A Circle Criterion Generalization
for Relative Stability

Abstract—It is shown that the circle
criterion for linear systems containing a
single time-varying element corresponds to
a specialization of the Popov stability theory.
The circle criteria are generalized using the
Popov theory to give some measure of the
degree of the system stability.

This correspondence considers a0 gen-
eratization of the well-known circle eriteria to
give the degree of stability of a linear sy<tem
containing a single time-varying element.
The block diagram of the system S under
consideration s shown in Fig. 1. We will
assume the following:

(S1) glsr=q(s)/p(s) with ¢(s) and pls)
being finite polvnomials without
common factors, p(s) is wonic with
p zeros in the half-pline Re [s]>0,
and the degree of ps) exceeds that
of g(s).

E{t, ) is bounded on [0, =), and it
ts smooth enough to guarantee the
existence of a solution to the gov-
erning differential equations,

(52)

The circle criterial1=11 are w generaliza-
tion of the classical Nyquist stability eri-
teria, useful for predicting the stability of S
when the function k(f, ) satisfies a Lain
limitation of the fotlowing form:

(S3) aLkl, VI3, where a and 3 are

positive constants,

The circle eriteria involve an open critical
disk Die, 8) in the g plane, centered ot the
point = (la+43)/2a3, and having  radius
(B—a)/2aB (see Vig. 2). The disk ~hrinks to
the critical point of the Nvquist criterion as
o and g approach each uther. A statement of
the circle criteria follows.
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Tororey 1 iCirery CrITeRiA)

For the system S of Fig. 1 with (S,
(523, and (S3) satishied, if either

(O the Nyvquist locus g€ jad (g0 jw+t o) ]
does not intersect the disk Dia, 81
and encircles 1t p times in the coun-
terclockwise  direction
0..(())

“()r some

or
(C2 and 1C2yimplies (Cl,

Vi 4 glsy

1,8 -+ g(s) [] 3 4 gt 4 am]
Uoa 4 els 4+ o0d
i~ positive real [for <ome g0 <0,

then N 1= stable i the sense that all initial
conditions lead to outputs v that
bounded {approach zero} as t— x

are

The cirele eriteria are in fact a specializa-
tion of ~ome Popov atability theory results
e dispuise, We first show this to be the case
and then apply the Popov theory to give a
generalization of the cirele eriteria.

As atirst observation, we note that with-
out loss of generalitv, o may be taken as zero
in Theorem 1. For this case (83 and (C2)
are replaced, respectively, by

(St 0<kiv, 1, <3
C B hpieon (134 gis Lot ] is posi-
tive real [for some ae <0,

For simplicity, the condition (C11 for the
cise o = 0 is not considered in this correspon-
dence.

A stitement of the Popoyv stability the-
orem B P and Lceorollary T e now ;;i\‘rn.
For the present development, particular
attention ~hould be given in the theorem to
the case when g i~ ancarbitrarily small nega-
tive con=tant and 5 =0,

T oress 2 (Porov CRITERION

oar the system Nof l"i;\'. 1, with (S11and
(52 satisied, but with the nonlinearity
time-tnvariant and ~atisfy ing

(S5 0<kivi <,
if

(O3 178+l 4 ¥ [1/84 (1 4 5)
“gisoar ) is positive real for some
v osatisfruing 0<5 <1 [and some
as <0},

then the syatem N s ~tuble in the ~ense that
all =ets of initiad condition~ Tead to outputs v
that are bounded [approach sero] as f—s o

Moreover, a Liapunoy function 17 exists
such that

oofv' et Shivy]
Py = v
X' Py-s 2y ‘ bipidp

where I' i o positive conatant dependent on
gis),

Corollaryt*H %

For the case 5 =0, the nonlinearity may
be time-varving, f.e., 53y may be replaced
by iS4y,

128

We now observe diveetly that Theorem
(circle criterion), stated without loss of
generality for the case a=0 {see (54 and
(C3y), is in fact a specialization (i.c., the
case vy =0 and eq an arbitrarily small nega-
tive constant) of the Popov theory given in
Theorem 2 and the Carollary, theorem 2w

now restated for this case,

THroOREM 2\ (SrEcial Case op TH
Porov CrITERION)

For the sastem S of Figo 1ol (S sy,
(SH, and (C3rare satished | then the <ystem
S5 stable in the <ense that afl ~ets of tntiad
conditions  lead 1o that  are
bounded  [approach zeva] as 1 20 Note-
over, a Liapuuoy function 1 exist~~uch that

| ST

outputs v

The circle eriteria mayv now he extended
to consider the degree of stability of svatem
Ssimply by restating all the vesults of fhe
orem 2A in terms which may he interpreted
on the g plane.

Torores 3 (Cirens CRITERI
(CIENERALIZATION)

For the sy~tem S of Figl 5, with (5t
(52, and (83) satistied, of

(C4) the Nvauist locus g Ciwd {ef o t aar]
does not intersect the disk {00, 3
and encireles 1t p times in the coun-
terclockwise  direction  [for  some
a0 <] (see Fig. 2),

then S s stable in the sense that (b initiad
conditions lead to outputs that are honnded
[approach zero] ast-vr,

Moreover, a Fiapunov function 17 exist-
such that 1"/ < 20,

Using the link between the Popov theory
for nonhlinear svstems and the cucle eriterin
for time-varving systems, a companion re-
port®l s in preparation to consider further
generalizations and extensions of circle cri-
teria results,
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