag smoothers which are simultaneously
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. ! But pot asymptotically stable as in more recent realizations with time-vary-
ing gain elements.

realizable, stable, and optimal.

In this note, novel fixed-lag smoother structures are introduced
for the optimal fixed-lag smoothing of continuous-time signals in
noise. The smoothers are simultaneously realizable (apart from pure
time delays), stable,’ in the sense of Lyapunov, and optimal. The
smoothers involve, in loose terms, two optimal “unstable” smoothers
back 1o back, with states of each periodically set to zero to ensure
stability and the output switched alternatively from one to the
other. The cost of achieving the three desirable properties of realiz-
ability, stability, and optimalily is thus an increase in complexity
on that of the unstable smoother and the introduction of the possible
unpleasant feature of discontinuous signals within the smoother.

II. PROBLEM STATEMENT

We have in mind the problem of estimating the state at time ¢ of
a lumped linear system of the form

Z=F)x + G{t)u (1

where © is Gaussian white noise of mean zero and covariance Q(1)

8(t — 7), and the initial state of (1), namely, z(t) is a Gaussian ran-

dom variable, independent of u, zero mean, and having a covariance

Py. The matrices Q(t) and P’g are symmetric and nonunegative definite.
The recetved measurements are

z = H'()x + v(t) (2)

where v is Gaussian white noise, independent of « and z(t), of mean
zero, and having a covariance R({)8(¢t -- =) where R(t) is symrmetric
positive definite.

Given the measurements z over [i,1], the fixed-lag smoothed esti-
mate £(t — A{t) = Klx(t — A)lz(‘r), to < 7 < (] can be expressed as
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Fig. 1. Unstable fixed-lag smoother.

[8],19]

t
£ — Alt) = £t — Al — A) + K(t)f & (o,0)H (0)u(a)do  (3)
t—A

where
R(@) = Pt — alt — a)@'(t,t — A) (4)
H'(e)' = H'(e)R"Y(o) &)
(o) = 2(t) — H' ()£ (6)

and ﬁ(t|t), ®(a,t), P(lt) are the filter state, filter transition matrix,
and filter error covariance of the now familiar Kalman-Bucy filter
[7], given by

1) = Fp(0)2(tlt) + K,(0z(),
Fst) = F(t) — K;(H'(t)
K (1) = PUOH@R()

£ £tlts) = 0

Pty = PUOF' () + FOPUt) — PUOH' @R-OH (P D)
+ GG’ ()
P(lolte) = P

Our task is to find stable realizations of (3).

IIT. ReAr1zaTioNs oF THE Fixep-Lag SMoOTHING EQUATIONS

We first recall the usual, albeit unstable, realization of the fixed-
lag smoothing equation. This is obtained from an expanded version
of (3) as follows:

t—A
#t — Al) = 2 — At — &) + K(t)f &' (o, 08 (¢)w(e)do
to

t— A
— Pt — At — A)f ¢/ (ol — BYH (0)v(e)da. (7)
to

The smoothed estimate £({ — A\l) can now be obtained from the
output of the time delay dynamical system having state equations
derived from (7) as

Iy = =F;/ I + "), (8)
g(t) = ROI{0) — Pt — Alt — M — A) + £(t — Alt — &) (@)

It — A) =0

where £(t — All) = g(t) fort 2 t. Notice that the state I(t) is simply
the integral term [I(¢) = f;a ¢'(a,0)H ' (a)v(a)da from (7). This
dynamical system, known as a fixed-lag smoother (sec also Fig. 1)
is one of the conventional realizations of the fixed-lag smoothing

equations. Observe that this realization is in fact unstable in the
sense of Lyapunov when the optimal filter is stable in the sense of
Lyapunov (the usual case) even though the smoothing equation (7)
represents a bounded-input bounded-output mapping. All conven-
tional realizations of (3) result in unstable systems [1].

In deriving a stable realization of the smoothing equation (3), the
first step is to expand the equation (3) as follows:

t
200 — Alt) = 2t — At — A) + K’(t)f &' (e ,)H' (a)v(c)do
alt)

t— A

— Pt — At — a) &'(o,i — MH (¢)w(o)de  (10)

a(t)
where «(f) 1s a discontinuous (staircase) function of ¢ defined from

all) =+ 2(k — D4, b+ (2k)A <t <th+ (2k+ 1A

=lo+ 2k, b+ b+ DA<t <o+ 2k + DA (1)
fork = 0,1,2,- - - (note that ({ — A) > «(t) for all ). These equations
appear complicated because of the lower limit of the integrations
depending in a discontinuous manner on the value of {. However,
it 1s not too difficult to see that an appropriate duplication of the
smoother of Fig. 1 with appropriate switching and resetting to zero
of the integrators, as described in the Introduction of this note and
indicated in Fig. 2(a), is in fact a realization of these equations.
Observe that the periodic resetting to zero of the integrators ensures
Lyapunov stability of the smoother (but not asymptotic stability of
the smoother). Actually, not all the duplications indicated in Fig.
2(a) are necessary, and an obvious simplification vields the realiza-
tion of Fig. 2(b).

IV. DiscussioN

The system in Fig. 2(b) requires n scalar delay elements where n
is the dimension of the state z(¢). These delay elements are required
{0 transmit discontinuous signals due to the periodic resettings of the
integrators and the periodic switchovers from one set of integrators to
the other. Besidex, the system requires both the filtered extimates
and the innovation process as inputs. An alternative fixed-lag
smoother, derived in {10} and depicted in Fig. 3, where Ki.({) =
P“(3|L)G(t) and Kyup(l) = Q1) r”(l)P’l(tf[) requires only the filtered
estimates as inputs, avoids the need to delay discontinuous signals,
and reduces the number of delay elements required for the case when
the dimension of the plant input is less than the state dimension,

When the delay is approximated by a finite dimensional network,
the optimal smoother becomes a suboptimal smoother {10]. Such a
suboptimal smoother is certainly easier to design than the suboptimal
smoother reported in [6]. However, the requirement for switching
and for the duplication of components makes such suboptimal



IEEE TRANSACTIONS ON AUTOMATIC CONTROL, FEBRUARY 1974

block A
r-—-—-——"" ""—"=-—""—""—=""——"—="==—== !
| I,(t) = 0 at t = to+2ka |
l K = 0,1,2,.l K(t)
! I
| {
I I +
1 ' - A +
Lo | i
| |
| |
] ]
1 - |
I Fe(v) i
| {
. bem s m - s - - . X(t]t) bL
v(t) TR (t) Fmmmmmmmm . c o
i I,(t) = 0 at t = to+{2k-1)& x(t-Alt)
i |
| [
I I
! I +
| +
— J ' p(elt) —=(z —of delo¥ —»@—
([ | =
: \ + £,(t)
| )
i 1 -
| ) | K(t)
| "Ff(t) — |
1 1
L - - - - - 4
block 8
(a)
(o}
—

block A

- delay +
o P{t|t
w(t) A (t) (t[t) <Z> 8 R(t-a]t)
+

— block B —\ . R(t)

(b)
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Fig. 3. Fixed-lag smoother using a minimal number of delays. ab, a’b’ closed at t = to + (2k — 1)A. ac, a’¢’ closed at t = & + 2k,
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smoothers more tedious to implement than the smoothers of [6].
Because of the switchings, the suboptimal smoothers behave as time-
varying systems even when the system model is time-invariant and
the Kalman filter has reached steady states. Tt furns out that the
performance of the suboptimal smoothers fluctuates periodically
with period A,

(11
{2}

(4] ).

(51

16]
17
18]
19]

{10]
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