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Abstract—In this short paper the Bayesian estimation of parameters of
discrete time, linear, finite-dimensional stochastic systems is discussed.
Upper bounds for the estimator mean-square error are obtained under the
assumption of a finite parameter set. Necessary and sufficient conditions
are established for exponential convergence of the Bayesian estimate to
the true parameter values in the mean-square error sense for systems with
measurements which are stationary Gaussian random processes. The con-
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ditions for convergence are given in terms of a finite set of signal model
Markov parameters. The performance results for parameter estimation are
shown to yield bounds on the performance of the nonlinear state estima-
tors for the class of signal models under discussion.

I. INTRODUCTION

Bayesian conditional-mean parameter estimators are useful for the
estimation of unknown system or noise parameters of linear finite-di-
mensional dynamic signal models [1]. Exact performance calculation for
this type of estim »r, however. appears to be difficult—a common
feature of nonli. ar estimators (2} In this short paper we derive an
upper bound for the estimator mean-square error. This bound is then
manipulated to reveal conditions which guarantee an exponential con-
vergence rate of the estimator.

Quite a lot of work has been done on the convergence properties of
maximum-likelihood estimators (MLE). For example, Wald {3] proved
the strong consistency of the MLE in the case of independent identically
distributed random variables. Recently, Caines and Rissanen [4] have
proved the strong consistency of the MLE of the parameters of Gaussian
random processes possessing linear autoregressive moving average or
state-space representations.

In [5] Liporace discusses the performance of Bayes’ conditional-mean
estimators on a finite parameter set using the assumption of indepen-
dently and identically distributed measurement records. Specifically, the
mean-square error in the Bayes’ estimate is found to be bounded by a
quantity that diminishes exponentially as the number of observations
increases. Corresponding results are obtained when the true parameter is
not a member of the parameter set.

Lainiotis et a/. [1], [10]{13] have also investigated the performance of
the class of estimator studied in this short paper. In [1] and [10]
expressions for the mean-square error of adaptive state estimators are
given in a form convenient for on-line implementation. Evaluating these
expressions is tantamount to simulating the system under study. In
[11}{13] probability of error bounds for certain classes of multihypothe-
sis detection problems are given. We also note that Tse [14] is currently
investigating bounds for identification error.

In this short paper we study the mean-square convergence of Bayesian
estimates of unknown system and noise parameters of linear, stochastic
discrete time signal models where the parameter space is assumed to be
finite. For systems with stationary output sequences it is shown that
certain identifiability conditions guarantee that the Bayesian parameter
estimator will converge exponentially to the true parameter value. The
identifiability conditions are characterized by a finite set of Markov
parameters. Signal models with the same output statistics (or equiv-
alently Markov parameters) are not identifiable. Adaptive state estima-
tion algorithms given in [1] can be analyzed by a straightforward
extension to the results for parameter estimation. Under certain
stationarity conditions on the signal models the mean-square error for
adaptive estimation tends at an exponential rate to the optimal mean-
square error for linear filtering given complete knowledge of the signal
model.

The significance of the convergence results obtained in this short
paper is that for the first time, we believe, exponential convergence in
the mean-square error sense is established for nonindependently and
identically distributed data sequences.

II. PROBLEM FORMULATION

Signal model: Suppose that a sequence of measurements are obtained
that are a realization of the m-vector random process z(k) with the time
invariant innovations representation (IR) [7]

z(k)= H,x(k)+w(k),
x(k+1)=¢,x(k)+ Lw(k),

k=1,2,--
k=0,1,2,--

2.1)
(2.2)

where x(k) is the state n-vector and x(0)~N[0,Z,]. Without loss of
generality it can be assumed that all signal models are of the same
dimension, n. The sequence {w(k)} is a zero mean, white, Gaussian
m-vector sequence with covariance matrix d,=(d;)” >0 and independent
of x(0). The model of this system is completely specified except for an
unknown, time-invariant parameter which is assumed to be a random
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vector y taking values from finite set ©={(6,} ifl C RP with a priori

probabilities p(6,). The initial state covariance Z, is the solution of

2 =¢izi¢iT+ Lid.‘L.T (2.3)
and can be expressed as an infinite series
x r
5= 2 ¢/LdLT(e]). Q4
r=0

(The homogeneous system x(k + 1) =¢;x(k) is assumed asymptotically
stable in this short paper.)

Denoting the sequence of measurements up to the kth discrete time
instant by the vector ZJ=[z7(l),--+,z7(k)], the probability densities,
{p(Z,]8,):6,€0) are a family of normal densities with

p(Z,16,)=nN10,P, (k)] (2.5)

where P,(k), is the output covariance matrix of the system of (2.1) and
2.2).

The output covariance matrix P;(k) is block Toeplitz with the (rs)*
(m X m) block denoted by

[P(O) =P~ rs=12,-- k. (2.6)
An equivalent description of signal model (2.1), (2.2) is
= A(k|8) U, @n
where
=[uT(), -, uT (k)] (28)

and A(k|6;) is of block lower triangular form with (mXm) block

elements, a/ , r, s=1,2,-- -k, given by
4;=0, s>r (2.92)
a,",=1,.., r=s (2.9b)
a = HL(r- (2.9¢c)
al ;=Hge/™*" 'L,-(S), Fe s+l (2.9d)

The quantity L,(s) can be related to the Kalman filter associated with
signal model (2.1), (2.2) via

L(s)=¢,K,(s) (2.10)
where K,(s) is the Kalman gain sequence. The random sequence u(s),
s=1,2,--- k is a zero mean, white, Gaussian sequence with covariance
matrix 4* equal to that of the innovations sequence of the Kalman filter
associated with the ith model (2.1), (2.2). We comment that it is well
known that under the standing assumptions of this short paper

lim d¥=d, and lim L(k)=L, 2an
k— o0 k-

With A4 (k|6)) as defined in (2.9), we introduce the definitions

P (k)=A(k|8,)D}4T(k|8,),
YP=d, =He'™'L,

DF=diag{d!,---,d*} (2.12)
s=1,2,-- (2.13)

The output covariance matrix P,(k) can be expressed in terms of the
Markov parameters Y via (2.6) and

el
Pi0= Y‘_0+ 2 Y{yf)[yx]r
rm|

©
P:=Y‘_:Yio+ 2 Yir-nylo[yirlry s=1,2,--- (2]4)

rm}

It is well known [9] that Y2 - Y>* specify ¥; for all s.

The following 1denuf|ab1hty condmon is imposed on the set of ¥ D} defined in Section II and B"

possible signal models.
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Identifiability condition (Cl): No two signal models have the same sets
Y0 - Y (or equivalently Y2 - Y7 al --a”"! where af are the
coefficients of the characteristic equation of ¢; and » is the signal model
dimension). A

Bayesian parameter estimation: The parameter estimate # (k) minimiz-
ing Bayes’ risk for a quadratic loss function is given by [6]

R N
8 (k)= 2 8,p(8)Zy) (2.19)
i
where the a posteriori probability, p(8,|Z,), is expressed as
P(Z18)p(6)
p8Z) = ————— (2.16)

El p(Z,]6,)p(6,)

For on-line computation of the probabilities p(8,|Z,), (2.16) is usually
manipulated into an equivalent recursive form as in [1}, [8). The estima-
tor in recursive form consists of a bank of parallel processors or Kalman
filters yielding the pseudo-innovations processes z(k|k—1,6,). The a
posteriori probabilities p(6,|Z,) are calculated recursively in terms of
p(6]Z,_,) and Z(klk—1,8), i=1,---,N. The recursive algorithms are
efficient in terms of memory and computational requirements compared
with nonrecursive methods.

III. BOUNDS ON THE MEAN-SQUARE ERROR

In this section bounds are derived for ¢%(k), the mean-square error of

the Bayesian parameter estimator, defined as
o2 (k)=E {16 () - 11716 () -]} G

The bounds for 6%(k) are obtained using similar techniques to those used
in {5]. The differences between our analysis and that of [5] are as follows

1) We do not restrict attention to independently and 1denncally
distributed measurement sequences.

2) We restrict attention to measurement sequences obtained as out-
puts of linear, dynamical, finite-dimensional, stochastic systems.

3) An explicit expression for the bound is derived. .

Lemma (3.1): The mean-square error of the Bayesian parameter
estimator is bounded as

o2 (k) < 2 OP> 2 (6,-6)7(8,-8)c,[1415]7 (32

r=] sm=1
rsyj
where
c’:jzplﬂ(gr)pl/4(0s)/pl/2(0j) (3.3)
Lr=2km /21 P, (] 4P, ()I/4P, () + PG 2 (3.4)

Proof (See {15]): A serious drawback with the bounds for (k)
given in Lemma 3.1, at least for the usual case when the signal model has
infinite memory, is that the number of computations required to calcu-
late the bound increases as the cube of the number of measurements k.
For the special case when the signal model has finite memory, the
growth in computations is linear in k. Taking cognizance of this last fact,
we now seek relaxed bounds for a?(k) which can be 1) characterized by a
computational effort linear in k, and 2) made arbitrarily close to the
bounds of the previous section.

First the following definitions are introduced:

Bk-l 'o
Bi=A""(kl§)A(kig,)=|- - - - (3.5)
e 1
vit=[ps1 ] + [ B [DF ] [BE ] >0 (36)

In the next theorem the followmg partitioning of the matrices A (k|9,),
Y'and VX! defined in (3.5)-(3.6) is
assumed.
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*lolo
e 1370 0 ‘g
Dk=\2 P} L AKIB)=| (3.7)
0, 0, df Lo
1 0 x| =
B,f—'_[: I—B_l’ V,j‘—l={—, - —l (3.8)
Y |
k=T _ | » T
(657") =0 6] ] (39)

The dimension of A,,D,,d,",B,j,b,J, and V,, is mM XmM, (mM —m)x
(mM —m), mXm, (mM — m)X(mM—m), mX(mM— m), and (mM — m)
X (mM — m), respectively, for all k. Here M is the extent of the assumed
finite memory. The asterisks * denote terms that do not enter our
calculations. The following relationships are readily established:

Bl 0
_a_ (3.10)
b7, 1,

=4"1! =D n -1
=474, V,=D '+BID~'B,>0.

Theorem 3.1: 1) The term I,f of Lemma 3.1 can be calculated re-
cursively yia

IX=1k""pk,  I9=1 (3.11)
pk=drdk|'/41/2d  +1/2d% + €|~ 1/2 (3.12)
ko k=177 k=177 pi—1

ek=172[bf 1] [ Ve bk ] (3.13)

with d* defined in Section II and b~ ' and V%~ >0 defined in (3.5).
2) The term pf can be bounded as

pr<pi(M) (3.14)
PX(M)=|drdF|'/41/2d% +1/2df + ek (M)| =172 (3.15)
e(M)=1/2pTV ',  with V>0 (3.16)

The bound ﬁ,f(M ) is a monotonically decreasing function of M and
depends only on A,,Aj,D,,D/-.d,", and d/‘ in the partitioning of (3.7).
Proof: 1) Using (3.4), (2.12), and the fact |4(k[6,)|=1 we have that

|P; (k)| =|Df|=|P, (k- DI dk| (3.17)

P, (k)+ P, (k)| =|[ BX] DX[ BX]"+ D} (3.18)
where B is defined in (3.5).

Now Resuit (A1) of the Appendix can be appiied to (3.18) to yield

[P, (k) + P, (k)| =|P, (k= 1)+ P (k= 1)||ld}+d}+2¢f|  (3.19)
where the matrix e,f is defined in (3.13). Substituting (3.17) and (3.19)
into (3.4)-establishes (3.11) and (3.12). Finally, observe e,f» > 0.

2) To establish that ﬁ,f(M ) is a monotonically decreasing function of
M bounded below by p¥ it suffices to show that £¥(M) is a monotoni-
cally increasing function of M bounded above by c,f‘ This result follows

immediately from Result (A2) of the Appendix. vvv
Asymptotic Results: We now define
0,= klifl ok, py(M)= Jim pX(M). (3.20)

Theorem 3.2: For the identification of signal models of the form (2.1),
(2.2) the Bayesian parameter estimator converges exponentially to the
true parameter value if and only if the identifiability condition (C1) is
satisfied.

Proof—Sufficiency: Assume that k is sufficiently large so that 4,, 4,
D, Dj, d,", and dj" have attained steady-state values for M <2n+1.
Thus, ZS,f(M ) which can be calculated in terms of these quantities has
assumed its steady-state value g (M) for r,j=1,--- ,N. Now if Y0 1}
(or equivalently d,#d) then it can be shown that |d,d|'/?1/24 +
1/2d|~' < 1. Theorem 3.1-1) then implies that py<l

If Y2=7Y" then define § as the maximum s for s€{1,---,2n} such
that Y/=Y/ for all t<3 By assumption then Y’ Y/ Let M=3 in
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Theorem 3.1. Referring to (3.7) we have

lm 0 - - .
L o
Yoo - i
R R Ol=|- - - -+ = 62
- - - Yy l—vy! o
Y; YE“I B _ 1 i i m

i m

Now., in (3.10)

| _
Br, 0 L} 1 | 0 Lj ! 0
N R B e T L_jj- ===
br 1 1, AR A PR S R A
(3.22)
-
Im(i—l) 0
== - - - -2 (3.23)
(vi-vi )04,

Thus, in (3.15)
1/2 1/2 5 s s 17
By =14|"d +e, (D2, (=[ Y- ¥ ]d[ v/~ ¥7], (329)

since from (3.10) ¥, =2D,~". Now £,(5) is a positive definite matrix.
Thus, using the matrix inequality |4 + B|>|4| for 4, B >0, p;<p,(3)
<l

Necessity: If Yj’= Y’ for s=0,---,2n and for all r, j=1,--- N,
then by virtue of (2.6) and (2.14) P (k)= Pi(k) forall r, j=1,- -,N and
for all k since Y=Y/ for all 5. Consequently, p(Z,(IO,)=p(Zk|BJ.) for a
given realization of the data Z, and thus the estimator does not con-
verge. vvey

IV. ADAPTIVE STATE ESTIMATION

For signal models as described in Section II ah optimal mean-square
error sense (MSE) state estimate x(k|k) can be obtained in the presence
of unknown system parameters via [1]

N
%(klk)= 2 x(k|k,8,)p(8,Z,)

o=

4.1

where x(k|k,8,) is the MSE state estimate conditioned on y=4§,. These
estimates, x(k|k,8,), are obtained using a Kalman filter conditioned on
8,, and the a posteriori probabilities p(8,|Z,) are calculated using the
innovations of the Kalman filter. The convergence results of previous
sections are applicable to the nonlinear estimation scheme given by (4.1).

Theorem 4.1: For the adaptive estimation scheme of (4.1) the identifi-
ability condition (C1) is necessary and sufficient for the meanrsquare
error in the state estimate x(k|k) to converge exponentially to its lower
bound, the mean-square error for linear filtering assuming complete
knowledge of the model statistics.

Proof: See [15].

V. NUMERICAL RESULTS

In this section two examples are given to illustrate the theory pre-
sented in earlier sections.

Example 5.1: In this example the quantity 5,5‘.(M ) of Theorem 3.1 is
computed for the case of two signal models in time-invariant IR form.
The two models are specified by

=% Too] o=[10 TG0
L =[ —0.54874] L= [ 0.0039341 ]
" 0.54874 77 071681

H=H=[05 05]

d,=080241  d,=10264.

The Z, and Z; which give a stationary output sequence can be computed
from (2.4). Denoting the roots of the characteristic polynomial of ¢, as
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M
Fig. 1. Effect of memory M on upper bounds.
A, i=1, 2, then the time constants of the system are k/=[1/log A}
where [-] denotes integer part. For the models of this example k=8 and
ki=4,i=1,2.

In Fig. 1 the effect of M on the quantity r),f(M) is plotted for various
time points k. For this example it would appear that a memory M of 10
time points enables a bound to be calculated which is as tight as that
which could be calculated taking into account the entire memory.
Choosing M of the order of the longest system time constant appears to
be adequate to achieve the best bound. In this example possibly 1000
data points would be needed to distinguish between the two models. In
this case there is a considerable advantage to assuming a finite memory
in calculating this type of bound.

Example 5.2: In this example we compare the bounds obtained
assuming a finite memory with simulation results. Which of five possible
signal models is present is to be decided using a Bayesian parameter
estimator. Each of the five models is assumed to be in time invariant IR
form. First, details of the simulation are given, then results are presented
for comparison with the bounds and discussion follows.

In the simulation the a posteriori probabilities p(6,|Z,) are averaged
over NR runs to give I3™(k)=NR ~'S¥%, [p(8,|Z,)).. Here the sub-
script j refers to the true model present. In order that some idea of the
accuracy of the simulation result can be obtained the quantity
o™ (k)y=(NR—1)""ZY8, {[p(8,|1Z,)}, — 13™(k)}? is also calculated. In
the simulations NR=1000 and /;™(k) and o;"(k) are calculated for
time points k=1, 5, 9, 13, 17.

In Fig. 2 I'Y™(k) and I§{™(k) have been plotted for time points k
=] 5 9, 13, 17. The number of runs NR is 1000. The values

1™k + \/o,j.‘m(k)/NR have been shown in Fig. 2. For comparison the
quantity 1,5?""(k)=Hf_l p5(M) is plotted for k=1, 2,---,20, and M =1,
2, 3, 4, 10. Although not completely obvious from (3.15) it is found that
17 (k)= 15" (k). The two models of interest are now specified by

_[15 -075 =[-10 -0707
# [1.0 0.0] G { 1.0 0.0]

L =] 10394 L.=[ —10188
'10.78906 2 0.63887
H =H,=[10 05]

dy=3484  d,=4.3277.
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1.0
-~ M=1
bnd
ILZ R
c.1 |
I s
M=3
M=4
M=10
0.01 ]
sim . ., /sim
I 1, (k) £ /90 (k) /NR
sim sim
I 1 (k) * /951 (k) /NR I {
0.001 T v T - + - . ¥ Y \
0 2 4 6 8 10 12 14 16 18 20

Fig. 2. Comparison of simulation results and upper bounds.

Observe that in Fig. 2 there is some irregularity in the convergence
rate of 1,;*"‘(k) as k increases and that /37™(k) in fact is above the bound
at certain time points. From our experience such irregularities are quite
common in results obtained using simulations. The resuits in Fig. 2 do
not, in our opinion, invalidate the bounds but rather are an indictment
of the use of simulations to study the performance of stochastic nonlin-
ear systems. Here the simulations do indicate that the bounds are not
absurdly weak.

VI. DisCUSSION

It may be concluded that the upper bounds derived in this short paper
provide a simple and effective means of determining the convergence
rate of the class of parameter estimator studied here. The finite memory
required to obtain bounds as tight as those calculated with no memory
limitations appears to be related to the system time constants. However,
the convergence rate depends upon the “distance” between the various
possible signal models. This latter concept of “distance” between the
models is discussed in a later paper using the Kullback information
function.

APPENDIX

In this Appendix, certain not well known and nontrivial matrix results
needed in this short paper are given. (These results are derived in [15].)

Result Al:
A4, O||P[ O |{A] A4 N Pl 0
A4, I1llo Pjil O I 0 P

=|A,P{A] + P{||P;+ P{+3]|

where

E=A2[(P,’)"+A17(P{ )“'A,]_'A{

and the matrices P|, PJ, P{, and Pé are assumed to be positive definite
and symmetric.
Vi ¥,

Result A2: For the positive definite matrix
V, V.
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