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A Simple Convergent Algorithm for Rapid Solution
of Polynomial Equations

Abstract—Extensions to a straightforward, always convergent
method for solving polynomial equations given in a previous paper
are considered. The extensions consist of additional simple calcula-
tions and logic instructions which considerably improve convergence
rate for the cases when multiple roots exist or when roots are close
together. It is believed that in terms of simplicity and convergence
properties, the approach is more efficient than presently available
methods.

Index Terms—Polynomial equations, roots of polynomial equa-
tions, zeros of polynomials.

This correspondence considers an extension to the aliv:~>s (, ),-

vergcnt methods for solvinz polynomial equations given in [1 ].1 ‘111(

extension consists of but a few simple calculatiol)s and Iogi(. i[l+l trlt(

tions. These extra calculations are not used !vhen con~ cr{c,lli (, i.

rapid but are used to accelerate conver~ence if the con\-rr~c)l(.c i.
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slow due to the existence of mLiltiple roots or clusters of roots close

together.

The approach Llsed ii] [1 ] is no\v briefly revie\ved, Conside[- the

entire function ~(s) of the complex Variable c = x + iy with real part

ZL(Y,y) and imaginary part ZI(Z, y). I n the nei~hborhood of a simple

zero of ~(z), the equations
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may be used to calcLll:Lte approxim.Ltely the distances At and Ay ill

the x and y directions from a point in the neighborhood of j“(z) to the

zero of j(z). SLlccessive application of (1) in the re~ion of a siniple
zero off(z) for the c:tse Ivhen u, %’,ih/13x, and dz,/dx ,Ire readily c. LlcLl-

Iatecl gives rapid convergence to the zero Ioc.ltion.

It is observed that the direction of each iteration is

\vhich is in fact the direction of steepest descent of the function
~~(z) I . It is f~lrther observed th:it Ij(z) I s:Ltisfies the follo\\-iIL~ proper-

ties:

1) If(z) I is nonnegative;

2) the derivatives ~/ik.lj(z)] :LILCfd/ity~j(z) ~ exist;

3) the zeros of If(z) I are located at the zeros ofj(z);

4) these zeros are the only minima of If(z) ~

(The fourth property is readily proved L1sin~ the maximum modulus

theorem. ) I t is concluded that if an iterative process Llsill~ (1) is

adopted even when the initial approxinmtion is not in the rexion of :1

zero of j(z), the convergence to a zero loc:Lt ion of j(z) may be gLlaran -

teed simply by monitoring ~(z) at each iteration aLld then proceeding

as follows. If ]~(z) [ is reduced, proceed with a further application of

(l); if I,f(z)] is not redLiced, reduce the step size ~iven by (1) (bLlt not

cha IL~ing the step direction) until I,f(z) I is decreased, then proceed
\vith a further application of (l).

Extension: [Ye first obscr\-e that ~vhen any of the successive

approximations ,are ilL the vicinity of nLLLltiple roots (saddle poilLts

of j(z) ~) the conver~ellce r.lte of the method of [1 ] can bc rolLsidcr-

ably improved by incrcasinx (decreasilLK) the step size tal<elL :IS

calctLlated using (1). One simple W(IY of adjLlstin~ the step size sys-

tenl<Ltically is to mLlltil]ly A.v an(l Ay Ily ii scale factorc(l \\ ith the f(Jl-

lo~ring properties. The factor .S is initially uLlity and is also u]Lity

\vhcn conver~ing tcmw-ds a simple zero of the polynomi,d. It is :L

fraction when the zero approximation is in it saddle poi!Lt re~ion of

]~(z)l , and is 2,3, 4, etc. \vhen converging to\vards a mLlltiple zero

of j(s). (The :LctLlal rLlle adopted for the modif Lct~tlon of .S 1s as fol-
. .

]o\I’s, The factor .S is redLlced to onc-(lLl.~rter of its m.lgl]itLlde if
~j(s) ~ is i,lcreased :Lt any itcr:lti(lll, ;ln(l this is rel)e,ltc(] Llnti{ jj’(s) ~ i>

dccrcased in magnitude. For the c:Lse when ]~(z) ] is lLOt redLlced by

a factor chosen as (0.15 +0. 1.S) at each iLeration, .S is ilLcre:Lsed de-

pending OLIits vaiLle. If ~ is less than one-qLlartcr then it is doLLbiecf,

if S is bet~reen one-o u:Lrter and u]Lity thelL it is set to units, and if

it i> cquLL] to or grL!ater than LLnity theIL it is illCrCJ>Cd by Unity.

.Lrc. uf the aalllc order as thusc for sy]lthctic cfi\,isioil mcthod~ +LIch .1.

.Ye\\ tom Bairstow’s methocl or I.in’s nleth(]d. The lm)gr-till llL> I)ce]i

LISCCIfor finding the zeros of many Ixllyn(jnli.11> (llL(~>tiy :LIx)L1ltcll(h
(jrder) including those ~~-ith I1lL1]til)le r(x)ts (Lip tu sixth (~r(lc]-) .LI)d

tho>c \\-ith malLy roots close tf)getbcr. I:or the more str:~i~lltf(lt-\\.~rcl

C,LSCSc:Lch zero is foun(i to \vithin the aCCUL-iLCy of the L’otlII)Llter ilL

aix)Llt six itc>r:Lti~lns or [c%. F[)r the less strai~h Lfor\v, Lr(i GL,C> ,Limlll
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Fig. 1, Flotv diagram.

III collc]usion, it is believed that in terms of silnulicitv al]d COIG

than pl-c.clltly av,~il,lhle llletho(l~-.tltht)(l;ll the 1)1-(~l)lcm [,f ill-

con(lItIoI1lILx reln,~lns, l\’e note fllrther th:~t the Tllcth[)(l i. ,lI,l]li-
cablc to findins zeros of polynoLnial> \vith coIILplex coefficient> .IIId of

;Lll;Ll~-tic tra!lscende]ltal furrct ions i[lvolvill:< polyllomi, tls.
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ten iterations are req Llirefl, find in n{) instance have more th,Ln fOLlr-

tccn iterations been required. This rep[-c>cIL15 a cwn\i(lerable improve-

n]ent over the metho(l of [] ],


