CORRESPONDENCE

Lyapunov Function Construction
for a Class of Discrete
Time-Varying Systems

Abstract—The construction of Lyapunov
functions for discrete systems which may be
arranged in the form of a linear, time-vary-
ing subsystem with feedback memoryless
nonlinearities is considered. The results
constitute a generalization of Popov’s
stability theory.

This correspondence conziders the appli-
cation of a recent optimal control theory
result [1] to give a method of constructing
Lyapunov functions for diserete systems
which may be arranged in the form of a
linear time-varying subsystem with feed-
back memoryless nonlinearities. The corre-
sponding continnous-time  problem  has
bheen considered in [2]. Previous stability
results for diserete systems have been re-
strieted to the case when the lineav sub-
system is time invariant (see [3], [1]).

Conzider the =vsfem having state equa-
tions

olh 4 1) = Fiyed) + Gb) ¢ly(h)]
y(hy = H'(ke(l)

where [k} is the indexing set, y(-) is the
system output, ¢(y(h)] is an ath order
diagonal matrix representing the n memory-
lesx nonlinearities, and (), Gi-), and H(-)
are the system matvices. Conzider now as g
tentative Lyapunov function the function

Vik)y = 2Pk — Da(k)
y(k)
+ Qf @' ($YB(kYds (2)
0

where P(. ) is the limit

Py = lim
()
[,

Pklse). 3)

The value IP(-) s the solution of the Riecati
difference equation

Pl — 1) =p 2F'PF 4+ (C — p7U'PqG)
SR 4 — pG A )T
O — pT PG 1)
+ uBFHUE + 1) = H)
SFTHO 4+ ) — HY,
Pikr)y = el
where
R o= 21K 4+ 2BH(F + 1)
— uBGH U + DIk + 1)G (5)
C=HA - B+ FHE+ OB
— uBFHk + 1) = HH'(k + DG (6)

Aanuseript received February 25, 1969, This
research was supported by the Australian Re-
search Grants Committee.

with g and e positive constants and 0 < p <
1. The matrices 13, A4, and K are nth-order
diagonal matrices. Where indexes are omit-
ted the index (&) is understood.

We now examine AV £ V() — Vik+ 1)

AV = 2P = (k)
— 'k + DPUetk + 1)
k)
+ 2f &' (B ds

0
ylk-b 1)

- 2f ¢'($)Bk + 1) ds. (7)
0

Substituting (1), (3), and (4), and rearrang-
ing the integral terms gives

AV = (p= — L'F'PFr — ¢'G'PGe

+ 20K PGy + lim 1’ (" — o2 PQ)

e
SR = pTAGPGHT!
(O = p PG Yx 4 'y FH
b4+ 1) = H} [F'H(k+ 1) — H]|'x

ylk+1)
+- 2f o' (s I(R)
0
— Bk + 1) ds
y(k)
+ 2 f ¢ (sIBLR) ds. (8)
y(h+1)

The second integral term may be expanded
using the mean value theorem as (see [3])

fu(k)

2

y(k+1)
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= uBlyth) — yk + DY
s yh)y =yt + 1))
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(9a)
for some pozitive

P
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Rad I
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Using (1), (3), (5), (6), and (9), the expres-
<ion (%) for AV may be manipulated and
expressed as

AV 2 lim [(R — p G PG 4 el )?
e—0
fym>

O = PG — )
AR = p M PG A+ )
SR = pGPG )
O = PG — ¢

+ 2A¢'(y — FTe)

yle+1)
+ 2f ()
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S B — pBk 4 )] ds

+ (p72 = LV + 1). (10)

Cleavly provided that

a)  lim  [R 4 e — p2G'PG) >0

e—0
Kj—>

by Ak > 0,
@) KUy k) > ' glythy] > 0

Bk) 2 o728tk + 1)y >0

for all &, V() as defined in (2) will be «
Lyapunov function and Vb 4+ 1y < ptldds,
That is, the system ix exponentially asvnip-
totically stable. Certainly ¢) will be satisfied
for xome sector bound K-y for any menmory -
lexs nonlinearity, b) will be satisfied with an
appropriate choice of A(-) and B+, and
a) will be satisfied provided that xee 1)

2k D) = 172020080 — 1)
+ pC bR 4+ DGO — [ 1)

is a passive impulze response. By this iz
meant that {2tk ) + 2"tLA)) 15 a covarianee
function.) Note that &+, ) is the transition
matrix of system (1), 8(+) ix the unit delta
function, and I(-) the unit step function.

Now using (3), (6), and LDy, s/, 70 mmy
be written in terms of the impulse response
wit,r) = H'(Rel + DG — 1 2y
as
by = pP A KBk — )+ ptt - 1

(kD 4 piBetk + Lo

+ pBwlhk + LI — 1

— puBw’th 4 L)tk -+ 1.0

— w(kD) + puth 4+ 1k, RS

The stability criterion that zih /i, given
by (13), be passive reduces to the well-
known Popov eriterton for diserete sy~tems
(see [3], DL It s elear there is no =traight-
forward method of testing this criterion fin
the preceding general case other than 1o
solve the Riceati equation and cheek tha
(9) 1s =atisfied.
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