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PI CONTROLLER (TOIO)
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F!g 3. Cc>m~nutor p~ramclcr5 (0rs>51cm o(t.x3mplc 2usbngctrclc crblerlon

and [hc sector of norriincari[y be [01,5]. 1[ was proposed [o in(rrrduce

into [hc sjstcm a PID cmrtrotlcr of (hc form gl$cn hy (l). Also. it was

deslrccf Iocomparc [hccfcsigncd PIDcom~nsa!or p,lr:lnlctcr palrswi~h

Ihosc using a proportional plus in[cgral (Pi) control action.

Thecirclecritcrion wasapplicd tothcsystcm of(l O) with a PID con-

troller included. For a PI action, the time constant ratio To’T, was set

equal to zero, thus cl!minattng the derivative aclion from [hc controller.

Fig. 3showsthedes!gn results.
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Compensator design results for a PID controller hale hccn prcscn[ed

using bc]th thcanalog sirnula(ion and a digital cor]]putcr: ilgc?rl(hm basml

on the clrclc critcrl on. Sc\cral 7D T, ratios were crscci for the study. 1( \\as

noicd Ill<it at lower T, $alucs Ihc allot~ able compcnw(c~r :.1111 lncrc<~icd

a$ To)rrcrcased. IIowcfcr. al higher t~lutsof 7,, due to the cro~soler and

paranwtcr coupl!ng cfTcc[s In the Plf) controller. the rc\cr\c uas true,

Analog slmul~tion fora spcc!fic nonlinearity located in a smlor )icldcd

an allow, tble gain much higher than Iha[ ohtaincd by [hc applica[lorr of

the circk criterion.

l}lcdcrl\:\tl\ c;ictlc~n \\iisfound totl:lvea m;\rhed irlflt)cncc (~nthco\eriill

\j\tcnl gain, The in{cractlon c(fccts in the PID conlrolicr appcorcd much

l,]tcr.ti~cxhlhltcd byudccrcasc in gain at higher 7; \aIucs. .Ilm. he>ond

the cr{>i~ovcr po]n!. higher ailowah[e pains wcrt ohtalncci a( Ic>wcr T,j TI

ratios than a{ hl:hcr such rfitios. Thus higher o$cr~ll s)stem g,iins would

result iflnfi l>ll>c~,rltrt>llcr(llc ‘T_n I, ra!io wcrcsm, ~il (prcfcr,~hl] Icssth,in

0.25) anci [heopcratlng Tl\; ilucfcllln,i r,tngcbclow tt)ccro\sc>\er pc}lnt.
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Three-Term Controller Parameter Selection Using

Suboi)timal Regulator Theory

.fb.srract-”lhe clrmical problem of parameter selection of three-term

controllers within tbe frame~ork of srrboptimal linear regulator theory

is viewed. Iterative techniques are used to determine the controller para-
.

meters so that the eipected value of a quadratic low type performance index

is minimized, with the initial statm of the systcm a random variabie rrni-

formly distributed over a unit sphere.

We consider single-input single-output linear time-invariant plants

having state equations

i = Fx + gU, x(to) given

y =h’.x, (1)

The control u is assumed to be (he output of a [hree-term controller with

input yand tsthusof the form

1 {=/(, rydf + k2y+L3: (2)
.0

whcrckl, k2, k3 are the parameters ofthc (hrce-lerrn controller.

Certainly, there is a variety ofcl::mical control dc,lgn methods alailablc

[1] wh,ch cn,blc a selection O( p:irameters [L,. k,. k,} (o be made for an>

part! culir ,IpplIc.ILIom Tbc purpow of [hl~ corrcsp{>ncicncc IS to po!nl out

that (his class ]c.il problcm of sclcctlon ~kl,kj,h,~ may hc sol\cd u\tng

olgorl!hms dc~clopcd \tithin the con!ext of modern control. TbJs is not a

surprjslng rc~ult. I[owclcr. the rlontrl~l,ll nature of the problem when

phrased in optimal con~rol theory !crms is surprising.

As a first step, we express the control law (2} as a s!ate feedback law

us]ng (l). From (l)we htive (hat

y = h’.x, j = h’Fx + h’gu, j =h’f-z.y + h’Fgu + h’gii

which nlcanstha~ (2), when dilTercntialed, may bcwritlcn as

(1 –k3h’g)rk–(k3h’F2 +k2h’F+k, h’)x –(k,h’Fg +klh’g)u=O.

lJsing the notation ~ as a norm~liz~oon of k as follows.

f’=[[, ~2i3j’ =(1 -k,h’g)-’[k,k,k,]’ (3 I

or

i =1’A’

~hcrc c is a scalar. “rbis control law rn.ly be \vrlttcn a.s

ri = [’[h F’h (F’12 h]’\ + ~’[0 g’h g’f’’h]’u (4)

Equal)(w) (4) 1} ill) “output”” fcccfb<!ck law in the sense [hat constrainwl

slate Iccdtlclch 1>Used

,
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We now observe that this law is nothing other than a slate feedback

law for the sys{em (1) augmented with an integrator at its input [2]. Tha!

is, (4) may be written as

where

u, = k;.x,

H.Y

u. = u, x. =
U

k. =

[ 1

‘1 “h ‘F’)’” ~ = T~.
O g’h g’F’h

(5)

The augmented system equ,ilions arc given from (1) and (5) as

,i. = Fo.ve + gaua (6)

where

(7)

So far. all wc h~ve done IS 10 SI1OWhow lhc three-{crm cnntrollcr can bc

klcwcd as n s[a(c-v~rr;iblc (ccJ/rtick l:iw [or (he original sjstcrn ougrncnlcd

wllhan Inlcgriilor J( i(f Inpul If [hc g~ln clcmcnls Al . /,2, L, of a thrcc -

term controller arc spccltied. then ~ m~y bc calculated us!ng (3), and [he

state feedback gain k. for the augmenlcd syslem (7) can be calculated

using (S).

The three-term controller problcm bccomcs an op!lmal problem once a

performance index for [he augmented system (6) is defined. A convenient

index to use [3] is simply

F’= Ir [P]

where

for some po~itivc.dctinitc symmetric Q. The tbrcc paramclcrs kl ,kl. k~

may bc acijuitcd in S(>MCsystcma(lc way until (l]]\ index is mlnimtzcd, (An

intcrprc(atlorr of the ]ndcx is ~hat P = Ej; LY:,Q.10 + IJ~) I/1, vhcre .r(/0)

is a random vamrblc uniformly dl$tribu!cd on the umt sphere. i.e.,

L5[.x(l(,).x’(fo)j = ( 1,’rl)l, where E dcno(cs c\pcctcd knluc and n is the

dlmcnslon of the state vector.) It can bc shown th~t

where P satisfies

P(FO + cgak’T’) + (Fa + cguk’T’)’P + Q + cz~hk’r’ = O

,\f(Fo + c~ak’7’) + (F-n + cgak’T’)”if + / = o

This information can & used in a gradlcnt proccciurc to converge to the

optimum K*.

For the case when

[1
Olo [I01

F= Ooi. ,r.=lo

o –9 -10 111

h’ = [1 O 0], @=/

the op~ln)al fccdhaci. law has been c,ilcultitcd 10 he

L, =0.21, k, = :21. A,= 1.3s

!,, ,: p,,:

h——————
/

It is somewhat surprising \hat so much thcorj li r)ccc~s,iry in order [n

“optimally’” SCICCIthe parameters of a lhrcc-term corrtrollcr. p.lrt!cui.irl>

since ]n pracxlce three-lcrm controller par.imetcrs .Irc often \clected [or

qu([c complex systcrns wl[h very IIIIJC clTort and quIIc gond rcwlts [1]
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Redundancy in Linear Optimum Rcgulatrsr Problcm

,flr$lruc-’l hc oplimum Iirrc;lr rc~ulator prnhlcrn is the rictcrmirr.lti,)n of

the inpu( (n i It T CJII tilal minimifc~ j,; ll(J! I ItltI 11!. :tnd the
well-krt{]wn w)luli!m i> n frcdbocti law I/ — A’l \ It is kno}}n 111:11the

prohlcm itxtcmcrrt is rtxluncfant. in (hilt distinct rnatrice~ ~~, and (~: u:ln

yield the s:lmc fccdbach iaw A. Such matrices arc csllcd cqcritalcnt, and

is sirnplc test for cqui}alcnce is a}ailabic for the singic-input case. ‘l’his rrotc

gcncralizcs the test to the mrrlti}nriahle CZCSC.

l\ JROI)I(TK)\

(“onsidcr the Iinc,lr l)mc-intariant s)itcrn

t= FY+G[/ (1.11

uhcrc / ii H x rl. G IS r] x 1)1. and (f”, G) IS ct)n(r(}ll.ihlc The ml:nl,~l)/cJ

np[lmum rcgul.it<~r pr(>blcn~ is (Ile dc[crn),n:ttj,~n of the c,)ntr<>l lurictl<>n

u(() th,lt minimizes (I]c Index

Al,,,),,, L,,,,! ,cLx,, c,] J,,)> I 1. I I .11, rc\!w.1 \< ’.< ’,, )vr :, I.-Il


