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Two-Dimensional ‘‘Circle Criterion”’
on the Parameter Plane

Abstract—A graphical procedure using
parameter plane theory is given for studying
the stability of systems consisting of a linear
time-invariant subsystem with two feedback
time-varying gains.

In a previous paper [1], a graphical in-
terpretation is given of the well-known
“circle criterion” [2], [3] on the parameter
plane for the case when one nonlinearity is
involved. The advantage of the parameter
plane approach for this case is that the in-
fluence of system parameters other than
loop gain may be considered in a straight-
forward manner. However, for the case
when only the effects of variation of the loop
gain bounds are of interest, the standard
graphical interpretation on the complex
plane is the most straightforward.

This correspondence gives a parameter
plane interpretation of the circle criterion for
the ease when two time-varying gains are
involved [3] and the effect of any one of the
system parameters is to be determined.
For this case, a complex plane approach is
not evident,.

The two-dimensional circle criterion is
now stated as a special case of the multidi-
mensional criterion in [3].

Stability Criterion: Consider a system §
consisting of a linear time-invariant finite-
dimensional subsystem W with feedback
time-varying gains K. Consider also that
the 2 X 2 transfer function matrix W(s) of
W has the property that W(®) = 0, and
that the bounds of the gains K are — K, and
—K: with K; and K, diagonal 2 X 2
matrices and (K; — K,) nonnegative defi-
nite. Then if a diagonal positive definite
2 X 2 matrix A can be chosen such that

Z(s) = A(K; — Kp)™!
+ AW + KW ()] (1)

is positive real, then the system is stable in
the sense of Liapunov.

For the case when W(s)[I + K.W(s)]lis
asymptotically stable, the requirement that
Z(s), given by (1), be positive real reduces
to simply requiring that [Z(jw) + ZT{—jw)]
be nonnegative definite for all real . For a
2 X 2 matrix this is equivalent to requiring
that the diagonal elements and the deter-
minant of [Z(jw) + Z7(—jw)] be nonnega-
tive for alt w.

For the case when Z(- ) is a function of two
parameters a and 8 (as well as of s), non-
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negativity of the various terms may be
checked on an of plane diagram [1]. An ex-
ample is now considered to illustrate the
application of the theory.

Ezample: Consider the single-loop system
of Fig. 1 consisting of stable transfer func-
tions Wi(s) and Wy(s) and time-varying
gains bounded by [0, k] and [0, k2] as indi-
cated. This system rearranged to be in the
standard form for the application of the mul-
tidimensional circle ecriterion is given in
Fig. 2.

The matrices W(s), K;, and K, of the
circle criterion statement are readily identi-
fied as

4 _ 0 Wa(s)
e = [ T

Ky = | b 0] K= 0

and without loss of generality an 4 matrix
may be chosen as diag{a,a~!}, where a is a
positive constant. This means that [Z(s) +
ZT(—s)] may be written as

@

Zo) A A=) = [é‘v‘v‘;—‘:';y: a

Since Wi(s) and Wa(s) are asymptotically
stable, for this example the condition that
Z(s) + ZT(—s) be positive real {see (1)] re-
duces to simply requiring that D = det
[Z(jw) + ZT(~jw)] 2 0 for all real o.
That is, we require that R(a%w) > 0 for
some a?and all real w, where

) = 4(kiky) a2
— [aWi(—jw) — Wa(jw)]
HaWi(Gw) — Wa(—jw)]. (4)

a’D{a%w

This criterion may be considered on a
parameter plane diagram as the following
indicates.

Using the notation R(w) and I1(w) [Ry(w)
and /»(w)] to denote the real and imaginary
parts of W, (ju)[W:(jw)] and identifying the
parameter plane coordinates « and 8 as

B = (kiky)™! (5)

a = q?

-1 l(b) Zkzg_lll 1



CORRESPONDENCE

the expression for aD(a%w) may be written
as

aD(a,Bw) = 4af — {[aRl(w) — Ry(w)]?
+ [ali(w) + Ix(w)]?}. “(6)

Differentiating the preceding with respect to
« and using primes to denote this differen-
tiation gives

aD(fw) = —2[aRi(w) — Raw)]
[aR) (@) — Re'()]
— 2[ali(w) + w)]
[al@) + B'@). ()

The envelope in the o8 plane of the con-
tours aD{a,B,w) = 0 with w as parameter is
given as the solution of

al)(ayﬂyw) = 0’ aDI(ayﬁ;w) =0 (8)

for w € [0, @ ). These curves may be shaded
according to the sign of the Jacobian

aD oD’
15"

and the region in the o plane for which
aD > 0 is thereby indicated (see [1] for the
full theory). Thus it is possible to determine
the minimum g (maximum kjikis) for which
aD > 0 or, equivalently, for which the sys-
tem of Fig. is stable.

In Fig. 3, the envelope curves are plotted
and shaded when Wi(s) and Wy(s) are

1 b

Wi(s) = —L — W) = — 2
©=sxr "9y

)

and b is a parameter which is varied. From
Fig. 3 for the case b = 1, for example, the
maximum loop gain kuki. for which stability
is guaranteed is kuk; = 2.9. It is interesting
to compare this result with that obtained
using the one-dimensional circle criterion
when the two time-varying gains are lumped
together. For this case the maximum (kyik12)
for which stability is guaranteed is (knki)
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= 4.0. Again, a comparison may be made
for the case when the gains ky and k&2 are
time invariant; for this case max (knkp)
= 8.0.
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