
Reprinted by permission from IEEE TRANSACTIONS ON AUTOMATIC CONTROL

Vol. AC-14, No. 1, February 1969
pp. 108-109

Copyright 1969 by tbe Institute of Electrical and Electronics Engineers, Inc.
Printed in the U. S. A.

Two-Dimensional “Circle Criterion”
on the Parameter Plane

Abstract-A graphicrd procedure using
parameter plane theory is given for studying
the stability of systems consisting of a linear
tim&nvariant subsystem with two feedback
time-varying gains.

In a previous paper [1], a graphical in-
terpretation is given of the well-known
“circle criterion” [2], [3] on the parameter
plane for the csse when one nonlinearity is
involved. The advantage of the parameter
plane approach for this case is that the in-
fluence of system parameters other than
loop gain may be considered in a straighti
forward manner. However, for the case
when only the effects of variation of the loop
gain bounds are of interest, the standard
graphical interpretation on the complex
plane is the most straightforward.

This correspondence gives a parameter
plane interpretation of the circle criterion for
the case when two time-varying gains are
involved [3] and the effect of any one of the
system parameters is to be determined.
For this cs.s,e, a complex plane approach is
not evident.

The two-dimensional circle criterion is
now stated M a special csse of the multidi-
mensional criterion in [3].

Stability Criterion: Consider a system S
consisting of a linear tim~invariant finite-
dimensional subsystem W with feedback
time-varying gains K. Consider also that
the 2 X 2 transfer function matrix W(s) of
W has the property that W’(M) = (), and
that the hounds of the gains K are – KY and
–K, with K, and K, diagonal 2 X 2
matrices and (K, — K*) nonnegative defi-
11ite. Then if a diagonal positive definite
2 X 2 matrix .4 can be chosen such that

Z(s) = A(K, – A-,)-I

+ AW’(S)[Z + K, W’(.S)] ‘1 (1)

is positive real, the]l the system is stable in
the sense of Liap(mov.

For the case when W(s) [1 + K, W(.S)]” is

asymptotically stable, tbe requirement that
Z(s), given by (1), be positive real reduces
to simply requiring that [Z(jQ) + Z~( –ja)]
be nonnegative definite for all real u. For a
2 X 2 matrix this is equivalent to requiring
that tbe diagonal elements and the deter-
minant of [Z(jc.r) + Zr( —ju)] be nonnega-
tive for all W.

For the case when 2(. ) is a function of two
parameters a and /3 (as well as of s), non-
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negativity of the various terms may be
checked on an C@ plane diagram [1]. An ex-
ample is IIOW considered to illustrate tbe
application of the theory.

Example: Consider the single-loop system
of Fig. 1 consisting of stable transfer func-
tions WI(s) and W,(s) and timevarying
gaios boonded by [0, k,,] and [0, )cu] as indi-
cated. This system rearranged to be in the
standard form for tbe application of the mul-
tidimensional circle criterion is given in
Fig. 2.

The luatriccs W(s), Ii-,, and K, of the
rirc]e t,riterion statement are readily identif-
ied J,

[
II’(s) = 0 w,(s)

– w,(s) 1
“= K“i],‘2=0’‘2)

and withmlt IWWof generality an .4 matrix
may be chosen as diag{a, a–1 j, where a is a
positive constant. This means that [Z(s) +
Z~( –s)] may be written as

Since W“,(s) and W,(s) are asymptot it:!lly
stable, for this example the col]dit it)]] Ihat
Z(s) + Z~( –s) be positive real [see ( I)] re-
duces to simply requiring that D = ~lt,t
[Z(jcJ) + Z~(–jcO)~ > 0 for all real 0.
‘l’hat is, we require that R(a’,w) > () f, II
some az and all real co,where

a2D(a2,~) = 4(lc1k2)-1a2

– [a’w,( –jr) – W,(ju)]

[a’w,(jcd)– W,(–jcd)].(4)

This criterion may be considered 1)11 :L
parameter plane diagram as the follow i]IK
indicates.

Using the notation R,(u) and II(u) [RI(u)
and I*(w)] to denote the real and imagil Iary
parts of W,(ju)[Wz(jw)] and identifying the
parameter plane coordinates a and @ as

~=az @ = (k,k,)-’ (5)

z(s) + z~(–s) =
[

2k,, “a :aW1(s) – a–1iJ”2(–.s). . . . . . . . . . . . . . . . . . . . . . . . . . 1:------------_________. (:;)
aW, (—s) — a–1W2(s):m2k22– la–1



CORRESPONDENCE

the expression for aD(a2,co) may be written
as

rrD(a,(3,m) = 4a19 — ([aRI(co) — R2(@)12

+[cYT,(w )+I,(w)]’}. “(6)

Differentiating the preceding with respect to
u and using primes to denote this differen-
tiation gives

r2D’(a,f?,ul) = –2[aR, (ar) — R*(Lo)]
.[a’(w) – R,’(u)]
– 2[aI,(@)+ 1,(0)]
[rrz,’(@)+ 1,’(0)]. (7)

The envelope in the C@ plane of the con-
tours aD(a,@) = O withu as parameter is
given as the solution of

aD(a,j3,@) = o, (xD’(a,p,cd) = o (8)

foro G [O,m). These cnrvw maybe shaded
according to the sign of the Jacobian

‘(:D;D’)
and the region in the ap plane for which
aD > Ois thereby indicated (see [1] for the
full theory). Thus it is possible to determine
theminimurn~ (maximum k,lk,,) for which
aD > 0 or, equivalently, for which the sys-
tem of Fig. is stable.

In Fig. 3, the envelope curves are plotted
and shaded when Wl(.s) and Wz(s) are

W](s) = -J–
(s + l)”

w,(s) = —b – (!))
(s + b)

and b is a parameter which is varied. From
Fig. 3forthecaseb = 1, for example, the
maximumloopg ain ?c,,k,~for which stability
isg,,aranteed iskllklj = 2.9. It is interesting
to compare this result with that obtained
(Ising the one-dimensional circle criterion
when the two timevarying gains are lumped
together. For this cme the maximum (kllk,,)
for which stability is guaranteed is (Ic,,kl,)
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= 4.o. Again, a comparison may be made
for the case when the gains kU and klz am
time invariant; for this case max (k,lk,, )
——
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