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Tolerance of Non-linearities in Relay Systems*

To16rance aux non-lin6arit& clans les syst~mes &relais

Toleranzen von Nichtlinearitaten in Relaissystemen

~pkieMJIeMOCTb HWIHH&iHOCT&i B pW&HbIX CHCT3MfiX

P. MOYLAN~ and J. MOORET

Sununary-lt is shown that a nominally linear system with
relay feedback is insensitive to unintentional time-variable
gains or non-linearities in the input transducers when the
relay is chattering.

THIS note considers the stability properties of relay systems
having the structure indicated in Fig. 1 and the state equa-
tions

i = F.x + g~[sgn(k’x), t]sgn(k’x) (1)
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where /3[sgn(k’x), t] represents a non-linearity. Using the
notation B+=f?(l. 0 and /?- =M- 1. t), the class of non-
linearities” consider&1 are those which ~tisfy

fl+ and p- are continuous in

and

f?+>cl>o; j?->c, >o

t (2a)

(2b)

for some positive constants c1 and CZ. Clearly the conditions
(2) will be satisfied for most non-linearities which occur
in pmctice.

First we show, using the ideas of ANDRE and SEIBERT[1],
that when the relay is in its chattering mode, the chattering
motion is given by the linear state equations

2= ()F–g~ X; X(to)=xo (3)
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where the initial state xo is of course in the hyperplane
k’x=O as are the trajectonea given by Eq. (3). The signifi-
cance of this result is that it is precisely the same equation
of motion as occurs for the chattering mode of the relay
system when the non-linearity /3 is replaced by an arbitrary
linear gain element (see Ref. [1]). This means that the stabil-
ity properties of Eq. (1) are largely independent of/), as the
note goes on to show.

It is well known [2] that nmesaary conditions for stability
near the origin are that k’g~+ <0 and k’g~- <0, and that a
necmaary condition for chattering is that —lk’g/?-l < k’Fx <
lk’g/?+l. From Eq. (2), it follows that the existence of a chat-
tering regime is independent of ~; note, however, that the
extent of this regime does depend on ~. These conditions
will be assumed to hold, and in particular we first consider
the spezial case k’g <0. For this case it is neaasary to
assume, as in [1], that associated with the relay is a small
time delay.

The trajectory of the system when the relay is chattering
is shown in Fig. 2. If the relay has a time delay 7, then the

k’x>o

&k’x’O
Fm. 2,

state equation is i(t)= Fx(t)+g8[sgn (k’x(t– ?)), tlSgXI
(k’x(r-t)). In the notation of Fig. 2, let

xl = x(tJ ; X2=x(t~+Z) ; X3=x(?i +At)

where obviously At> r. In the interval [t], II +z], the relay
output is – 1, $0 that

x2=x1 +z(Fx–g/!Y-)+O(t2).

In the interval [(1+7, tl + At], the control has the value
+1, so we now have

Xq=X2+ (At– T)(FX +g/3+)+O(t2)

=Xl +At(Fx+g~+)–@+ +f?-)+o(zz) .

Multiplying this equation by k’ gives

O= At(k’Fx + k’gfl+) –tk’g(jl+ +P-) +0(?2)

or
r k’Fx + k’g/9+

iii=k’g(fl++f)
+qt) .
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Now from above

x~—x~ k’Fx+ Ic’gp+ O( ~

—= Fx+gp+ –g(p+ +p-)k,g(B++p_)+ T

At

=Fx–g
k’F
—x + o(t) .
K’a

Clearly as r+O, tie system trajectory approaches arbit-
rarily close to the trajectory defined by Eq. (3). This means
that if the feedback gain k is chosen so that Eq. (3) is asymp-
totically stable on the hyperplane k’x =0, then the original
system (1) is asymptotically stable in its chattering mode for
arbitrary ~ satisfying Eq. (2). The theory of relay systems,
see for example [2], now gives the result that since system (1)
is asymptotically stable in its chattering mode it is also
asymptotically stable for all sufficiently small initial states.

We conclude that in order to ensure (at least) local
asymptotic stability and chattering mode asymptotic
stability the feedback gain k may be chosen independently
of the non-linearity ~.

Consider now the case when k’g=O. From a result of
ANOSOV[3], it appears that a necessary condition for stability
in this case is k’Fg <0, so we consider only this condition.
The result is then as follows: there is no “chattering”, in
the sense of Ref. [1], but all trajectories suitably close to
the origin eventually approach arbitrarily close to the hyper-
plane /c’x=k’Fx=O, and the effective trajectory is then
given by

(),=&gk’F2 x

~~ “ (4)

The result is derived as follows. The theory of [1] is
sufficient to show that in this case the state trajectory near
the switching line is as in Fig. 3, i.e. it spirafs around the
intersection of the two hyperplanes k’x =0 and k’Fx = O.

k’Fx:O

k’Fx>O

/

k’Fx<O

X3

k’x>O

X2
k’x, o

k’x<O

FIG. 3.
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Also, the switching is regular [1] and so it is unnecessary 10
assume any time delay. In the notation of Fig. 3, then,

.Y2=x1+712(Fx –g/r)+o(T132)

and

X3= X2+(T13– TIJ(FX+gfl+) +()(T132)

where T12and ~13are the times taken to go from x1 to X2and
X3 respectively. These eq uat ions may be solved, as before,
to give

whence the result is obvious.
Moreover, from Ref. [1] or [2], local asymptotic stability

follows if chattering occurs (i.e. k’Fg/3< O) and if the chat-
tering trajectories are asymptotically stable. These condi-
tions are independent of /3, provided only that Eq.(2) holds.
It should be noted, however, that the region of local asymp-
totic stability does depend on ~.

In the design of relay feedback systems that are at least
locally asymptotically stable, the choice of k is governed by
the requirement that k’g <0 (or k’Fg < O) and that the
coefficient matrices of Eqs. (3) or (4) have (n – 1) or (n – 2)
eigenvalues with negative real parts. (It is easily shown, sw
Ref. [2], that the other eigenvalues are zero.) The significance
of the present theory is that it shows that a controller design
can be carried out with little or no knowledge of any un-
intentional non-linearities at the system input. The results
also hold for a large class of input disturbances, since these
may in many cases be included in the non-linearity ~.
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R6ssnn6-11 est montr6 qu’un systeme nominalement lin.%ire
avec reaction & relais est insensible aux variations acciden-
telles des gains dam le temps ou aux non-lin6arit& clans les
capteurs d’entrte lorsque Ie relais vibre.

Zusamrnenfassung-Gezeigt wird, daB ein nominell lineares
System mit Relais-Riickfuhrung unempfindlich ist gegeniiber
unabsichtlicher zeitvariabler Verstarkung oder Nicht-
linearitaten in den Eingangswandlem, wenn das Relais
prellt.

PCWOM~~OKa3bIJ3QeTCfl VTO Ho~amro-mmeWrax
C3iCTeMaC pelIetiHOti 06paTHOii CBrS3bS0He~yBCTBHTeJ@HaK
CJry%diHb2M 3i3MeHeHKRMnO BpeMeHH K03@@weHTOB
yCH@- HMi K HeJSHHeiiHC&TflMB BXOxHblX gaT~aX
Korna pene BH6pHpyeT.
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