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The G-R method mayv be eriticized on the
{ollowing bases.

1) A strict interpretation must include
the “doubling-back™  phenomenon which
apparently is of common occurrence,

2) One or more bownds may not exist be-
cause of the phenontena of g, 3.

3) Fhe amplitude bounds when they do
exist are typically 200 to 10 percent higher
than the actual mensured vadees; the fre-
quency hounds are tighter being tepieally 3
to 7 pereent high ML

4 Attempts to toprove significantly the
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Fig. 4, The A —w dingram corresnonding to the sy-tem of Fig 2
CoxcrustoN efficacy of the method itzelf failed to do <o,

the cause for the fatlure being the dominance
of A1 in the error bounds and the fact that
the hound (7Y inclades, o ottse!l two other
e~timazes, {8y and O,
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Convergence Properties of Riccati
Equation Solutions

Abstract—Existence results are de-
veloped for Ricca‘i equations. In particular,
it is shown that the existence of one solution
to a Riccati equation implies the existence of
a whole family of solutions whose initial
condition lies in a cone determined by the
initial condition associated with the known

solution.

In a number of areas of system theory,

Riccati equations of the folluwing type ap-
pear:

l)
I

PAP L PR B AC (T
I o

i

where A0, B, and O/ are known can-
tinuous matrices, Frequent!v, the matrices
Ay, Cy, and Py are symmetrie, and either
p(m‘ili\'(' ,
nonpositive detinite, or necative definite,

The Riccati equation muy he
backwards or forwards from fa0 OF specind

definite,  non-negative  detinioe

sofved

interest i< the question of whether solution,
exist globatly, e on the inrerval {o, 2
or (= =, L), rother than iy some neighbor

hond of fo.

In this correspondence, we show how
existence of a4 =olution to (1) with initial
condition (1h) mav often he nad 1o cone

clude exi~tence of solutions with the mitia!
condition [" replaced by oo NMore pre-
ciselv, we have the following theorem,
Theorens T Consider cquation (Tao with
svmmetrie L Coand Do
ton IO exists on the interval T fr where
f>feandymav be o D s nonenegn
fnite Do ool 4o st
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“CORRESPONDENCE

The proof of this uses wresult appearing
clsewhere i? [t is shown that

Py =Ty = RO (2
where
R= (B + PR (3)
and
Q= RAR (4)

and the initial conditions for (3) and (1) are
chosen so that

Rt Qg Rty = Po — T (5)

Consider nirst the case where A1) is non-
negative definite. Choose Qua) =1 and R(ty)
as anv omatrix =atisfving RUOR () =Dy
— P Evidently R(f) exists for all /([[v\, © ),
and thus @ is well defined for all ¢ and is a
non-newative detinite matrix. Hence, Q)
— Q) is non-negative definite, and thus
Q1) exixts for alltand is positive definite.
Then P{) in (2) is well detined, with
Py —="7{) non-negative detinite.

1L s nonpositive definite for all o,
chovse Qite) = —1 and R{tp) as any nudrix
satisfving RUQR (o) = Po— o Then it is
stralghtforward (o show that Q71 exists
for all ¢ and is negative definite. Then 7{) is
well definad, and P = P() is nonpositive
definite. This proves the result.

Nute that if P{) exists evervwhere, the
only wayv in which P{) can fail to exist is
through Q) being singular. The constridnts
on Py—~Ts and on A serve to prevent this
possibiiity.

It is also interesting to observe from (2),
(3), and ) that the stability or otherwise
of the difference between two solutions to
(1a) 15 tundependent of ¢, and insolar as our
sutliciency conditions are concerned, is aleo
independent of 3. Theorem |
only the initial conditions and .

The foilowing result mav be e<stablished
similarly to Theorem 1.

2 Consider equation {(fa) with
svainmetric <f, Coand Py, and suppose asolu-
tion (- exiats on the interval (¢ 6] where
fo <ty and 1o may bhe — =0 {1 i 0s non-
negative (nonpositived definite, a =olution
Ty of (1o exists on the interval (), o
with initind condition ¢t =P, for alt 7,
such thiat Pa— D¢ s nonpositive (non-nega-
tive)  definite. Maoreover, P00 —T{) s
nonpositive (non-negativer definite for all 1.

Application of
made to problems of simuilating preseribed
nonstationary covariances and of synthe-
sizing passive time-variable networks,
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On Time Optimal Trajectories

Abstract—A time optimal steering policy
can be computed for a given rocket vehicle
that defines a trajectory from a given initial
state to the desired final state by using the
minimum principle and solving the associ-
ated two-point boundary value problem. In
this correspondence, it is shown that ap-
plication of the minimum principle can yield
both a locally minimum solution and a
locally maximum solution. Numerical evi-
dence has been obtained to substantiate the
findings.

Consider the application of the minimum
principle to determine the optimal steering
policy of a4 point mass in a central force field.

The equations of motion are

r=v 1)

. nr u

vos e — b oa(l) — 2
rd 1"

where roand v are the position and velocity
vectors in an inertial coordinate frame with
the center at the origin of the attracting
mass, g i~ the gravitational constant, a{f) is
the time history of thrust acecicration muag-
nitude, and u/w is the unit vector in the
thrust direction,

The problem is to nad the optimal value
of the control variable w{t) such that it
transfers the point mass from the initial
state (rs;, u- {3 to the desired target sct in
minimum time,

The cost functional to be minimized is

T
Juy = f di 3)
i.

where ¢g 1s the known initial time and the
tinal time 7" is free. The Hamiltonian func-
ton IT for the system s given by

H (e (), vity, qlly, s'y, uil))

=1 gD, ritiy - (su), vil)) D
where sit) and g(t) are three-dimensional
costate vectors,

In order that u*{) be optimal, it is neces-
sary that there exist a g* (1) and s*(t) such
that

1) s°(t) and g~ {t) correspond 1o u* ),
rrityand vy, so that s*(1), g*(), r*{1), and
v*{{) are a ~oluiion of the canonical system

733

2y Tt (), vy, stu), gty utllyy
<HAev (), vy, s Uy, q* (), uj for all
t;

3) cquations (5, (G), (7, and (8) satisfy
all the boundary  conditions, i,
given initial state, final constraints,
and the transversality conditions.

The Hamiltonian for the problem is

Hir, v, q, s, u)

t ()
= [1 4-qTv 4 sT (— fg—{ a(f) u)} )
r 1"

The equations for the costates are

§ = - q (1)
(:( = r{—3ur 'rTs) - slur %), (11

Minimizing 71 with respeet to u(l) requires
that

uily = — Nuys(t) a2

where A () 13 some positive-valued function.
Since the magnitude of a{f) is arbitrary, let
K1) < 1. Substituting (12) into (10) o (11)
results in
. uu 3ulrTur
u = - R B (13)
’] I'n

The problem, therefore, reduces simiply
to solving (1) and (2) together with {13), and
satistving appropricite boundary conditions.
The preceding formulation has appeared in
the literature before and most recently 1t
was reported by Brown and Johnson.?

It is well known that the necessiary con-
ditions furnished by the minimum principie
arce local in nature, te., the set of controls
which satisfy all the necessary conditions
will comsist of both locally time optimal con-
trols and globally time aptimal controls,

However, it has been observed that, if
mstead of mintmizing the Hamiltonian, the
Iamiltonian is maximized, the resultivg ox-
pression of u will bhe the come as (13), Thaa
15, cetting w(f) = --s00) and substituting ull)
for s(tyin (10) and (11) again yields (13,

The solution of the boundary  value
problem deseribed by (1), (2), and (135,
therefore, can be a locallv minimum, a glo-
bally minimum, or a Jocadly maxininm time
solution. The globally maximum time solu-
tion 1s meaningless,

A rocket hght to apolar orbit was con-
sidered. Thrust mass data and initial and
terminal conditions were obtained from the

. alf . . . X .

{0y = | ==, v, sH ), gt i, utily 5
as

s all . i N .

v = | o e, v (0, 8T, gt (), U"\/))J (0)
‘q
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