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Fig. 3. Compensator parameters for system of Example 2 using circle criterion.

and the sector of nonlincarity be (0.1, 5], It was proposed to introduce
into the system a PID controller of the form given by (1). Also, it was
desired to compare the designed PID compensator parameter pairs with
those using a proportional plus integral (P1) control action.

The circle criterion was applied to the system of (10) with a PID con-
troller included. For a PI action, the time constant ratio T,'T; was sct
equal to zero, thus eliminating the derivative action from the controller.
Fig. 3 shows the design results.

DiscussioNn AND CONCLUSIONS

Compensator design results for a PID controller have been presented
using bath the analog simulation and a digital computer algorithm based
on the circle criterion. Several T,/ T; ratios were used for the study. It was
noted that at lower T, values the allowable compensator gain increased
as Tpincreased. However, at higher values of T, due to the crossover and
parameter coupling effects in the PID controller, the reverse was true.
Analog simulation for a specific nonlincarity located in a sector yielded
an allowable gain much higher than that obtained by the application of
the circle criterion.

Thederivativeaction was found to have a marked influence on the overall
system gain. The interaction effects in the PID controller appeared much
later. as exhibited by a decrease in gain at higher 7 values. Also. bevond
the crossover point, higher allowable gains were obtained at fower T, T,
ratios than at higher such ratios. Thus higher overall system gains would
resultif ina PID controller the Ty, T, ratio were small (preferably less than
0.25) and the operating T, value fell in a range below the crossover point.
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Three-Term Controller Parameter Selection Using
Suboptimal Regulator Theory

Abstrace—The classical problem of parameter sclection of three-term
controllers within the framework of suboptimal linear regulator theory
is viewed. Iterative techniques are used to determine the controller para-
meters so that the e..\pccted value of a quadratic loss type performance index
is minimized, with the initial states of the system a random variabie uni-
formly distributed over a unit sphere.

We consider single-input single-output linear time-invariant plants
having state equations ’

X = Fx + gu, x{ty) given

y=Hhx ()

The control u is assumed to be the output of a three-term controller with
input y and is thus of the form

u =k, [ ydt + kyy + kyy (2)

0

where &k, , k,. ky are the parameters of the three-term controlier.

Certainly, there is a varicty of classical controf design methods available
[1] which enable a selection of parameters (k. k. k) to be made for any
particular application. The purpose of this correspondence is to point out
that this classical problem of selection {k,, k,.ky) may be solved using
algorithms developed within the context of modern control. This 1s not a
surprising result. However, the nontrivial nature of the problem when
phrased in optimal control theory terms is surprising.

As a first step, we express the control law (2) as a state feedback law
using (1). From (1) we have thas

y="hx,

y=HhFx + hgu, §j=HhFIx + WFgu + h'gu

which means that (2), when differentiated, may be written as
(1 = kg — (kyWF? + kW' F + kyh)x — (kyhFg + kyhig)u = 0.
Using the notation k as a normalization of k as folfows:
ko= [k k kY = (1 = kyh'g) ™ 'k koky) (3
or

where ¢ is a scalar. This control law may be written as
=k Fho (F@h'x + K10 gh g Fhlu 4
Equation (4} is an “output” feedback law in the sense that constrained

stite feedback is used.

Manuseript recened June 3, 1970 revised August 10, 1970, This work was supported
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TECHNICAL NOTES AND CORRESPONDENCE

We now observe that this law is nothing other than a state feedback
law for the system (1) augmented with an integrator at its input {2]. That
is, (4) may be written as

where

[h F'h
k, =

Fy4
( '] k =Tk (5)
0 gh

gFh
The augmented system equittions arc given from (1) and (5) as

%, = F,x, + g.u, (6)

F g 0
F, = D B = . (7)
0 0 1.

So far, all we have done is to show how the three-term controller can be
viewed as a state-variable feedback law lor the original system augmented
with an integrator at its input. If the gain clements K &k, k4 of a three-
term controller are specified. then k may be calculated using (3), and the
state feedback gain k, for the augmented system (7) can be calculated
using (5). ]

The three-term controller problem becomes an optimal problem once a
performance index {or the augmented system (6) is defined. A convenient
index to use (3] is simply

where

V=1tr[P]

where
P = J. exp ((F, + g kVel(Q + kh)exp [(F, + gk, de
o

for some positive-definite symmetric Q. The three parameters ky, k. &,
may be adjusted in some systematic way until this index is minimtzed. (An
interpretation of the index is that = E 2 (x,0x, + ul)di, where xit,)
is a random variable uniformly distributed on the unit sphere, ie.,
Elxtg)xX'(t)] = (I/ml, where E denotes expected value and nois the
dimension of the state vector.) It can be shown that

—_~

L :
— = cl M cIKk +
dk 1< 8a

where P satisfies
PUF, + cgk'T) + (F, + g kT'YP + Q + *ThK'T =0
and M satisfics
MUF, + cg k'T) + (F, + cg k'TYM + 1 =0.

This information can be used in a gradient procedure to converge to the
optimum K*.
For the case when

0 1 0 0]
F=]0 0 11 g*:'()‘

0 -9 -10 \JJ
0 =1

the optimal feedback law has been calculated to be

K=[1 0 0

k=021,

ky =221

2

k= 138,

The minimum index is V* = 7.64. (This may be compared to the value
V* = 6.31, which is achieved by the augmented system with no consiraints
on k,--the standard regulator case. See {4 for the case when the three-
term controller is the standard optimum controller for the augmented
system.) The system response is shown i Fig. 1.
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Fig. 1. System response for subopuimally designed three-term controlier

It is somewhat surprising that so much theory is necessary in order to
“‘optimally™ scicct the parameters of a three-term controller. particulariy
since in practice three-term controller parameters are often selected for
quite complex systems with very little effort and quite good resulfs [1].
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Redundancy in Linear Optimum Regulator Problem

Abstract—The optimum linear regulator problem is the determination of
the input to X - v 4 G that minimizes j,; Oy wlude and the
well-hnown solution is 8 feedback law o — K7y It is known that the
problem statement is redundant, in that distinct matrices (), and (), can
vield the same feedback law A. Such matrices are called equivalent, and
a simple test for equivalence is availabie for the single-input case. This note
generalizes the test to the multivariable case.

INTRODUCTION
Consider the lincar tme-invariant system
X = Fx + Gu (AR

where Fiasn x n, Gisnox om,and (F, Gy is controllable. The normalized
optimum regulator problem is the determination of the control tunction
uit} that minimizes the index

J = [. O 4 uude )

~0
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