
Liapunov Function Generation for a
Class of Time-Varying Systems

Abstract—Finite dimensional systems
with time-varying feedback, which satisfy
the conditions of the circle criterion for
stability, are considered. A recent result
giving a system theory description of positive
real matrices is used to generate Liapunov
functions.

This correspoudeuce considers the gc)lcr-
atiou of Liapuncrv fuuctious for hysteuls ill
the form of Fig. 1. “[he furward part of the
cluseci -loop system is itself a linear tiulc-
iuvariant fillite-dilllcllsioTl:LI s~;steln, fvhirh
is described by a trau>fer fullctlot) W(. ). ‘1’hc
function w(. ) is a ratio of ttvo p(]l~)l~)uli:Lls
aud will be assumed to s:t[i> f!:

-w($) = L’($1 — P’-l,q. (1)

III this equation, the pair [F, g] i. C(JITI-
pletely controllable, and the pair [F, h] i,
completely observ:Lh le. ‘1’hc time-!;wj illg
feedb:wk k (t) is ;t>slltlled to sJt isfy

a<k(t) </3 (2)

for soule pwiti}e constants a a]ld O.
‘l’he stability of such sj~tenls h,LS Iwet)

cxamit led using circle critcr]a. [11-[41‘1’he cri-
teria ma!. be descrikf !vith the 3id of l;i~. 2.
\\”e detlote by D(a, O) the I~pCII di.1< lt i[h
I)oundary poiuts – I/a aud – 1/5 011 the
real axis, ‘1’he ~sociated closed disk i> dc-
Il(]ted by D [a, @ ], atld the graph of ~:,(jaj is
deuoted by I’. Theu, the circle criteri.L .LI-CJ>
follows:

The closed-loop s~stcnl is at,tblc ill the
.CIIW that ail sets of ltliti:Ll rutlditiol~. lc, Ld
to outputs ivhich m-e l)oullded iL, t ;LI)-
proaches iofiility if:

1) ~ does tlot itlter>ect the di~k /~(,1, p’)
:Lild eucircles it ptiincsillthe c[){IIItc t--

( ) h,lb pclockwise direct ioil Ivhere w
poles iu the half plauc I<c [s]>[).

‘l”he clused-lmp s\ stem is :LsjlllIjt[)tic,tll!-
st,d~le in the SC]lSC that all sets of initial cc)lI-
(Iitions lead to outputs that ,Ippr[):lch Lcl-(j
JS t approaches iutiuit). if:

?) I’ does Iwt illtcrscct the disk 1) [u, J ]
:tnd encircles it p tithe. ill the c[jt]lltcr-
clocklviw direction.
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Fig. 1. Closx.loop.>-.tcm,
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r~ = – (6 – a)ll – 1/21. [0111

1‘(.J’) = .iP.t’ (7)

CleiLrlj, 1“(.T) i, positive delillitt,. .\l.1,,

r = .r’(1’r + F’P).t – 2k(t)//’.r.r’l’4

—— — (l’.Y)’ – 2[6 – k(/)] /l’.l’[(@ – (,)(//’, I
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– 2[,6 – /?(/) ][k(l) - CY](hr.l)?

– 2LT.Y’1’.Y. 10

\\”c O1).CI-,C fro,,, (10) th,it ill :i)i. II.(

t’ < – 2.1’ 11,
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