Liapunov Function Generation for a
Class of Time-Varying Systems

Abstract—Finite dimensional systems
with time-varying feedback, which satisfy
the conditions of the circle criterion for
stability, are considered. A recent result
giving a system theory description of positive
real matrices is used to generate Liapunov
functions.

This correspondence counsiders the gener-
ation of Liapunov functions for systems in
the form of Fig. 1. The forward part of the
closed-loop system is itself a linear time-
invariant finite-dimensional system, which
is described by a transfer function w(-). The
function w(-) is a ratio of two polvnomials
and will be assumed to satisfy:

w(s) = W' (sl — F)™g. 6]

In this equation, the pair [F, g] is com-
pletely controllable, and the pair [F, ] is
completely observable. The time-varying
feedbaclk k() is assumed to satisfy

a<kl)<p (2)

for some positive constants « and g.

The stability of such systems has been
examined using circle criteria.lU=14 The cri-
terla may be described with the aid of I'ig. 2.
We denote by D(a, 8) the open disk with
boundary points —1/e and —1/8 on the
real axis. The associated closed disk is de-
noted by Dla, 8], and the graph of w(jw) is
denoted by I'. Then, the circle criteria are as
follows:

The closed-loop system is stable in the
sense that all sets of initial conditions lead
to outputs which are bounded as ¢ ap-
proaches infinity if:

1) T" does not intersect the disk D {«, 3)
and encircles it p times in the counter-
clockwise direction where w(-) hus p
poles in the half plane Re [s]>0.

The closed-loop system is asymptotically
stable in the sense that all sets of initial con-
ditions lead to outputs that approach zero
as ¢ approaches infinity if:

2) T does not intersect the disk D{a, 8]

and encircles it p times in the counter-
clockwise direction.
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Fig. 1.

Closed-loop system.

The complete observability of [F, ]
means that 1) is equivalent to stability in
the seuse of Liapunov, and that 2) is equiva-
lent to asymptotic stability in the sense of
Liapunov.

To generate Liapunov functions for a
system satisfying one of the two circle cri-
teria, we make use of a result in Brockett
and Leel (see Lemmas 3 and 4). This result
vields that 1) may be replaced by

ta) the function z(-) where
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1s positive real.
l.ikewise, condition 2)
placed by:

may  be re-

2a) The function z(+), as in (3) above is
strictly positive real, ie., 5(+) has no
Jw axis poles, and Re z(jw) >8>0
for all @ and some positive 8.

Condition 2a) is equivalent to

2b) There exists a positive constant o
such that the function £(-) given by

i(s) = o(s — o) 4)

is positive real. [This follows from
the continuity of z and Re z away
from the neighborhood of any pole

of =(-).]

We shall generate a Liapunov function
for the svstem of Fig. 1 by applving to ()
or 2(-) the positive real lemma of Ander-
so B T order to apply this lemma, it is
necessary to determine a minimal realiza-
tion® of 5 or 2. This may be done as follows,

By explicit caleulation,
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Noting that if z(s) is positive real, so is
(o/B)s(s), we wsee that a realization for
(«/B)z(s) 1s given by the quadruple
VF—Bel’, ¢, —(B—a)h, 1} then by Ander-

son, Bl there exists a matrix /2= >0, and a
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Fig. 2. The critical disk.

vector [ such that
P —gel'y + (F — ghg)P = — " o
Pg= — (B —a)h— 2 (o)
We claim that
V{x) = x'Px (7
is o Liapunov function for the closed-loop
svstem, when x is the system state vector
satisfying
&= Fx— gk()l v &
Clearly, (x) is positive detinite, \lso,
I = x/(PF + F'P)x — 2h(OI xx' Py
— ()= 2[8 = KO N8 — ) (')
— V2]

It

i

— Uy + 3B — kD)2
=28 — FWORW — alUron (9

Evidently (2) guarantees the nonpositive
nature of 17,

The determination of a Liapunov func-
tion establishing asvmptotic stability when
2b) iy satistied proceeds similarly. [ this
case, we observe that a minimal realization
for 5(+) 1s the same as a minimal realization
for =(+) with F replaced by F+ol. qua-
tions (6) then hold with the same replace-
ment of F by F+el. A Liapunov function
is again given by (7), but the time derivative
is now given by

I = — x4 V28 — ki) ]ixl?
—2[8 = kOk) — ]il'x)?
— 20 Px. 110

We observe from (10) that in this case
"< — 201 (1

which demonstrates the decayv of the states
of the system at a rate of at least c.\‘p[ —al ‘
In summary, we have noted the inter-
pretation of the circle criterion provided by
Brockett and Leel'l as a requirement that o
certain function, derivable from the transfer
function associated with Fig. 1, be positive
real or strictly positive real. By then using
the known result concerning the algebraic
structure of positive real functions  (zee
AndersonPl) o tentative Liapunov func-
tion may be deduced. Some simple caleula-
tions then demonstrate that the choice of the
tentative Liapunov functions i indeed w cor
rect one, implving stabilitv or asviptotic
stability, as the case mav be.
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