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We carry out an analysis on the computational properties of a number of controller/plan synthesis problems as
investigated in AI planning, discrete-event systems, and related areas. Our focus of interest is synthesis problems
with partial observability, that is, the controllers have feedback/observations, but the observations do not in gen-
eral allow determining the current state of the system unambiguously. The controller-synthesis problems arising
in this setting have a very high complexity, yielding problems complete for the complexity class 2-EXP, one of
few natural ones that are known. In addition to the general problem, we investigate the complexity of the synthe-
sis problem under several natural restrictions, including the cases when the transitions are deterministic, that is,
the changes caused by a given transition in a given state are always the same, and deterministic state-independent
transitions, that is, the changes caused by a given transition are always the same independently of the state.
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1. INTRODUCTION

Planning and different types of controller synthesis address an important problem faced
in decision making in a dynamic changing environment: what actions to take to achieve
given goals. These problems have been addressed in the framework of Markov decision
processes (MDPs) [Howard 1960; Puterman 1994] where the focus has been the construc-
tion of policies, courses of actions, that produce the highest possible or almost highest
possible rewards.

Acting in complex environments usually involves partial observability. This means that
the current state of the world cannot be observed exactly, and taking best possible actions
becomes more difficult. The MDP framework has been extended to partially observability
[Smallwood and Sondik 1973; Kaelbling, Littman, and Cassandra 1998].

However, partial observability together with the optimality requirement leads to com-
putational difficulties. Madani et al. [2003] have shown that the most general plan and
controller synthesis problems are unsolvable when optimality or utility exceeding a given
value is required in the presence of partial observability. For time horizons of a bounded
length the plan and controller synthesis problems are solvable but have a high complexity
[Mundhenk, Goldsmith, Lusena, and Allender 2000].

Instead of a priori imposing upper bounds on horizon lengths, there are other ways of
tackling the difficulties posed by partial observability. The same plan and controller synthe-
sis problems can be addressed also without exact information on the transition probabilities
of nondeterministic actions. In addition to making the problems slightly easier, there may
be other reasons for not considering probabilities, including the difficulty of obtaining ac-
curate probabilities and because of the interpretation of nondeterminism as a result of an
adversarial environment that tries to prevent the agent from achieving the goals.

There are two research areas that have considered non-probabilistic plan and controller
synthesis problems. The first is planning in Artificial Intelligence, where the problem of
conditional planning can be viewed as a non-probabilistic version of the POMDP problem
[Weld, Anderson, and Smith 1998; Bonet and Geffner 2000; Bertoli, Cimatti, Roveri,
and Traverso 2001; Rintanen 2002]. When probabilities are ignored, or equivalently, it is
required that the goals are achieved with probability 1, the plan and controller synthesis
problems become solvable. These synthesis problems are still very interesting, as in many
applications meeting the objectives with probability 1 is possible, or the environment may
be modified to make it possible, or the failure probabilities are so close to 0 that they may
be ignored.

Along with AI planning, closely related controller synthesis problems have been inves-
tigated in connection with Discrete event systems (DES) [Ramadge and Wonham 1987b;
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Ramadge and Wonham 1987a]. Like AI planning, also DES have been investigated in con-
nection of factored state variable based representations of transition systems. Two types
of factored representations that have been a focus of interest are based on Petri nets [Petri
1962; Murata 1989; Reisig 1985] and vector-addition systems (VASS) [Hopcroft and Pan-
siot 1979]. Works on DES using Petri nets include [Denham 1988; Ichikawa and Hiraishi
1988; Sreenivas and Krogh 1991], and those using VASS include [Li and Wonham 1993].

These models differ from the ones used in this work as we consider only state variables
with a finite number of possible values, whereas Petri nets and VASS in general do not
have this restriction. Classes of Petri nets and VASS of high practical interest are those
having this kind of finite bound. For Petri nets the existence of an upper boundn on the
number of tokens in a node is calledn-safety. Petri nets that aren-safe have only a finite
number of states.

Another difference to the DES controller synthesis problem is the notion of control that
is used. A DES model consists of a set of transitions, a subset of which – the controllable
transitions – can be disabled at any moment of time. Any transition that is enabled (not
disabled) can fire. The controller synthesis problem is to choose for all states (or belief
states when observability is partial) a set of enabled transitions to satisfy the objective
the controller tries to achieve. DES can be embedded in our framework as discussed in
Section 8.

Like the AI planning problem, also the DES controller synthesis problem has been con-
sidered in the setting of partial observability [Lin and Wonham 1988; Cho and Marcus
1989; Inan 1994; Kumar and Shayman 1997; Marchand, Boivineau, and Lafortune 2001].

In this work we analyze the computational complexity of (non-probabilistic) plan and
controller synthesis problems, especially in the presence of restrictions on observability.
This is one of the central problems in artificial intelligence, the decision making of intelli-
gent agents in complex environments, as well as many related areas, ranging from (simple
forms of) program synthesis to intelligent manufacturing systems.

Our goal in this work is to identify the algorithmic basis of plan/controller synthesis
for transition systems represented succinctly in terms of state variables. For each problem
variant we establish the membership of the problem in a complexity class by giving an
(abstract) algorithm for the problem, and prove that the problem is hard for the complexity
class in question, showing that the algorithm is optimal. This approach, the use of the com-
plexity theoretic notion of completeness, provides a solid foundation for the development
of more concrete and efficient algorithms for the problems in question. The work covers a
class of discrete non-probabilistic planning and controller synthesis problems, strengthen-
ing the formal foundation for the development of efficient synthesis algorithms.

The initial motivation for investigating the complexity of succinct representations of
computational problems was that, possibly, the subset of problem instances representable
succinctly (in our case, having a representation that in many cases has only a logarithmic
size in the cardinality of the state space) might be easier to solve than the general problem
[Papadimitriou and Yannakakis 1986; Lozano and Balcázar 1990]. However, this turned
out not to be the case for many graph-theoretic problems: exponential decrease in the
instance size causes a corresponding increase in the worst-case complexity, and hence the
worst-case complexity in terms of non-succinct instance size is the same.

This is also, not surprisingly, the case in some of the more general problems analyzed in
this work. Succinct representations may increase problem complexity exponentially, and
partial observability – necessitating the use of the notion of belief space, the size of which
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is exponential in the size of the state space – increases the problem complexity by another
exponential, which in the most general case leads to doubly exponential time complexity.

However, interesting phenomena arise from some of the restrictions on the properties
the transition descriptions may have. Unlike in the most basic goal reachability problems
with deterministic transitions and full observability where the worst-case complexity is in a
much bigger extent independent of the properties of transitions, in the partially observable
case with deterministic transitions the complexity still decreases further when transitions
are also state-independent. This reduction in complexity can be traced to the decrease in
the uncertainty about the current state, as each transition can only decrease the amount of
uncertainty, not increase it.

The structure of the article is as follows. In Section 2 we briefly discuss the necessary
complexity classes and models of computation. The definition of succinct transition sys-
tems, the definition of transition systems, different observation models, and the definition
of plans and plan objectives are respectively presented in Sections 3.1 3.2, 3.3, 3.4 and 3.5.
Reductions between plan objectives, which are the basis of many results in the article, are
presented in Section 3.6. Sections 4, 5 and 6 present the complexity results under the three
plan objectives, and the results are summarized in Section 7. Connections of these results
to discrete event-systems are discussed in Section 8. Finally, related work is discussed in
Section 9 and the article is concluded in Section 10.

2. PRELIMINARIES: COMPUTATIONAL COMPLEXITY

In this section we discuss deterministic, nondeterministic and alternating Turing machines
(DTMs, NDTMs and ATMs) and define several complexity classes in terms of them. For
a detailed introduction to computational complexity see any of the standard textbooks
[Balcázar, D́ıaz, and Gabarró 1988; Balćazar, D́ıaz, and Gabarró 1990; Papadimitriou
1994].

The definition of ATMs we use is similar to that of Papadimitriou [1994].Mit ä määritelmää
lähimpänä? Deterministic and nondeterministic Turing machines (DTMs, NDTMs) are a
special case of alternating Turing machines.

Definition 1 Analternating Turing machineis a tuple〈Σ, Q, δ, q0, g〉 where

(1) Q is a finite set of states (the internal states of the ATM),

(2) Σ is a finite alphabet (the contents of tape cells),

(3) δ is a transition functionδ : Q× Σ ∪ {|,2} → 2Σ∪{|}×Q×{L,N,R},

(4) q0 is the initial state, and

(5) g : Q → {∀,∃, accept, reject} is a labeling of the states.

The symbols| and2, the end-of-tape symbol and the blank symbol, in the definition of
δ respectively refer to the beginning of the tape and to the end of the tape. It is required
thats = | andm = R for all 〈s, q′,m〉 ∈ δ(q, |) for anyq ∈ Q, that is, at the left end of the
tape the movement is always to the right and the end-of-tape symbol|may not be changed.
For s ∈ Σ we restricts′ in 〈s′, q′,m〉 ∈ δ(q, s) to s′ ∈ Σ, that is,| gets written onto the
tape only in the special case when the R/W head is on the end-of-tape symbol. Notice that
the transition function is a total function, and the the ATM computation terminated upon
reaching an accepting or a rejecting state.
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A configuration of an ATM is〈q, σ, σ′〉whereq is the current state,σ is the tape contents
left of the R/W head with the rightmost symbol under the R/W head, andσ′ is the tape
contents strictly right of the R/W head. This is a finite representation of the finite non-
blank segment of the tape of the ATM.

We use the notationσ[i] for the ith symbol of the stringσ. The index of the first (left-
most) element is 0. The number of symbols in stringσ is denoted by|σ|.

The computation of an ATM starts from the initial configuration〈q0, |a, σ〉 whereaσ is
the input string of the Turing machine. The symbolε denotes the empty string.

Successor configurations are defined as follows.

(1) A successor of〈q, σa, σ′〉 is 〈q′, σ, a′σ′〉 if 〈a′, q′, L〉 ∈ δ(q, a).
(2) A successor of〈q, σa, σ′〉 is 〈q′, σa′, σ′〉 if 〈a′, q′, N〉 ∈ δ(q, a).
(3) A successor of〈q, σa, bσ′〉 is 〈q′, σa′b, σ′〉 if 〈a′, q′, R〉 ∈ δ(q, a).
(4) A successor of〈q, σa, ε〉 is 〈q′, σa′2, ε〉 if 〈a′, q′, R〉 ∈ δ(q, a).

We write 〈q, σ〉 ` 〈q′, σ′〉 if the latter is a successor configuration of the former. A
configuration〈q, σ, σ′〉 of an ATM isfinal if g(q) = accept org(q) = reject.

The acceptance of an input string by an ATM is defined recursively starting from final
configurations. A final configuration is 0-accepting ifg(q) = accept. Non-final config-
urations aren-accepting if the state is universal (∀) and all the successor configurations
arem-accepting for somem < n and one of them ism − 1-accepting, or if the state
is existential (∃) and at least one of the successor configurations ism − 1-accepting and
for all n < m − 1 there are non-accepting successor configurations. Finally, the ATM
accepts a given input string if the initial configuration isn-accepting for somen ≥ 0. A
configuration isacceptingif it is n-accepting for somen ≥ 0.

If an ATM accepts a given input string, then we can definean accepting computation
subtreeof the ATM and the input string as a set of accepting configurations that includes
the initial configuration, all successor configurations of every accepting∀-configuration,
and for everyn-accepting∃-configuration at least onem-accepting successor configuration
such thatm < n.

A nondeterministic Turing machine is an ATM without universal states. A deterministic
Turing machine is an ATM with|δ(q, s)| = 1 for all q ∈ Q ands ∈ Σ.

The complexity classes used in this work are the following. PSPACE is the class of
decision problems solvable by deterministic Turing machines that use a number of tape
cells bounded by a polynomial on the input lengthn for all but a finite number of input
strings, that is, no configuration in the computation of the Turing machine has more than a
polynomial number of non-blank tape cells. For this we use the notation

PSPACE=
⋃
k≥0

DSPACE(nk).

Similarly other complexity classes are defined in terms of the time consumption (DTIME(f(n))
on a deterministic Turing machine, time consumption (NTIME(f(n)) on a nondeterminis-
tic Turing machine, or time or space consumption on alternating Turing machines (ATIME(f(n))
or ASPACE(f(n))) [Balcázar, D́ıaz, and Gabarró 1988; Balćazar, D́ıaz, and Gabarró 1990].
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P =
⋃

k≥0 DTIME(nk)
NP =

⋃
k≥0 NTIME(nk)

EXP =
⋃

k≥0 DTIME(2nk

)
NEXP =

⋃
k≥0 NTIME(2nk

)
EXPSPACE=

⋃
k≥0 DSPACE(2nk

)

2-EXP =
⋃

k≥0 DTIME(22nk

)

2NEXP =
⋃

k≥0 NTIME(22nk

)

APSPACE =
⋃

k≥0 ASPACE(nk)
AEXPSPACE =

⋃
k≥0 ASPACE(2nk

)

There are many useful connections between complexity classes defined in terms of de-
terministic and alternating Turing machines [Chandra, Kozen, and Stockmeyer 1981], for
example

EXP = APSPACE
2-EXP = AEXPSPACE.

Roughly, an exponential deterministic time bound corresponds to a polynomial alternating
space bound.

A problemL is C-hard (where C is any of the complexity classes) if all problems in
the class C are polynomial timemany-one reducibleto it; that is, for all problemsL′ ∈ C
there is a functionfL′ that can be computed in polynomial time on the size of its input and
fL′(x) ∈ L if and only if x ∈ L′. We say that the functionfL′ is a translation fromL′ into
L. A problem isC-completeif it belongs to the class C and is C-hard.

3. PRELIMINARIES: PROBLEM DEFINITION

3.1 Transition systems

First we define transition systems in which states are atomic objects and actions are repre-
sented as binary relation on the set of states.

Definition 2 A transition systemis a 5-tupleΠ = 〈S, I,O,G, P 〉 where

(1) S is a finite set of states,

(2) I ⊆ S is the set of initial states,

(3) O is a finite set of operatorso ⊆ S × S,

(4) G ⊆ S is the set of goal states, and

(5) P = (C1, . . . , Cn) is the partition ofS to observational into classes of observa-
tionally indistinguishable states satisfying

⋃
{C1, . . . , Cn} = S andCi ∩ Cj = ∅ for

all i, j such that1 ≤ i < j ≤ n.

Making an observation tells which setCi the current state belongs to. Distinguishing
states within a givenCi is not possible by observations.

An operatoro can beappliedin states for which it associates at least one successor state.
For these states we use the notation prec(o) = {s ∈ S|sos′ for somes′ ∈ S}. We define
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imagesof states asimgo(s) = {s′|sos′} and (weak)preimagesof states bywpreimgo(s′) =
{s|sos′}. These can be generalized to sets of states byimgo(S) =

⋃
s∈S imgo(s) and

wpreimgo(S) =
⋃

s∈S wpreimgo(s). For sequenceso1, . . . , on of operators we define
imgo1;o2;...;on

(S) = imgon
(· · · imgo2(imgo1(S)) · · ·) andwpreimgo1;o2;...;on

(S) = wpreimgo1(wpreimgo2(· · ·wpreimgon
(S) · · ·)).

Thestrong preimageof a setS′ of states is the set of states for which all successor states
are inS′, defined asspreimgo(S′) = {s|s′ ∈ S′, sos′, imgo(s) ⊆ S′}.

Lemma 3 Images, strong preimages and weak preimages of sets of states are related to
each other as follows. Leto be any operator andS andS′ any sets of states.

(1) spreimgo(S) ⊆ wpreimgo(S)
(2) imgo(spreimgo(S)) ⊆ S

(3) If S ⊆ S′ then imgo(S) ⊆ imgo(S′).
(4) wpreimgo(S) = spreimgo(S) wheno is deterministic.

PROOF. (1)

(2) Take anys′ ∈ imgo(spreimgo(S)). Hence there iss ∈ spreimgo(S) so thatsos′.
As s ∈ spreimgo(S), imgo(s) ⊆ S. Sinces′ ∈ imgo(s), s′ ∈ S.

(3) AssumeS ⊆ S′ ands′ ∈ imgo(S). Hencesos′ for somes ∈ S by definition
of images. Hencesos′ for somes ∈ S′ becauseS ⊆ S′. Hences′ ∈ imgo(S) by
definition of images.

(4)

3.2 Succinct transition systems

It is often more natural to represent states of a transition system as valuations of a set of
state variables instead of enumeratively as in Section 3.1. When states are valuations of
state variables it is often possible to also represent the transition relations associated with
actions more compactly. An action in this setting is a description of how the values of state
variables change when the action is taken.

In this section we give a definition of planning in terms of succinct transition systems,
similarly to the work by Mundhenk et al. [2000] for planning with POMDPs. Differ-
ences to the work by Mundhenk et al. are that we do not use probabilities, and instead
of the Boolean circuit presentation of transition matrices of actions we use a slightly sim-
pler representation in which the changes are represented by a simple programs. These
programs are constructed from atomic programs, that assign values to state variables, by
a composition construct, a conditional construct, and a nondeterministic choice construct.
When ignoring nondeterminism, this action description is close to the languages used by
the AI planning community, for example the planning language PDDL [Ghallab, Howe,
Knoblock, McDermott, Ram, Veloso, Weld, and Wilkins 1998].

The results given in this work do not strongly rely on the exact definition of succinctly
represented transition systems. The hardness proofs could be established with a substan-
tially more restricted language, for example without disjunctivity in goals and operator
preconditions, and the proofs of membership in certain complexity classes would in many
cases be possible with the kind of circuit representation used by Mundhenk et al. [2000].
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In our succinct representation states are represented in terms of a setA of Boolean state
variables that take the valuetrue or false. We can form formulae from the state variables
and the connectives∨,∧ and¬. The connectives→and↔ are defined in terms of the other
connectives as usual. Eachstateis a valuation ofA, that is, a functions : A → {0, 1}.
A literal is a formula of the forma or ¬a wherea ∈ A is a state variable. The atomic
formulae> and⊥ have the truth-valuestrueandfalse, respectively.

Definition 4 Let A be a set of state variables. Anoperatoris a pair 〈c, e〉 wherec is a
propositional formula overA (theprecondition), ande is aneffectoverA. Effects overA
are recursively defined as follows.

(1) a and¬a for state variablesa ∈ A are effects overA.

(2) e1 ∧ · · · ∧ en is an effect overA if e1, . . . , en are effects overA (the special case
with n = 0 is the empty effect>.)

(3) c B e is an effect overA if c is a formula overA ande is an effect overA.

(4) g1e1| · · · |gnen is an effect overA if e1, . . . , en for n ≥ 2 are effects overA and
g1, . . . , gn are formulae overA, called the guards.

The guardsgi in the nondeterministic effects determine which effects may become ran-
domly chosen. If the guardgi is true, thenei can be the chosen effect. In the rest of the
work, if the guard is> and the effect thus always enabled, the guard may be left out.

Now anoperatoroverA is a pair〈c, e〉 wherec is a formula overA ande is an effect
overA. For thepreconditionc of the operatoro = 〈c, e〉 we use the notation prec(o).

Operators describe a binary relation on the set of states as follows.

Definition 5 (Operator application) Let 〈c, e〉 be an operator overA. Let s be a state,
that is an assignment of truth values toA. The operator isapplicable ins if s |= c and the
set[e]s is consistent. The set[e]s is recursively defined as follows.

(1) [a]s = {{a}} and[¬a]s = {{¬a}} for a ∈ A.

(2) [e1 ∧ · · · ∧ en]s = {
⋃n

i=1 fi|f1 ∈ [e1]s, . . . , fn ∈ [en]s}.
(3) [c′ B e]s = [e]s if s |= c′ and[c′ B e]s = {∅} otherwise.

(4)
[g1e1| · · · |gnen]s = {c|s |= g1, c ∈ [e1]s} ∪ · · · ∪ {c|s |= gn, c ∈ [en]s}

∪{∅|s |= ¬g1 ∧ · · · ∧ ¬gn}}

An operator〈c, e〉 induces a binary relationR〈c, e〉 on states as follows: two statess and
s′ are related byR〈c, e〉 if s |= c ands′ is obtained froms by making the literals in some
f ∈ [e]s true and retaining the truth-values of state variables not occurring inf .

We define the operations related to images and preimages for operatorso in terms of
R(o), for example bywpreimgo(s) = wpreimgR(o)(s).

An operator that does not contain nondeterministic choice (the| operation) in the effect,
is deterministic. Deterministic operators with conditional effects (theB operation) are
state-dependent, because the set of state variables that changes may be dependent on the
current state. Other deterministic operators arestate-independent.

We formally define succinct transition systems.

Definition 6 A succinct transition systemis a 5-tupleΠ = 〈A, I, O, G, V 〉 where
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(1) A is a finite set of state variables,

(2) I is a formula overA describing the initial states,

(3) O is a finite set of operators overA,

(4) G is a formula overA describing the goal states, and

(5) V ⊆ A is the set of observable state variables.

Succinct transition systems withV = A are fully observable, and succinct transition
systems withV = ∅ areunobservable. Without restrictions onV the succinct transition
systems arepartially observable.

We can associate a transition system with every succinct transition system.

Definition 7 Given a succinct transition systemΠ = 〈A, I, O, G, V 〉, let the transition
systemF (Π) = 〈S, I ′, O′, G′, P 〉 where

(1) S is the set of all Boolean valuations ofA,

(2) I ′ = {s ∈ S|s |= I},
(3) O′ = {R(o)|o ∈ O}
(4) G′ = {s ∈ S|s |= G}, and

(5) P = (C1, . . . , Cn) wherev1, . . . , vn for n = 2|V | are all the Boolean valuations of
V andCi = {s ∈ S|s(a) = vi(a) for all a ∈ V } for all i ∈ {1, . . . , n}.

The construction of a transition system from a succinct transition system takes polyno-
mial time in the size of the transition system.

Example 8 �

3.3 Alternative observation models

In our model observability is defined in terms of a subset of the state variables that are
observable. More generally, observations could be non-atomic, that is, it could be possible
to observe the truth-value of a formula without being able to observe the truth-values of its
subformulae. Also, what is observable could be determined by the last operator that has
been applied. This would allow formalizing special sensing actions.

In this section we show that the observation model we have adopted is as powerful as
models with non-atomic observations and special sensing actions. The reduction from the
more general model requires state-dependent effects.

In the more general model, a succinct transition system〈A, I, O, G, V 〉 does not have
a fixed set of observable state variables, but insteadV is a mapping from operatorsO to
sets of sets of formulae overA: after applying an operatoro ∈ O the truth-values of the
variablesV (o) can be observed. Observing the truth-value of a formulaφ does not mean
that the truth-values of its subformulae could be observed.

Let Π = 〈A, I, O, G, V 〉 be a succinct transition system. Letβ1, . . . , βn be the formulas
β ∈ B(o) for someo ∈ O. We introduce new auxiliary state variablesaβ1 , . . . , aβn , z, and
zi for everyi ∈ {1, . . . ,m} wherem is the number of operators inO. State variableaβ

will have the same value as the respective observationβ right after an operator that allowed
observing it has been applied. The state variableszi control the application of operators
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that evaluate the values of compound observations. NowC(Π) = 〈A, I ∧ z ∧ ¬z1 ∧ · · · ∧
¬zm, O′, G, {aβ1 , . . . , aβn

}〉 whereO′ consists of

〈z ∧ c,¬z ∧ zi ∧ e〉
〈zi, z ∧ ¬zi ∧ ν〉

for every operator〈c, e〉 ∈ O (operator’s index isi). The first operator replaces the old
operator and the effectν in the second evaluates the observationsβ and copies their values
to the respective state variablesaβ .

ν =
∧
{(β B aβ) ∧ (¬β B ¬aβ)|β ∈ B(o)}

The state variablez indicates that any operator can be applied,zi indicates that operatori
has been applied and the corresponding observations are to be evaluated.

Theorem 9 LetΠ be a succinct transition system. ThenΠ has a plan if and only ifC(Π)
has, and for every plan forΠ of lengthn, there is a plan forC(Π) of length2n.

PROOF. We only give a brief proof sketch.
The reduction guarantees that the value ofaβ coincides with the value ofβ after an

operator with observationβ has been applied.
Translations from plans forΠ into plans forC(Π) and vice versa do not require chang-

ing the structure of the plans, only one operator is interchanged with a sequence of two
operators, or vice versa.

Plans forΠ can be translated into plans forC(Π) by replacing observations ofβ by
observations ofaβ and replacing every operator with the corresponding two new operators.

Plans forC(Π) can be transformed into plans forΠ by replacing observationsaβ by β
and making the converse replacement of operators. The two operator inC(Π) obtained
from one operator inΠ always appear together, and plans cannot branch between them
because the first operator does not have anything observable.

3.4 Plans

Plans determine what actions are executed. We formalize plans as a form of directed
graphs. Each node is assigned an operator and information on zero or more successor
nodes.

Definition 10 Let Π = 〈A, I, O, G, V 〉 be a succinct transition system. Aplan for Π is a
triple 〈N, b, l〉 where

(1) N is a finite set of nodes,

(2) b ⊆ L×N maps initial states to starting nodes, and

(3) l : N → O× 2L×N is a function that assigns each noden an operator and a set of
pairs 〈φ, n′〉 whereφ is a formula over the observable state variablesV andn′ ∈ N
is a successor node.
Nodesn with l(n) = 〈o, ∅〉 for someo ∈ O are terminal nodes.

Ignoring the operators and branch formulae in a planπ we can construct a graphG(π) =
〈N,E〉 with E ⊆ N × N such that〈n, n′〉 ∈ E iff 〈φ, n′〉 ∈ B for l(n) = 〈o,B〉 and
someφ. A planπ is acyclic if there is no non-trivial path starting and ending at the same
node inG(π).
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Plan execution starts from a noden ∈ N and states such that〈φ, n〉 ∈ b ands |= I ∧φ.
Execution in noden with l(n) = 〈o,B〉 proceeds by executing the operatoro and then
testing for each〈φ, n′〉 ∈ l(n) whetherφ is true in all possible current states, and if it is,
continuing execution from plan noden′. At most oneφ may be true for this to be well-
defined. Plan execution ends when none of the branch labels matches the current state. In
a terminal node plan execution necessarily ends.

We define the satisfaction of plan objectives in terms of the transition system that is
obtained when the original transition system is being controlled by a plan, that is, the plan
chooses which of the transitions possible in a state is taken. For goal reachability, without
unbounded looping it would be required that any maximal path from an initial state has
finite length and ends in a goal state. With unbounded looping it would be required that
from any state to which there is a path from an initial state that does not visit a goal state
there is a path of length≥ 0 to a goal state.

Definition 11 (Execution graph of a plan) Let 〈A, I, O, G, V 〉 be a succinct transition
system andπ = 〈N, b, l〉 be a plan. Definethe execution graphof π as a pair 〈M,E〉
where

(1) M = S × (N ∪ {⊥}), whereS is the set of Boolean valuations ofA,

(2) E ⊆ M ×M has an edge from〈s, n〉 ∈ S ×N to 〈s′, n′〉 ∈ S ×N if and only if
l(n) = 〈o,B〉 and for some〈φ, n′〉 ∈ B
(a) s′ ∈ imgo(s) and
(b) s′ |= φ.
and an edge from〈s, n〉 ∈ S ×N to 〈s′,⊥〉 if and only if
(a) l(n) = 〈o,B〉,
(b) s′ ∈ imgo(s), and
(c) there is no〈φ, n′〉 ∈ B such thats′ |= φ.

3.5 Decision problems

There are different types of objectives the plans may have to fulfill. The most basic one,
considered in much of AI planning research, is the reachability of a goal state. In this case
each plan execution has a finite length. Also problems with infinite plan executions can be
considered. A plan does not reach a goal and terminate, but is a continuing process that has
to repeatedly reach goal states or avoid visiting bad states. Examples of these are different
kinds of maintenance tasks: keep a building clean and transport mail from location A to
location B.

We consider two objectives defined in terms of infinite plan executions. One is mainte-
nance goals, the other is repeated reachability. Infinite plan executions are also considered
in connection with Markov decision processes and the average-reward and discounted ge-
ometric reward objectives [Puterman 1994].

The plan objectives we consider in this work are the following.

(1) RG reachability (finite horizon)
The objective is to reach one of predefined goal states starting from the initial state.
Length of plan executions in this case is finite but for a given plan the length may still
be unbounded if some of the actions are nondeterministic and loops are allowed.

(2) MG Maintenance goals (infinite horizon)
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G

Fig. 1. Reason why plans cannot be defined as mappings from belief states to actions

The objective is to take actions to stay indefinitely within the set of goal states; that is,
a plan has to maintain a certain property. Plan executions in this case are infinite.

(3) RRG repeated reachability (infinite horizon)
The objective is to repeatedly reach one of predefined goal states, possibly intermit-
tently visiting non-goal states. After a goal state has been reached, plan execution is
continued and a goal state has to be reached again.

In Section 3.6 we show that reachability goals and maintenance goals are special cases
of repeated reachability.

Notice that repeated reachability is not a trivial extension of reachability goals, because
in the first case plan execution can end only after reaching a belief state consisting of goal
states only, whereas in the second case it might never be known whether the current state
is a goal state. We illustrate this by an example.

Example 12 Consider the transition graph in Figure 1. The belief state initially and after
taking any action consists of all three states. To satisfy the repeated reachability criterion
the two actions, one depicted with a dotted line and the other with a continuous line, have
to be alternated. In this example Repeated Reachability objective is satisfied although at
no point of time is it known that a goal state is occupied. �

The example shows how the dependencies between consecutive belief states become
important in the repeated reachability problem. The belief state, that is the set of possible
current states, does not alone carry enough information for deciding whether the objective
is fulfilled or not. Also, plans cannot be defined as mappings from belief states (understood
as sets of states) to actions, unlike for maintenance or reachability goals.

Definition 13 (Reachability goals RG) A planπ = 〈N, b, l〉 solves a succinct transition
system〈A, I, O, G, V 〉 under theReachability(RG) criterion if the corresponding execu-
tion graph fulfills the following.

For all statess and nodesn ∈ N such that〈φ, n〉 ∈ b ands |= I∧G, for every(s′, n) to
which there is a path from(s, b) there is a path from(s′, n) of length≥ 0 to some(s′′, n′)
such thats′′ |= G and(s′′, n′) has no successor nodes.

This plan objective with unbounded looping can be interpreted probabilistically. For
every nondeterministic choice in an operator we have to assume that each of the alternatives
has a non-zero probability. Then for goal reachability, a plan with unbounded looping is
simply a plan that has no finite upper bound on the length of its executions, but that with
probability 1 eventually reaches a goal state. A non-looping plan also reaches a goal state
with probability 1, but there is a finite upper bound on the execution length.

Definition 14 (Maintenance goals MG) A planπ = 〈N, b, l〉 solves a succinct transition
system〈A, I, O, G, V 〉 under theMaintenance(MG) criterion if the corresponding execu-
tion graph fulfills the following.
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For all statess ands′ and plan nodesn ∈ N andn′ ∈ N such that there is〈φ, n〉 ∈ b
ands |= I ∧ G, if there is a path of length≥ 0 from (s, n) to some(s′, n′), thens′ |= G
and(s′, n′) has a successor node.

Definition 15 (Repeated reachability goals RRG)A planπ = 〈N, b, l〉 solves a succinct
transition system〈A, I, O, G, V 〉 under theRepeated Reachability(RRG) criterion if the
corresponding execution graph fulfills the following.

For all statess ands′ and plan nodesn ∈ N andn′ ∈ N such that there is〈φ, n〉 ∈ b
ands |= I ∧G, if there is a path from(s, n) to (s′, n′), then there is a path of length≥ 1
from (s′, n′) to (s′′, n′′) such thats′′ |= G.

The decision problem addressed in this paper is deciding whether a certain transition
system has a plan that satisfies the goal objective.

We consider the three objectives discussed in Section 3.4, reachability goals (RG), re-
peated reachability goals (RRG) and maintenance goals (MG). Each problem is analyzed
under full observability (FO), without observability (UO) and in the general case of partial
observability (PO). For transition systems we consider the general definition of nondeter-
ministic operators (ND), their subclass of deterministic operators (D), and the narrowest
subclass of deterministic state-independent operators (ID).

Because there are three independent choices made between three alternatives, we have a
total of 27 decision problems. When we furthermore distinguish between the two cases of
having exactly one initial state and having several, we have 54 decision problems. How-
ever, some of the decision problems coincide (for example, for deterministic problems with
one initial state observability does not make a difference), and the total number of decision
problems to consider is much smaller.

We assign names like PLANSAT-PO-ND-RRG to the decision problems. This prob-
lem is the most general problem we consider, with partial observability, nondeterministic
operators and the repeated reachability criterion.

We sometimes consider the decision problems of testing existence of acyclic plans. An
acyclic plan is a plan like defined in Section 3.4 but that does not have cycles. In these cases
the name of the decision problem has the form PLANSAT-PO-ND-acyclicRG. Notice that
for unobservable problems with reachability goals we can always restrict to acyclic plans.

3.6 Reductions between decision problems

Reachability goals and maintenance goals are easily reducible to repeated reachability.
These reductions are useful for proving lower bounds on plan existence problems for re-
peated reachability, and for proving upper bounds on plan existence problems for reacha-
bility and maintenance goals.

Theorem 16 Let Π = 〈A, I, O, G, V 〉 be a succinct transition system. ThenΠ has a
solution for RG if and only ifΠ′ has a solution for RRG, whereΠ′ = 〈A ∪ {a}, I ∧
¬a,O ∪ {〈G, a〉, 〈a,>〉}, a, V 〉 anda 6∈ A.

PROOF. Sketch: Assume a plan forΠ exists. Any terminal noden can be extended to
first apply〈G, a>〉 and then repeat〈a,>〉 indefinitely. This results in a plan that eventually
reaches a state satisfyingG, thenG ∧ a, and then stays in stays in goal states indefinitely.
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Assume a plan forΠ′ exists. In this plan we delete all children of nodes that apply〈G, a〉
and make those nodes terminal nodes. Hence any execution that reaches a node applying
〈G, a〉 reaches a goal state.

Theorem 17 LetΠ = 〈A, I, O, G, V 〉 be a succinct transition system. ThenΠ has a solu-
tion for MG if and only ifΠ′ has a solution for RRG, whereΠ′ = 〈A, I, {〈c∧G, e〉|〈c, e〉 ∈
O}, G, V 〉.

PROOF. Assume there is a plan satisfying the maintenance objective forΠ. The plan
obtained by replacing every operator〈c, e〉 by 〈c ∧G, e〉 satisfies the repeated reachability
objective forΠ′: all operators of the latter plan are always applicable because every state
reached during execution satisfiesG.

Assume there is a plan satisfying the repeated reachability objective forΠ′. Because
G is true always when applying an operator,G is true in all states reached during plan
execution. Hence the plan obtained by replacing every〈c ∧ G, e〉 by 〈c, e〉 satisfies the
maintenance objective.

Notice that in both of these proofs all the operators inΠ are deterministic (determinis-
tic state-independent) if and only if all those inΠ′ are deterministic (deterministic state-
independent). This allows us to use – under the three classes of operators ND, Dand ID–
algorithms and complexity upper bound proofs for repeated reachability also for reachabil-
ity and maintenance, and complexity lower bound proofs for reachability and maintenance
also for repeated reachability.

4. COMPLEXITY OF PLANNING FOR REACHABILITY: LOWER BOUNDS

First we discuss the complexity of plan synthesis for reachability goals. These results
yield also lower bounds for the repeated reachability objective, and the hardness results for
maintenance goals are in most cases simple modifications of the Turing machine simula-
tions presented in this section.

Theorem 18 ([Bylander 1994]) Planning with one initial state and deterministic opera-
tors, even for state-independent operators (PLANSAT-??-ID-RG), is PSPACE-hard.

The proof of this theorem is a simulation of polynomial-space deterministic Turing
machines. It can be obtained from the proof of Theorem 19 by restricting it to deter-
ministic Turing machines. It is easy to generalize the simulation to nondeterministic
NPSPACE=PSPACE Turing machines.

When nondeterministic (with or without probabilities) operators are allowed, the com-
plexity of plan existence problems increases. Littman [1997] reduces the EXP-complete
existence problem of winning strategies in the game G4 [Stockmeyer and Chandra 1979]
to the plan existence problem of probabilistic planning. Probabilities do not play a role
in G4 or in the reduction, and hence also the plan existence problem of non-probabilistic
planning with fully observability is EXP-hard.

Next we present a proof for the EXP-hardness of conditional planning with full observ-
ability by a direct simulation of polynomial-space alternating Turing machines. The result
follows from the equality EXP=APSPACE. Proof of Theorem 18 by Bylander shows how
PSPACE Turing machines are simulated. For APSPACE we also need to simulate alterna-
tion, that is, a configuration of the TM may have several successor configurations, and that
there are both∀ and∃ states.
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For configurations with∀ states all successor configurations must be accepting (terminal
or non-terminal) configurations. For configurations with∃ states at least one successor
configuration must be an accepting (terminal or non-terminal) configuration. Both of these
requirements can be represented in the nondeterministic planning problem.

The transitions from a configuration with a∀ state will correspond to one nondeterminis-
tic operator. That all successor configurations must be accepting (terminal or non-terminal)
configurations corresponds to requirement in planning that from all successor states of a
state a goal state must be reached.

Every transition from a configuration with∃ state will correspond to a deterministic
operator, that is, the transition may be chosen, as only one of the successor configurations
needs to be accepting.

Theorem 19 The problem of testing the existence of an acyclic plan for problem instances
with full observability (PLANSAT-FO-ND-acyclicRG) is EXP-hard, even with the restric-
tion to only one initial state.

PROOF. Let 〈Σ, Q, δ, q0, g〉 be any alternating Turing machine with a polynomial space
boundp(x). Letσ be an input string of lengthn. We construct a succinct transition system
〈A, I, O, G, A〉 with full observability for simulating the Turing machine. The succinct
transition system has a size that is polynomial in the size of the description of the Turing
machine and the input string.

The setA of state variables in the succinct transition system consists of

(1) q ∈ Q for denoting the states of the TM,
(2) si for every symbols ∈ Σ ∪ {|,2} and tape celli ∈ {0, . . . , p(n)}, and
(3) hi for the positions of the R/W headi ∈ {0, . . . , p(n) + 1}.
The initial state of the succinct transition system represents the initial configuration of

the TM. The corresponding formulaI is the conjunction of the following literals.

(1) q0

(2) ¬q for all q ∈ Q\{q0}.
(3) si for all s ∈ Σ andi ∈ {1, . . . , n} such thatith input symbol iss.
(4) ¬si for all s ∈ Σ andi ∈ {1, . . . , n} such thatith input symbol is nots.
(5) ¬si for all s ∈ Σ andi ∈ {0, n + 1, n + 2, . . . , p(n)}.
(6) 2i for all i ∈ {n + 1, . . . , p(n)}.
(7) ¬2i for all i ∈ {0, . . . , n}.
(8) |0
(9) ¬|i for all n ∈ {1, . . . , p(n)}
(10) h1

(11) ¬hi for all i ∈ {0, 2, 3, 4, . . . , p(n) + 1}
The goal is the following formula.

G =
∨
{q ∈ Q|g(q) = accept}

Next we define the setO of operators corresponding to transitions of the ATM. We have
to distinguish between transitions for universal∀ and existential∃ states.1 For a given input

1There are no transitions for accepting and rejecting states.
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symbol and a∀ state, the transitions from that state correspond to one nondeterministic
operator, whereas for a given input symbol and an∃ state each transition corresponds to a
different deterministic operator.

We first define the effects of the operators. For all〈s, q〉 ∈ (Σ ∪ {|,2}) × Q, i ∈
{0, . . . , p(n)} and〈s′, q′,m〉 ∈ (Σ∪{|})×Q×{L,N,R} defineτs,q,i(s′, q′,m) = α∧κ∧θ
where the effectsα, κ andθ are defined below.

The effectα describes the changes to the tape symbol at the R/W head. Ifs = s′ then
α = > as nothing on the tape changes. Otherwise,α = ¬si ∧ s′i to denote that the new
symbol in theith tape cell iss′ and nots.

The effectκ describes the change to the state of the TM. We defineκ = ¬q when
i = p(n) andm = R so that when the space bound is violated, no accepting state is
reached. Otherwise, that is, ifi < p(n) or m 6= R, defineκ as follows. Ifq = q′ then
κ = > and otherwiseκ = ¬q ∧ q′.

The effectθ describes the movement of the R/W head. Either there is movement to the
left, no movement, or movement to the right.

θ =

 ¬hi ∧ hi−1 if m = L
> if m = N

¬hi ∧ hi+1 if m = R

By definition of TMs, movement at the left end of the tape is always to the right. Also, we
have the state variablehp(n)+1 for R/W head positionp(n) + 1 and moving to that con-
figuration is possible (violating the space bound), but there are no operators for transitions
from that configuration.

Now we define the operators based on the above effects. Operators for existential statesq
with g(q) = ∃ and for universal statesq with g(q) = ∀ differ. Let 〈s, q〉 ∈ (Σ∪{|,2})×Q,
i ∈ {0, . . . , p(n)} andδ(s, q) = {〈s1, q1,m1〉, . . . , 〈sk, qk,mk〉}.

If g(q) = ∃, then definek deterministic operators

os,q,i,1 = 〈hi ∧ si ∧ q, τs,q,i(s1, q1,m1)〉
os,q,i,2 = 〈hi ∧ si ∧ q, τs,q,i(s2, q2,m2)〉
...
os,q,i,k = 〈hi ∧ si ∧ q, τs,q,i(sk, qk,mk)〉.

For a given current symbols, stateq and tape celli a plan can apply one of these operators,
that is, the plan determines which∃ transition is chosen.

If g(q) = ∀, then define one nondeterministic operator

os,q,i = 〈hi ∧ si ∧ q, (τs,q,i(s1, q1,m1)|
τs,q,i(s2, q2,m2)|
...
τs,q,i(sk, qk,mk))〉.

That is, the∀ transition is chosen nondeterministically.
For establishing a connection between the ATM and the planning we use the following

definitions. Letc = 〈q, σ, σ′〉 be a configuration of the ATM. Define the statez = CS(c)
as follows.

(1) z(q) = 1
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(2) z(q′) = 0 for all q′ ∈ Q\{q}
(3) z(si) = 1 iff (σσ′)[i] = s, for all s ∈ Σ andi ∈ {0, . . . , |σσ′| − 1}
(4) z(si) = 0 for all s ∈ Σ andi ∈ {|σσ′|, . . . , p(n)}
(5) z(|0) = 1
(6) z(|i) = 0 for all i ∈ {1, . . . , p(n)}
(7) z(2i) = 0 for all i ∈ {0, . . . , |σσ′| − 1}
(8) z(2i) = 1 for all i ∈ {|σσ′|, . . . , p(n)}
(9) z(hi) = 1 iff i = |σ|, for all i ∈ {0, . . . , p(n) + 1}

Claim A : For configurations〈q, σ1, σ2〉 and〈q′, σ′1, σ′2〉 such thatq, q′ ∈ Q andg(q) =
∃, 〈q, σ1, σ2〉 ` 〈q′, σ′1, σ′2〉 if and only if {CS(〈q′, σ′1, σ′2〉)} = imgo(CS(〈q, σ1, σ2〉)) for
someo ∈ O.

Claim B: For configurations〈q, σ1, σ2〉 such thatg(q) = ∀, {CS(〈q′, σ′1, σ′2〉)|〈q, σ1, σ2〉 `
〈q′, σ′1, σ′2〉} = imgo(CS(〈q, σ1, σ2〉)) for someo ∈ O and operators inO\{o} are not ap-
plicable inCS(〈q, σ1, σ2〉).

We prove that succinct transition system〈A, I, O, G,A〉 has a plan if and only if the
alternating Turing machine〈Σ, Q, δ, q0, g〉 with input stringσ accepts without violating
the space bound.

If the Turing machine violates the space bound, the state variablehp(n)+1 becomes true
and goal states cannot be reached because no further operator will be applicable.

Otherwise, we can inductively extract from a computation tree of an accepting ATM a
conditional plan that always reaches a goal state, and vice versa.

First we show how accepting computation trees are mapped to plans with execution
graphs satisfying the RG criterion so that all paths in the graph are finite. We take the con-
figurations of the ATM to be thenodesin the plan. The construction proceeds inductively.

Base cased = 0: 0-accepting (final) configurationsc = 〈q, σ1, σ2〉 are mapped to plan
nodesc with l(c) = 〈NOOP, ∅〉. In the execution graph there are two corresponding
nodes:〈CS(c), c〉, whereCS(c) is a goal state, followed by〈CS(c),⊥〉. Hence from the
node〈CS(c), c〉 there is a path of length 1 to a terminal node.

Inductive cased ≥ 1:

(1) Let c be ad-accepting∃-configuration with current symbols, current stateq and
R/W head positioni, and ad − 1-accepting successor configurationc′ reached by
transition〈s′, q′,m〉.
The configurationc is mapped to a plan nodec with l(c) = 〈os,q,i,j , {〈>, c′〉}〉 where
s is the current symbol,q is the current state, andj is the index of the transition
〈s′, q′,m〉.
By Claim A, in the execution graph there is an edge from〈CS(c), c〉 to 〈CS(c′), c′〉.
By induction assumption all paths in the execution graph from〈CS(c′), c′〉 have a
finite length and end in a node corresponding to a goal state. Hence all paths starting
from 〈CS(c), c〉 have length at mostd + 1 and end in a goal node.

(2) Let c be ad-accepting∀-configuration with successor configurationsc1, . . . , cn,
R/W head positioni, current symbols, and stateq. Let 〈s1, q1,m1〉, . . . , 〈sn, qn,mn〉
be the transitions fromc that respectively reachc1, . . . , cn. Now for the plan nodec
we definel(c) = 〈os,q,i, {〈s1

i ∧ q1 ∧ l1, c1〉, . . . , 〈sn
i ∧ qn ∧ ln, cn〉}〉, where for every

j ∈ {1, . . . , n}, lj = hi+1 if mj = R, lj = hi−1 if mj = L and otherwiselj = hi.
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By Claim B imgos,q,i
(CS(c)) = {CS(c1), . . . , CS(cn)}. These states differ with

respect to state variables representing the symbol that was written, the state of the
TM, and the location of the R/W head. Branching inl(c) distinguishes between all
these states. Hence in the execution graph the edges from〈CS(c), c〉 are to nodes
〈CS(c1), c1〉, . . . , 〈CS(cn), cn〉.
By induction assumption all paths from the latter nodes have length≤ d and end in a
node corresponding to a goal state, with at least one of the paths of lengthd. Hence
all pats starting from〈CS(c), c〉 have lengthd + 1 and end in a goal node.

Finally, the plan is〈N, b, l〉whereN is the set of accepting configurations,b = {〈>, 〈q0, |a, σ′〉〉}
where the input stringσ = aσ′. All paths in the execution graph from the unique starting
node〈CS(〈q0, |a, σ′〉), 〈q0, |a, σ′〉〉 are finite and end in a node corresponding to a goal
state.

Then we show how plans for the succinct transition system are mapped to accepting
computation trees of the ATM. Notice that we only consider acyclic plans. The proof is
extended to cyclic plans in Section 4.3. The acyclicity of the plans entails the acyclicity of
the execution graphs.

Given an execution graph satisfying the reachability criterion, we construct an accepting
computation tree for the Turing machine. First we give a mapping from states to config-
urations. This mapping is defined only for statesv that correspond to configurations in
the sense thatv(q) = 1 for exactly oneq ∈ Q and of the state variables representing the
tape contents and the location of the R/W head exactly one is true for any tape location.
Any state reachable from the unique initial state of the planning problem satisfies these
requirements. LetSC(v) = 〈q, σ, σ′〉 where

(1) q is the state inQ such thatv(q) = 1,

(2) σ is the sequences1, . . . , sn of symbols such thatv(si
0) = 1 for all i ∈ {0, . . . , n−

1} andv(hn) = 1,

(3) σ′ the empty sequenceε if v(2n) = 1 or v(2n+1) = 1 and otherwise the se-
quences′1, . . . , s′m of symbols such thatv(s′ii+n) = 1 for all i ∈ {1, . . . ,m}. . . .,
v(sn

n+m−1) = 1 andv(hn) = 1 v(2n+m−1) = 0 andv(2n+m) = 1.

Notice for any ATM configurationc we haveSC(CS(c)) = c.
Let sI be the unique state such thatsI |= I. Let 〈N, b, l〉 be a plan for the succinct

transition system. LetR be the set of nodes of the execution graph to which there is a path
from the initial node〈sI , n〉.

We claim thatT = {SC(s)|〈s, n〉 ∈ M} is an accepting computation tree of the Turing
machine.

The proof is by induction on the length of the shortest path in the execution graph from
a node to a terminal node.

Base cased = 0: Assume that forc = 〈q, σ, σ′〉 = SC(s) ∈ T the node〈s, n〉 is a
terminal node in the execution graph. Because the node has no successors it must be thats
is a goal state. Henceq is an accepting state andc is an accepting terminal configuration.

Inductive cased ≥ 1: Assume that forc = 〈q, σ, σ′〉 = SC(s) ∈ T the node〈s, n〉 is a
node in the execution graph for which the shortest path to a terminal node has lengthd.

If c is an∃-configuration, then by Claim Asanooko v̈aite A täsmälleen tämän? 〈s, n〉
has exactly one successor node〈s′, n′〉 with a distanced − 1 to a terminal node. By the
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induction hypothesisSC(〈s′, n′〉) is an accepting configuration of the Turing machine.
Hence alsoc is an accepting configuration.

If c is a∀-configuration, then by Claim Bsanooko v̈aite B täsmälleen tämän? 〈s, n〉
has successor nodes〈s1, n1〉, . . . , 〈sk, nk〉 with all having distance≤ d − 1 to a terminal
node. täss̈a suunnitelman oletetaan haarautuvan, vaikka se ei v̈altt ämättä sitä tee!!
By the induction hypothesisSC(〈s1, n1〉), . . . , SC(〈sk, nk〉) are accepting configurations
of the Turing machine. Hence alsoc is an accepting configuration.

So, because all alternating Turing machines with a polynomial space bound can be in
polynomial time translated into a nondeterministic planning problem, all decision problems
in APSPACE are polynomial time many-one reducible to nondeterministic planning, and
the plan existence problem is APSPACE-hard and consequently EXP-hard.

4.1 Planning without observability

The plan existence problem of conditional planning with unobservability is more complex
than that of conditional planning with full observability. We give a new EXPSPACE-
hardness proof for a result first proved by Haslum and Jonsson [2000] and later extend this
proof to obtain 2-EXP-hardness of the more general partially observable case.

We show the EXPSPACE-hardness by a direct simulation of exponential space Turing
machines. The first problem is the representation of the exponentially long tape. In the
PSPACE- and APSPACE-hardness proofs of deterministic planning and conditional plan-
ning with full observability, it is possible to represent the polynomial number of tape cells
as state variables of the planning problem. With an exponential space bound an exponen-
tial number of state variables would be needed, and such a reduction would not be possible
in polynomial time.

Hence we have to find a more clever way of encoding the tape contents. It turns out that
we can use the uncertainty about the initial state for this purpose. When an execution of
the plan that simulates the Turing machine is started, we randomly choose one of the tape
cells to be thewatchedtape cell. This is the only cell of the tape for which the contents
are represented in the state variables. Of all changes to the working tape the simulated TM
makes, only the changes of the watched tape cell are reflected in the state variables.

For guaranteeing that the plan corresponds to a simulation of the Turing machine it is
tested whether the transition the plan makes when the current tape cell is the watched
tape cell is the one that assumes the current symbol to be the one that is stored in the
state variables. If it is not, the plan is not a valid plan. Because the watched tape cell
could be any of the exponential number of tape cells, all the transitions the plan makes are
guaranteed to correspond to the contents of the current tape cell of the Turing machine, so
if the plan does not simulate the Turing machine, the plan is not guaranteed to reach the
goal states.

The proof uses several initial states and unobservability. Several initial states are needed
for selecting the watched tape cell, and unobservability is needed so that the plan cannot
cheat: if the plan can determine what the current tape cell is, it could choose transitions
correspond to the Turing machine transitions only on the watched tape cell. Alternatively,
we can have only one initial state and select the watched tape cell by one nondeterministic
operator in the beginning.
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Theorem 20 The problems of testing the existence of a plan for problem instances with
unobservability and deterministic operators (PLANSAT-UO-D-RG) and with nondetermin-
istic operators and one initial state (PLANSAT-UO-ND-RG-1) are EXPSPACE-hard.

PROOF. We give a simulation of deterministic Turing machines with an exponential
space bound. Nondeterministic Turing machines could be simulated for a NEXPSPACE-
hardness proof, but this additional generality is not interesting because EXPSPACE =
NEXPSPACE.

Below we give the proof for multiple initial states and deterministic operators, but we
could instead use one initial state and force the plan to first apply a special operator that
nondeterministically generates the required successor states, so the theorem holds under
either assumption.

Let 〈Σ, Q, δ, q0, g〉 be any deterministic Turing machine with an exponential space bound
e(x). Let σ be an input string of lengthn. We denote theith symbol ofσ by σi.

The Turing machine may use spacee(n), and for encoding numbers from0 to e(n) + 1
corresponding to the tape cells we needm = dlog2(e(n) + 2)e Boolean state variables.

We construct a succinct transition system without observability for simulating the Turing
machine. The succinct transition system has a size that is polynomial in the size of the
description of the Turing machine and the input string.

Unlike in the proof of Theorem 19 we cannot represent the contents of the tape by having
a state variable for every tape cell because an exponential number of state variables would
be needed, and the reduction would take exponential time.

It turns out that it suffices to keep track of only one tape cell (which we will call the
watched tape cell) that is randomly chosen in the beginning of every execution of the plan.

The setA of state variables in the succinct transition system consists of

(1) q ∈ Q for denoting the states of the TM,

(2) wi for i ∈ {0, . . . ,m− 1} for the watched tape celli ∈ {0, . . . , e(n)},
(3) s for every symbols ∈ Σ ∪ {|,2} for the contents of the watched tape cell,

(4) hi for i ∈ {0, . . . ,m− 1} for the position of the R/W headi ∈ {0, . . . , e(n) + 1}.

The uncertainty in the initial state is about which tape cell is the watched one. Otherwise
the formula encodes the initial configuration of the TM, and it is the conjunction of the
following formulae.

(1) q0

(2) ¬q for all q ∈ Q\{q0}.
(3) Initialization of the state variables for the contents of the watched tape cell.

| ↔ (w = 0)
2 ↔ (w > n)
s ↔

∨
i∈{1,...,n},σi=s(w = i) for all s ∈ Σ

(4) h = 1 for the initial position of the R/W head.

So the initial state formula allows any values for state variableswi and the values of the
state variabless ∈ Σ are determined on the basis of the values ofwi and the input string.
The expressionsw = i, w > i denote the obvious formulae for testing integer equality
and inequality of the numbers encoded byw0, . . . , wm−1. Later we will also use effects
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h := h + 1 andh := h − 1 that represent incrementing and decrementing the number
encoded byh0, . . . , hm−1.

The goal is the following formula.

G =
∨
{q ∈ Q|g(q) = accept}

To define the operators, we first define effects corresponding to transitions. These are
similar to those in proof of Theorem 19 with some key differences related to the expnonen-
tially long work tape.

For all 〈s, q〉 ∈ (Σ ∪ {|,2}) ×Q and〈s′, q′,m〉 ∈ (Σ ∪ {|}) ×Q × {L,N,R} define
the effectτs,q(s′, q′,m) asα ∧ κ ∧ θ whereα, κ andθ are defined below.

The effectα describes what happens to the tape symbol under the R/W head. Ifs = s′

thenα = > as nothing on the tape changes. Otherwise,α = ((h = w) B (¬s ∧ s′)) to
denote that the new symbol in the watched tape cell iss′ and nots.

The effectκ describes the change to the state of the TM. If the R/W head movement
is to the right we defineκ = ¬q ∧ ((h < e(n)) B q′) if q 6= q′ and(h = e(n)) B ¬q
otherwise. This prevents reaching an accepting state if the space bound is violated: no
further operator applications are possible. If the movement is left or there is no movement
we defineκ = ¬q ∧ q′ if q 6= q′ and> otherwise.

The effectθ describes the movement of the R/W head. Either there is movement to the
left, no movement, or movement to the right.

θ =

 h := h− 1 if m = L
> if m = N

h := h + 1 if m = R

By definition of TMs, movement at the left end of the tape is always to the right.
Now, these effectsτs,q(s′, q′,m) which represent possible transitions are used in the

operators that simulate the TM. Let〈s, q〉 ∈ (Σ∪ {|,2})×Q andδ(s, q) = {〈s′, q′,m〉}.
There are no universal states and computation from accepting and rejecting states does

not proceed further. Hence we only define for statesq ∈ Q such thatg(q) = ∃ the operator

os,q = 〈((h 6= w) ∨ s) ∧ q, τs,q(s′, q′,m)〉.

Given an accepting computation tree of the Turing machine, we will show that there is a
corresponding execution graph that satisfies the RG criterion.

For establishing a connection between the TM and the planning problem consider the
following definitions. Letc = 〈q, σ, σ′〉 be a configuration of the TM. Giveni ∈ {0, . . . , e(n)}
that indicates the watched tape cell, define the statez = CSi(c) as follows.

(1) z(q) = 1
(2) z(q′) = 0 for all q′ ∈ Q\{q}
(3) z(s) = 1 iff i ∈ {0, . . . , |σσ′| − 1} and(σσ′)[i] = s, for all s ∈ Σ
(4) z(|) = 1 iff i = 0
(5) z(2) = 0 iff i ∈ {0, . . . , |σσ′| − 1}
(6) z(wj) = 1 iff jth bit of i is 1, for allj ∈ {0, . . . ,m− 1}
(7) z(hj) = 1 iff jth bit of |σ| is 1, for allj ∈ {0, . . . ,m− 1}
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We construct a plan and show inductively that in its execution graph all maximal paths
from a node corresponding to ad-accepting configuration lead to a terminal node corre-
sponding toa goal state and have lengthd + 1.

Base cased = 0: Consider a 0-accepting configurationc. We mapc to a plan nodec
with l(c) = 〈NOOP, ∅〉. In the execution graph there are several terminal nodes corre-
sponding to this plan node, two for every possible watched tape cell:〈CSi(c), c〉 for all
i ∈ {0, . . . , e(n)} followed by 〈CSi(c),⊥〉. The stateCSi(c) is a goal state for every
i ∈ {1, . . . , e(n)}. Hence the path from〈CSi(c), c〉 to a goal node has length 1.

Inductive cased ≥ 1: Consider ad-accepting configurationc. It has ad − 1-accepting
configurationc′. By induction hypothesis for everyi ∈ {0, . . . , e(n)} the maximal path
in the execution graph from〈CSi(c′), c′〉 have lengthd and leads to a termianl node
〈CSi(c′′),⊥〉 such thatCSi(c′′) is a goal state.

We can verifyperustuen operaattoreiden m̈aäritelmään that there is an operatoro
such thatimgo(CSi(c)) = {CSi(c′)}. Hence in the execution graph there is a path with
the above properties also starting from every node〈CSi(c), c〉 with i ∈ {0, . . . , e(n)}.

Hence the RG criterion is satisfied and the operator sequence extracted from the compu-
tation tree is a plan.

Now assume a plano1, . . . , on exists. We construct a sequencec0, . . . , cn of configura-
tions that form the accepting computation tree of the Turing machine.

Let c0 = 〈q0, |a, σ′〉 where the input stringσ = aσ′ is the input string.
ci = NCoi

(ci−1) where

NCos,q
(〈q, σa, σ′〉) =


〈q′, σ, a′σ′〉 if δ(s, q) = 〈a′, q′, L〉
〈q′, σa′, σ′〉 if δ(s, q) = 〈a′, q′, N〉
〈q′, σa′b, σ′′〉 if δ(s, q) = 〈a′, q′, R〉 andσ′ = bσ′′

〈q′, σa′2, ε〉 if δ(s, q) = 〈a′, q′, R〉 andσ′ = ε

kesken
It is easy to verify that the planning problem simulates the TM assuming that when

operatoros,q is executed the current tape symbol is indeeds. So assume that someos,q

is the first operator that misrepresents the tape contents and thath = c for some tape cell
locationc. Now there is an execution of the plan so thatw = c. On this execution the
precondition ofos,q is not satisfied, and the plan is not executable. Hence a valid plan
cannot contain operators that misrepresent the tape contents.

4.2 Planning with partial observability

We show that the plan existence problem of the general conditional planning problem with
partial observability is 2-EXP-hard. The hardness proof is by a simulation of AEXPSPACE=2-
EXP Turing machines.

The hardness proof is an extension of both the EXP-hardness proof of Theorem 19
and of the EXPSPACE-hardness proof of Theorem 20. From the first proof we have the
simulation of alternation, and from the second proof the simulation of an exponentially
long tape.

Theorem 21 The problem of testing the existence of an acyclic plan for problem instances
with partial observability (PLANSAT-PO-ND-acyclicRG) is 2-EXP-hard. This holds even
when there is only one initial state.
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PROOF. Let〈Σ, Q, δ, q0, g〉 be any alternating Turing machine with an exponential space
bounde(x). Let σ be an input string of lengthn. We denote theith symbol ofσ by σi.

The Turing machine may use spacee(n), and for encoding numbers from0 to e(n) + 1
corresponding to the tape cells we needm = dlog2(e(n) + 2)e Boolean state variables.

We construct a succinct transition system with full observability for simulating the Tur-
ing machine. The succinct transition system has a size that is polynomial in the size of the
description of the Turing machine and the input string.

We cannot have a state variable for every tape cell because the reduction from Turing
machines to planning would not be polynomial time. It turns out that it suffices to keep
track of only one tape cell (which we will call thewatched tape cell) that is randomly
chosen in the beginning of every execution of the plan.

The setA of state variables in the succinct transition system consists of

(1) q ∈ Q for denoting the states of the TM,

(2) wi for i ∈ {0, . . . ,m− 1} for the watched tape celli ∈ {0, . . . , e(n)},
(3) s for every symbols ∈ Σ ∪ {|,2} for the contents of the watched tape cell,

(4) s∗ for everys ∈ Σ∪{|} for the symbol last written (important for nondeterministic
transitions),

(5) L, R andN for the last movement of the R/W head (important for nondeterministic
transitions), and

(6) hi for i ∈ {0, . . . ,m− 1} for the position of the R/W headi ∈ {0, . . . , e(n) + 1}.

The observable state variables areL, N andR, q ∈ Q, ands∗ for s ∈ Σ. These are
needed by the plan to decide how to proceed execution after a nondeterministic transition
with a∀ state.

The uncertainty in the initial state is about which tape cell is the watched one. Otherwise
the formula encodes the initial configuration of the TM, and it is the conjunction of the
following formulae.

(1) q0

(2) ¬q for all q ∈ Q\{q0}.
(3) ¬s∗ for all s ∈ Σ ∪ {|}.
(4) Formulae for having the contents of the watched tape cell in state variablesΣ ∪
{|,2}.

| ↔ (w = 0)
2 ↔ (w > n)
s ↔

∨
i∈{1,...,n},σi=s(w = i) for all s ∈ Σ

(5) h = 1 for the initial position of the R/W head.

So the initial state formula allows any values for state variableswi and the values of the
state variabless ∈ Σ are determined on the basis of the values ofwi. The expressions
w = i, w > i denote the obvious formulae for testing integer equality and inequality of the
numbers encoded byw0, w1, . . .. Later we will also use effectsh := h + 1 andh := h− 1
that represent incrementing and decrementing the number encoded byh0, h1, . . ..

The goal is the following formula.

G =
∨
{q ∈ Q|g(q) = accept}
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Next we define the operators. All the transitions may be nondeterministic, and the im-
portant thing is whether the transition is for a∀ state or an∃ state. For a given input
symbol and a∀ state, the transition corresponds to one nondeterministic operator, whereas
for a given input symbol and an∃ state the transitions corresponds to a set of deterministic
operators.

To define the operators, we first define effects corresponding to all possible transitions.
For all 〈s, q〉 ∈ (Σ ∪ {|,2}) ×Q and〈s′, q′,m〉 ∈ (Σ ∪ {|}) ×Q × {L,N,R} define

the effectτs,q(s′, q′,m) asα ∧ κ ∧ θ where the effectsα, κ andθ are defined as follows.
The effectα describes how the current tape symbol changes. Ifs = s′ thenα = > as

nothing on the tape changes. Otherwise,α = ((h = w) B (¬s∧ s′))∧ s′∗ ∧¬s∗ to denote
that the new symbol in the watched tape cell iss′ and nots, and to make it possible for
the plan to detect which symbol was written to the tape by the possibly nondeterministic
transition.

The effectκ describes the change to the state of the TM. Again, either the state changes
or does not, soκ = ¬q ∧ q′ if q 6= q′ and> otherwise. If R/W head movement is to the
right we defineκ = ¬q ∧ ((h < e(n)) B q′) if q 6= q′ and(h = e(n)) B ¬q otherwise.
This prevents reaching an accepting state if the space bound is violated: no further operator
applications are possible.

The effectθ describes the movement of the R/W head. Either there is movement to the
left, no movement, or movement to the right. Hence

θ =

 (h := h− 1) ∧ L ∧ ¬N ∧ ¬R if m = L
N ∧ ¬L ∧ ¬R if m = N

(h := h + 1) ∧R ∧ ¬L ∧ ¬N if m = R

By definition of TMs, movement at the left end of the tape is always to the right.
Now, these effectsτs,q(s′, q′,m) which represent possible transitions are used in the op-

erators that simulate the ATM. Operators for existential statesq, g(q) = ∃ and for universal
statesq, g(q) = ∀ differ. Let〈s, q〉 ∈ (Σ∪{|,2})×Q andδ(s, q) = {〈s1, q1,m1〉, . . . , 〈sk, qk,mk〉}.

If g(q) = ∃, then definek deterministic operators

os,q,1 = 〈((h 6= w) ∨ s) ∧ q, τs,q(s1, q1,m1)〉
os,q,2 = 〈((h 6= w) ∨ s) ∧ q, τs,q(s2, q2,m2)〉
...
os,q,k = 〈((h 6= w) ∨ s) ∧ q, τs,q(sk, qk,mk)〉

That is, the plan determines which transition is chosen.
If g(q) = ∀, then define one nondeterministic operator

os,q = 〈((h 6= w) ∨ s) ∧ q, (τs,q(s1, q1,m1)|
τs,q(s2, q2,m2)|
...
τs,q(sk, qk,mk))〉.

That is, the transition is chosen nondeterministically.
We claim that the succinct transition system has an acyclic plan if and only if the Turing

machine accepts without violating the space bound.
If the Turing machine violates the space bound, thenh > e(n) and an accepting state

cannot be reached because no further operator will be applicable.
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Otherwise, it can be inductively shown that from a computation tree of an accepting
ATM we can extract a conditional plan that always reaches a goal state, and vice versa.

A computation tree directly maps to a plan of the same form.

(1) An accepting terminal configuration maps to a terminal plan node.

(2) An ∃ configuration maps to an operator node that applies the deterministic operator
corresponding to the transition that is made.

(3) A ∀ configuration maps to an operator node that applies the nondeterministic opera-
tor corresponding to the all the transitions that are possible, followed by a branch node
that branches maximally, that is, under all observable state variables, which indicate
which of the alternative transitions actually took place.

Mapping from plans to computation trees is similar to the mapping in Theorem 19 except
that the states encountered cannot be directly mapped to ATM configurations as the former
do not contain the contents of the tape of the ATM.

So, because all alternating Turing machines with an exponential space bound can be in
polynomial time translated into a nondeterministic planning problem with partial observ-
ability, all decision problems in AEXPSPACE are polynomial time many-one reducible
to nondeterministic planning, and the plan existence problem is AEXPSPACE-hard and
consequently 2-EXP-hard.

Vardi and Stockmeyer [1985] establish the 2-EXP-hardness of the satisfiability of the
branching time temporal logic CTL∗ by a simulation of exponential-time alternating Tur-
ing machines, but their proof idea is different from ours. Their proof encodes ATM con-
figurations as sequences of states, each corresponding to one tape cell, and testing the
correctness of the differences between two consecutive tape cells by CTL∗ formulae. Our
proof encodes the ATM configurations in the belief state – implicitly represented by a plan
– by utilizing partial observability.

When operators are restricted to be deterministic or state-independent, complexity of the
plan existence problem in the most general cases decreases.

Our proofs for the EXP-hardness and 2-EXP-hardness of plan existence for planning
with full and partial observability use nondeterminism. Also the EXP-hardness proof of
Littman [1997] uses nondeterminism. The question arises whether complexity is lower
when all operators are deterministic. This turns out to be the case for planning with full
(Theorem 24) and partial observability (Theorem 31), but without observability there is no
difference: the EXPSPACE-hardness proof in that case uses deterministic operators only.
In the partially observable case determinism guarantees that the size of the current belief
state can never increase, and this leads to reduced complexity.

Interestingly, deterministic planning with one initial state is exactly as complex both
with and without conditional effects, but for planning with restrictions on observability
there is a difference in computational complexity. With deterministic state-independent
operators the uncertainty about actual current state monotonically decreases and the values
of state variables may never change without the new value being known, leading to a belief
space with a particularly simple structure.

4.3 Plans with loops

The complexity results of the above plan existence problems hold also when loops are
allowed in the plans. Loops are needed for finitely representing repetitive strategies that
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do not have an upper bound on execution length. A typical problem would be to toss a
die until its value is six. Assuming that the probability of the die falling on every side is
non-zero, eventually getting six has probability 1, although the zero-probability event of
unsuccessfully throwing the die infinitely many times is still possible.

In this section we discuss how the earlier results are extended to the case with loops in
the plans. Looping is not possible in the unobservable case as it is impossible to decide
when to stop looping, but for the fully and partially observable cases looping is applicable.

The problem looping plans cause for the proofs of Theorems 19 and 21 is that a Tur-
ing machine computation of infinite length is not accepting but the corresponding infinite
length zero-probability plan execution is allowed to be a part of a plan. Hence for acyclic
plans there is this mismatch between plans and accepting computation trees.

To eliminate infinite plan executions we have to modify the Turing machine simulations
given in the proofs of those theorems. The modification involves counting the length of
the plan executions and rejecting when the plan has been executed so far that at least one
configuration has been visited more than once. This modification makes looping plans
ineffective, and in the absence of loops the simulation is faithful.

Theorem 22 The problem of testing the existence of an acyclic plan for problem instances
with full observability (PLANSAT-FO-ND-RG) is EXP-hard, even with the restriction to
only one initial state.

PROOF. This is an easy modification of the proof of Theorem 19. If there aren state
variables, an acyclic plan exists if and only a plan with execution length at most2n exists,
because visiting any state more than once is unnecessary. Plans that rely on loops can be
invalidated by counting the number of actions taken and failing when this exceeds2n. This
counting can be done by havingn+1 auxiliary state variablesc0, . . . , cn that are initialized
to false. Every operator〈p, e〉 is extended to〈p, e ∧ t〉 wheret is an effect that increments
the binary number encoded byc0, . . . , cn by one until the most significant bitcn becomes
one. The goalG is replaced byG ∧ ¬cn.

Therefore, a plan exists if and only if an acyclic plan exists if and only if the alternating
Turing machine accepts.

For the fully observable case counting the execution length does not pose a problem
because we only have to count an exponential number of execution steps, which can be
represented by a polynomial number of state variables, but in the partially observable case
we need to count a doubly exponential number of execution steps, as the number of belief
states to be visited may be doubly exponential. A binary representation of these numbers
requires an exponential number of bits, and we cannot use an exponential number of state
variables for representing them, because the reduction to planning would not be polynomial
time. However, partial observability with only a polynomial number of auxiliary state
variables has the power to count doubly exponentially far.

Theorem 23 The problem of testing the existence of an acyclic plan for problem instances
with partial observability (PLANSAT-PO-ND-RG) is 2-EXP-hard. This holds even when
there is only one initial state.

PROOF. We extend the proof of Theorem 21 by a counting scheme that makes cyclic
plans ineffective. We show how counting transitions can be achieved within a succinct
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transition system obtained from the alternating Turing machine and the input string in
polynomial time.

Because representing the number of transitions as a binary number requires an expo-
nential number of state variables, we cannot represent the number explicitly. Instead, we
use a randomizing technique for forcing the plan to implicitly count the number of Turing
machine transitions so far. The technique has some resemblance to the idea in simulating
exponentially long working tapes in proofs of Theorems 19 and 21, but now the idea is
applied to incrementing a number that has exponentially many digits.

For a succinct transition system withn state variables (representing the Turing machine
configurations) executions that visit each belief state at most once may have length22n

.
Representing these numbers requires2n binary digits. We introducen + 1 new unobserv-
able state variablesd0, . . . , dn for representing the index ofone of the digitsandvd for
the value of that digit, and new state variablesc0, . . . , cn through which the plan indicates
changes to the count of Turing machine transitions. There is a set of operators by means of
which the plan sets the values of these variables before applying an operator corresponding
to a Turing machine transition.

The idea of the construction is the following. Whenever the count of TM transitions
is incremented, one of the2n digits in the count changes from 0 to 1 and all of the less
significant digits change from 1 to 0. The plan is forced to communicate the index of
the digit that changes from 0 to 1 by the state variablesc0, . . . , cn. The unobservable
state variablesd0, . . . , dn, vd store the index and value of one of the digits, that we call
the watched digit, and they are used for checking that the reporting ofc0, . . . , cn by the
plan is truthful. On each execution only one digit can be the watched one and tested for
correctness, but this suffices to invalidate plans that incorrectly report the increments, as
a valid plan has to reach the goals on every possible execution and every digit will be the
watched one on one of the executions. Plan execution fails when reporting is false or when
the count exceeds22n

. For this reason a plan for the succinct transition system exists if
and only if an acyclic plan exists if and only if the Turing machine accepts the input string.

Next we exactly define how the succinct transition systems defined in the proof of The-
orem 21 are extended to prevent unbounded looping in plans by means of a counter.

The initial state description is extended with the conjunctdv to signify that the watched
digit is initially 0 (all the digits in the counter implicitly represented in the belief state are
0.) The state variablesd0, . . . , dn may have any values which means that the watched digit
is chosen randomly. The state variablesdv, d0, . . . , dn, dv are all unobservable so that the
plan does not know which digit is watched.

There is also a failure flagf that is initially set to false by having¬f in the initial states
formula.

The goalG is extended toG ∧ ¬f ∧ ((d0 ∧ · · · ∧ dn)→¬dv) to prevent executions that
lead to settingf true or that have length exceeding22n

.
Then we extend the operators simulating the Turing machine transitions, as well as in-

troduce new operators for the plan to indicate which digit changes from 0 to 1.
The operators for indicating the digit that changes are

〈>, ci〉 for all i ∈ {0, . . . , n}
〈>,¬ci〉 for all i ∈ {0, . . . , n}

The operators for Turing machine transitions are extended with the randomized test that the
digit the plan claims to change from 0 to 1 is indeed the one: every operator〈p, e〉 defined
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in the proof of Theorem 21 is replaced by〈p, e ∧ t〉 where the testt is the conjunction of
the following effects.

((c = d) ∧ dv) B f
(c = d) B dv

((c > d) ∧ ¬dv) B f
(c > d) B ¬dv

Herec = d denotes(c0 ↔ d0) ∧ · · · ∧ (cn ↔ dn) andc > d encodes the greater-than test
for the binary numbers encoded byc0, . . . , cn andd0, . . . , dn.

The above effects do the following.

(1) When the plan claims that the watched digit changes from 0 to 1 and the value of
dv is 1, fail.

(2) When the plan claims that the watched digit changes from 0 to 1, changedv to 1.

(3) When the plan claims that a more significant digit changes from 0 to 1 and the value
of dv is 0, fail.

(4) When the plan claims that a more significant digit changes from 0 to 1, set the value
of dv to 0.

That these effects guarantee the invalidity of a plan that relies on unbounded looping is
because the failure flagf will be set if the plan lies about the count, or the most significant
bit with index2n+1−1 will be set if the count reaches22n+1−1. Attempts of unfair counting
are recognized and consequentlyf is set to true because of the following.

Assume that the binary digit at indexi changes from 0 to 1 (and therefore all less sig-
nificant digits change from 1 to 0) and the plan incorrectly claims that it is the digitj that
changes, and this is the first time on that execution that the plan lies (hence the value ofdv

is the true value of the watched digit.)
If j > i, theni could be the watched digit (and hencec > d), and forj to change from

0 to 1 the less significant biti should be 1, but we would know that it is not becausedv is
false. Consequently on this plan execution the failure flagf would be set.

If j < i, thenj could be the watched digit (and hencec = d), and the value ofdv would
indicate that the current value of digitj is 1, not 0. Consequently on this plan execution
the failure flagf would be set.

So, if the plan does not correctly report the digit that changes from 0 to 1, then the plan is
not valid. Hence any valid plan correctly counts the execution length which cannot exceed
22n+1−1.

5. COMPLEXITY OF PLANNING FOR MAINTENANCE

Complexity upper bounds for maintenance are obtained from the same bounds for repeated
reachability in Section 6.

The lower bounds we established in the previous sections for the reachability objective
also hold for the maintenance objective. The proofs are obtained from the proofs of Theo-
rems 19, 20 and 21 by using a counter for the number of actions taken: before the counter
reaches2n (for full observability) or22n

(for no and partial observability) any state is a
goal state, and after reaching the limit only the original goal states are goal states. Indef-
initely staying in a goal state is made possible by a dummy operator that has no effects.
This way the maintenance objective is satisfied if and only if the Turing machine accepts.
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6. COMPLEXITY OF PLANNING FOR REPEATED REACHABILITY: UPPER BOUNDS

The repeated goal reachability criterion does not trivially reduce to the goal reachability
criterion in the more complex cases with partial observability and nondeterminism, and we
must derive algorithms specifically for this more general objective.

By Theorem 16 we directly obtain from hardness proofs of reachability goals also hard-
ness for repeated reachability, and the algorithms we give for repeated reachability estab-
lish membership in complexity classes also for reachability goals.

It turns out that the complexities of all the three plan objectives coincide, and we just
have to show membership in all the classes for which we gave hardness proofs in Section 4.

6.1 Planning with full observability

In the simplest deterministic fully observable cases the plan existence problem for repeated
reachability can be solved by identifying paths and cycles in the transition graph.

Theorem 24 Testing plan existence for succinct transition systems with deterministic op-
erators and only one initial state (PLANSAT-??-D-RRG-1) and for deterministic fully ob-
servable succinct transition systems with several initial states (PLANSAT-FO-D-RRG) un-
der the repeated reachability criterion is in PSPACE.

PROOF. Let Π = 〈A, I, O, G,A〉 be a succinct transition system so that all operators in
O are deterministic.

The fully observable problem with several initial states easily reduces to the one initial
state case: just perform an iteration over all possible initial states, and test existence of
a plan separately for each. Full observability is essential for this reduction to be correct
because branching so that a plan for every initial state can be constructed separately is
otherwise in general not possible.

Let sI be the initial state. The plan existence problem can be solved by in polynomial
space as follows. Iterate over all states to finds such that

(1) s |= G,
(2) s is reachable fromsI by at most2|A| steps, tested by FOreach(A,O,sI ,s,|A|), and
(3) there is a non-empty path froms to itself. This is by testing FOreach(A,O,s′,s,|A|)
for everyo ∈ O with imgo(s) = {s′}. If one of these calls returns true, a non-empty
path froms to itself exists.

The reachability tests are for paths of length at most2|A| because the number of states
is 2|A| and if a path exists then a path of at most length2|A| − 1 exists.

Iteration over all statess can be done in polynomial space, and the procedure calls
FOreach(A,O,s,s′,m) need polynomial space inm and the sizes of the inputs. The proce-
dure FOreach is given in Figure 2.

Planning with full observability has properties that allow using a simpler definition of
plans. Essentially, plans with several nodes are unnecessary, as no memory about the
prior steps in the plan execution need to be retained. Hence plans can be viewed as map-
pings from states to actions, or equivalently, each state can be taken as a plan node, and
after execution the associated action, the plan always branches for every successor state
and continues execution from the node corresponding to the successor state. In connec-
tion with Markov decision processes [Howard 1960; Puterman 1994] this kind of history-
independent policies have been calledstationary.
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procedureFOreach(A,O,s,s′,m)
if m ≤ 0 then

if (s = s′ or there iso ∈ O such that{s′} = imgo(s)) then return true
else return false

else
for eachvaluations′′ of A do

if FOreach(A,O,s,s′′,m− 1) and FOreach(A,O,s′′,s′,m− 1) then return true
end

return false

Fig. 2. Algorithm for finding a path of length≤ 2m from s to s′

Theorem 25 Assume there is a planπ solving a succinct transition systemΠ = 〈A, I, O, G,A〉
under the RRG criterion. LetS be the set of valuations ofA. Then there is a function
x : S → O and a planπ′ = 〈S, b, l〉 also solvingΠ such that

(1) b = {〈U(s), s〉|s ∈ S, s |= I}, and

(2) l(s) = 〈x(s), {〈U(s′), s′〉|s′ ∈ imgx(s)(s)}〉,

whereU(s) =
∧

({a ∈ A|s |= a} ∪ {¬a|a ∈ A, s |= ¬a}), and its execution graph is
〈M,E〉 where

(1) M = S × S

(2) E = {(〈s, s〉, 〈s′, s′〉) ∈ M ×M |o ∈ O, s′ ∈ imgx(s)(s)}.

PROOF. We construct from the planπ and its execution graph the planπ′ with the
execution graph〈M,E〉.

(1) First transformπ by making branching more fine-grained so that for every plan
noden there is only one states so that〈s, n〉 is reachable from the initial nodes in the
execution graph.
Let n be a plan node such that there are for statess ands′ such thats 6= s′ nodes〈s, n〉
and〈s′, n〉 in the execution graph. Now for every states
(a) rename nodes〈s, n〉 to 〈s, ns〉 (also in the edges),
(b) add nodens to the plan withl(ns) = l(n),
For all plan nodesn′ such that forl(n′) = 〈o,B〉 there is〈φ, n〉 ∈ B and for〈φ, n〉 ∈ b
replace〈φ, n〉 in B by 〈U(s), ns〉 for all statess such thats |= φ.
Finally remove noden from the plan.
The above modifications change the structure of the plan but only rename nodes in the
execution graph. Hence their do not affect the satisfaction of the RRG or other criteria.

(2) Now there may be several plan nodes with the same states. If there is nodens so
that there is a path in the execution graph from〈s, ns〉 to a node inG × N that does
not go through a node〈s, n′s〉 and〈s, ns〉 is reachable from one of the nodes〈sI ,m〉
such thatsI |= I and there is〈φ,m〉 ∈ b such thatsI |= φ, then replace all edges to
n′s everywhere in the plan by edges tons, delete the now unreachable plan noden′s,
and modify the execution graph accordingly by replacing all edges to〈s, n′s〉 by edges
to 〈s, ns〉 and delete the nodes〈s, n′s〉.
If there is no such nodens then it means that states cannot be reached on any plan
execution. Hence we may replace all edges in the plan nodesn′s by edges to one
arbitrarily chosenns.
We can show that after each of these steps the plan still satisfies the RRG criterion.
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procedureprune(S,O,G);
W−1 := S;
W0 := ∅;
repeat

W ′
0 := W0;

W0 := W ′
0 ∪

S
o∈O wpreimgo(W ′

0 ∪G);
until W0 = W ′

0; (* States from which a goal state can be reached by≥ 1 operators *)
i := 0;
repeat

i := i + 1;
k := 0;
S0 := ∅;
repeat

k := k + 1; (* States from which a state inG is reachable with≤ k steps. *)
Sk := Sk−1 ∪

S
o∈O(wpreimgo(Sk−1 ∪G) ∩ spreimgo(Wi−1 ∪G));

until Sk = Sk−1; (* States that stay withinWi−1 before reachingG. *)
Wi := Sk;

until Wi = Wi−1; (* States inWi stay withinWi before reachingG. *)
return Wi;

Fig. 3. Algorithm for detecting a loop that eventually makes progress

(3) After repeatedly doing the previous step, there will be for any states only one node
n. Now we can identify these nodesn with these states, and the execution graph has
the desired form.

So in the fully observable case plans can be equivalently represented as mappings from
states to actions. This is the representation of plans we use in establishing the complexity
of the most general fully observable problem.

For nondeterministic operators, full observability and repeated reachability goals we
give a new algorithm. The algorithm solves a problem that generalizes the problem solved
by an algorithm by Cimatti et al. [2003] (the global strong cyclic algorithm) for our sim-
plest objective of reachability goals. The algorithm runs in polynomial time in the size of
the state space and hence yields an exponential time upper bound for the plan existence
problem. The algorithm uses the subprocedureprunegiven in Figure 3.

We introduce some terminology. LetS be a set of states,O a set of operators, and
x : S → O a mapping from states to operators. A sequences0, . . . , sn of states is an
executionif for all i ∈ {1, . . . , n} there iso ∈ O such thatsi ∈ imgo(si−1), and it is an
execution ofx if si ∈ imgx(si−1)(si−1) for all i ∈ {1, . . . , n}.

Lemma 26 (Procedure prune) Let S be a set of states,O a set of operators andG ⊆ S
a set of states. Then the procedure call prune(S,O,G) will terminate after a finite number
of steps returning a set of statesW ⊆ S such that there is functionx : W → O such that

(1) for everys ∈ W there is an executions0, s1, . . . , sn of x with n ≥ 1 such that
s = s0 andsn ∈ G,

(2) imgx(s)({s}) ⊆ W ∪G for everys ∈ W , and
(3) W is the maximal subset ofS having a functionx satisfying the above properties.
More precisely, for any state not inW and for any plan, after some finite number of
execution steps according to that plan a state may be reached from which no goal state
can be reached by any sequence of actions.
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Formally, for everys ∈ S\W and functionx′ : S → O there is an execution
s0, . . . , sn ofx′ such thats = s0 and there is nom ≥ n and executionsn, sn+1, . . . , sm

such thatsm ∈ G.

PROOF. The proof is by two nested induction proofs each corresponding to a repeat-
until loop in the procedureprune. If there is no plan that is guaranteed to reach a goal state
from a states, then this is because for any plan after some number of executions stepsi
it is possible to reach a state from which no sequence actions can reach a goal state. A
plan covering all other states exists with an execution reaching a goal state in someh steps.
The outer loop and induction go throughi = 0, 1, 2, . . . and the inner loop and induction
throughh = 0, 1, 2, . . ..

Induction hypothesis: There is functionx : Wi → O such that

(1) for everys ∈ Wi there is an executions0, . . . , sn of x such thatn ≥ 1, s = s0 and
sn ∈ G,

(2) imgx(s)({s}) ⊆ Wi−1 ∪G for everys ∈ Wi, and

(3) for all functionsx′ : S → O and statess ∈ S\Wi there isi′ ∈ {0, . . . , i} and
an executions0, . . . , si′ of x′ such thats0 = s and there is noh ≥ i′ and execution
si′ , si′+1, . . . , sh such thatsh ∈ G.

Base casei = 0:

(1) W0 has been computed to fulfill exactly this property.

(2) BecauseW−1 = S trivially imgx(s)({s}) ⊆ W−1 ∪G.

(3) Statess ∈ W0\W−1 are exactly those states in which no operator sequence leads
to G.

Inductive casei ≥ 1: For the innerrepeat-untilloop we prove inductively the following.
Induction hypothesis: There is functionx : Sk → O such that

(1) for everys ∈ Sk there is an executions0, s1, . . . , sn of x such thatn ∈ {1, . . . , k},
s = s0 andsn ∈ G,

(2) imgx(s)({s}) ⊆ Wi−1 ∪G for everys ∈ Sk, and

(3) for all functionsx′ : S → O and statess ∈ S\Sk either
(a) there isi′ ∈ {0, . . . , i} and an executions0, . . . , si′ of x′ such thats0 = s and

there is noh ≥ i′ and executionsi′ , si′+1, . . . , sh such thatsh ∈ G, or
(b) there is nok′ ∈ {1, . . . , k} and an executions0, . . . , sk′ of x′ such thats0 = s

andsk′ ∈ G.

Base casek = 0: BecauseS0 = ∅, cases (1) and (2) trivially hold for everys ∈ S0. It
remains to show the third component of the induction hypothesis.

(3) For anys ∈ S\S0 = S (3b) is satisfied because it requires executions to be longer
thank = 0.

Inductive casek ≥ 1: We extend the functionx : Sk−1 → O to cover states inSk\Sk−1.
Let s be any state inSk. If s ∈ Sk−1 then properties (1) and (2) are by the induction
hypothesis. Otherwises ∈ Sk\Sk−1. Therefore by definition ofSk, s ∈ wpreimgo(Sk−1∪
G) ∩ spreimgo(Wi−1 ∪G) for someo ∈ O.
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(1) Becauses ∈ wpreimgo(Sk−1 ∪G) for someo ∈ O, eithers ∈ wpreimgo(Sk−1) or
s ∈ wpreimgo(G).
If s ∈ wpreimgo(G) then we setx(s) = o. The desired execution just consists ofs
and a states′ ∈ G.
If s ∈ wpreimgo(Sk−1)\wpreimgo(G) then there is a states′ ∈ Sk−1 such thats′ ∈
imgo({s}). By the induction hypothesis there is an execution ofx starting froms′ that
ends in a goal state. Fors such an execution is obtained by prefixing witho, so we
definex(s) = o.

(2) Becauses ∈ spreimgo(Wi−1∪G), by (2) and (3) of Lemma 3imgo({s}) ⊆ Wi−1∪
G.

(3) Take anys ∈ S\Sk. Now for every operatoro ∈ O, eithers 6∈ spreimgo(Wi−1∪G)
or s 6∈ wpreimgo(Sk−1 ∪G). Consider any functionx′ : S → O such thatx′(s) = o.
In the first case by the outer induction hypothesis there isi′ ∈ {0, . . . , i − 1} and an
executions0, . . . , si′ of x′ such thats0 ∈ imgo(s) and there is noh ≥ i′ and execution
si′ , si′+1, . . . , sh such thatsh ∈ G. Hence executingo first could similarly lead to the
statesi′ from which no goal could be reached, now requiringi steps.
In the second case by the inner induction hypoethesis for alls′ ∈ imgo(s) there is no
execution of lengthk − 1 ending in a goal state.
Because this holds for anyo ∈ O, everyx′ has one of these properties.

This completes the inner induction. To establish the induction step of the outer induction
consider the following. The inner repeat-until loops ends whenSk = Sk−1. This means
thatSz = Sk for all z ≥ k. Hence there is no upper boundk on the length of executions
for reaching a goal state for (1) and (3). The outer induction hypothesis is obtained from
the inner induction hypothesis by removing the upper bound and replacingSk by Wi. By
constructionWi = Sk.

This finishes the outer induction proof. The claim of the lemma is obtained from the
outer induction hypothesis by noticing that the outer loop exits whenWi = Wi−1 (it will
exit after a finite number of iterations becauseW0 is finite and its size decreases on every
iteration) and then we can replace bothWi andWi−1 by W to obtain the claim of the
lemma.

Theorem 27 Testing plan existence for succinct transition systems with full observability
under the repeated reachability criterion (PLANSAT-FO-ND-RRG) is in EXP.

PROOF. The main procedure of the decision procedure is in Figure 4. Given a suc-
cinct transition systemΠ, we can produce the corresponding transition systemF (Π) =
(S, I,O,G, P ) in exponential time. Then we call the procedure planexistsFO(S,I,O,G).
The procedure first setsGne := G, and then repeatedly eliminates fromGne those goal
states from which reaching a goal state by a plan with a non-empty execution cannot be
guaranteed. The elimination uses the subprocedureprune(Figure 3 and Lemma 26.)

In the endGne will be the maximal set of goal states from which reaching a goal state in
Gne is guaranteed. The number of iterations is bounded by the number of states, and each
iteration has a runtime polynomial in the number of states. Hence the total runtime of this
stage is exponential in the size of the succinct transition system.

Finally, we test whether from the initial state we can always reach a goal state (one of
the remaining). Now, there is a planx so that from any state that can be reached from an
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procedureplanexistsFO(S,I,O,G)
Gne := G;
repeat

W := prune(S,O,Gne);
G′

ne := Gne;
Gne := Gne ∩W ;

until Gne = G′
ne;

if I ⊆ W then return trueelse return false;

Fig. 4. Algorithm for nondeterministic planning with full observability

initial state by using this plan, there is a path to a goal state inGne, including the state in
Gne. Hence the RRG criterion is satisfied.

(1) There is a plan such that for all states inW a state inGne is reached.

(2) There is no plan for states not inW .

If there is a plan, the procedure returns yes.
If the procedure returns yes, there is a plan.

6.2 Planning with unobservability

Next we investigate the repeated reachability criterion for planning without observability
and for the most general case of partial observability. As pointed out in Example 12, the
repeated reachability criterion does not require that at any point of time it is known that the
current state is one of the goal states. This is why planning with the repeated reachability
criterion does not trivially reduce to planning with goal reachability.

Representing and recognizing dependencies between a belief state and its predecessor
belief states becomes necessary, and unlike for reachability goals, plans cannot be formal-
ized as mappings from the current belief state to an action, that is, the belief states do
not include all the necessary information needed for testing the satisfaction of the plan
objective.

The EXPSPACE lower bound for the complexity of the most general unobservable prob-
lem PLANSAT-UO-ND-RRG is given by Theorem 20. We prove the EXPSPACE upper
bound by devising a corresponding decision procedure. The structure of plans for unob-
servable problems is the same as for the PSPACE-complete fully observable deterministic
problem with one initial state considered in Theorem 24: a sequence of actions followed by
a loop. The complication in the unobservable case is that it is not necessarily ever known
when a goal state is visited. The algorithm we give is an extension of the algorithm given
in Theorem 24. First a path to the starting belief state of a loop is found. Then a loop,
that is a non-trivial path from the belief state to itself, is found. Simultaneously with the
loop we find for each state in the belief state an execution that visits a goal state, showing
that the loop satisfies the RRG criterion. All this can be done by using only an exponential
amount of memory, yielding the EXPSPACE membership of the decision problem.

To show that this approach is complete (finds a plan whenever one exist), we first show
that whenever a plan exists, a plan with the given structure exists, that is, repeats a loop
that maps a given belief state to itself. Then we derive an upper bound on the length of
such a loop.

Let o1, . . . , on be a loop satisfying the RRG criterion. In the unobservable case plans
with an infinite execution reduce to a particularly simple form: a sequenceσ of operators
(the prefix) followed by another sequenceσ′ of operators (the loop) that is repeated to
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B

Fig. 5.

produce the infinite sequence of operatorsσσ′σ′σ′ . . .. This is the structure of infinite
paths in a graph with only nodes of degree one. This plan induces an infinite sequence of
belief states, similarly consisting of a prefixσB followed by a loopσ′B , but the lengths of
σB andσ′B do not necessarily equal the lengths ofσ andσ′.

Any plan can be transformed so that the length of the prefix and the loop for both op-
erators and the belief states coincide. LetB1 be the belief state reached after execut-
ing σ. After also executingσ′ we may reach some other belief stateB2 6= B1. Let
B1, B2, . . . , Bn, . . . be the sequence of belief states obtained this way, eachBi reached
from the initial belief state by executingσ and thenσ′ i − 1 times. Because the number
of belief states is finite, for somen ≥ 1 andk ∈ {1, . . . , n − 1}, Bk = Bn. Let n be the
minimal suchn. Now fromBn executingσ′ n−k times takes us toBn. Now we can view
σσ′k−1 as the prefix of the plan andσ′n−k as the loop. This loop has the property thatBn

is its first belief state on every iteration.
We transform the plan further, so that visiting a goal state inG is possible (considering

nondeterminism) when executing the loop only once starting from anys ∈ Bn. Notice
that in general for some statess ∈ Bn there is no execution path leading to a goal state in
only one execution of the loop: in the example in Figure 5 the loop consists of one operator
only, the one depicted as arrows, only one of the three states is a goal state, and a goal state
is visited on every third execution of the loop.

So consider a loopo1, . . . , on with n ≥ 1 and the corresponding belief statesB0, . . . , Bn

whereB0 = Bn. Because the RRG criterion is satisfiedG ∩ Bi 6= ∅ for somei ∈
{0, . . . , n}. Hence for somes ∈ B0 imgo1;...;oi

(s) ∩G 6= ∅. Now for statess′ ∈ B0 such
that s ∈ imgo1;...;on

(s′) visiting a state inG is possible with at most 2 iterations of the
loop. Repeating this argument shows for every state inB0 it is possible to visit a goal state
by executing the loop at most|B0| times. Hence this loop can be concatenated|B0| times
and we obtain a loop by executing which once for any state inB0 visiting a goal state is
possible.

We now derive an upper bound on the length of such a loop. Leto1, . . . , on be a loop
with belief statesB0, . . . , Bn such thatB0 = Bm and an executions0, . . . , sn visiting a
goal state foronly oneof the statess0 ∈ B0, that is,si ∈ G for somei ∈ {0, . . . , n}.
Assume for somei, j, k ∈ {0, . . . , n} such thati 6= j 6= k 6= i bothBi = Bj = Bk and
si = sj = sk. If for sg ∈ G for g ∈ {i, . . . , j − 1} then we obtain a shorter loop visiting
G for s0 by eliminating operatorsoj , . . . , ok−1, and if g ∈ {j, . . . , k − 1} we eliminate
operatorsoi, . . . , oj−1. Hence there need be at most two occurrences of anyBi, si, and the
loop need have length at most2|S|2|S|. Now we can concatenate the loops for alls ∈ B0,
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procedureUOreach(S,O,B,B′,m)
if m ≤ 0 then

if B = B′ or (there iso ∈ O such thatB ⊆ prec(o) and B′ = imgo(B)
then return true

else
for eachB′′ ⊆ S do

if UOreach(S,O,B,B′′,m− 1) and UOreach(S,O,B′′,B′,m− 1) then return true;
end;

return false

Fig. 6. Algorithm for finding a sequence of actions leading fromB to B′

procedureUOreachr(S,O,B,r,B′,r′,m,Q)
if m ≤ 0 then

if (B = B′ and r = r′)
or (there iso ∈ O such thatB ⊆ prec(o) and B′ = imgo(B)

and r′(q) ∈ imgo(r(q)) or (r(q) = r′(q) andr(q) ∈ G) for all q ∈ Q)
then return true

else
for eachB′′ ⊆ S and functionr′′ : Q → S do

if UOreachr(S,O,B,r,B′′,r′′,m− 1,Q) and UOreachr(S,O,B′′,r′′,B′,r′,m− 1,Q) then return true;
end;

return false

Fig. 7. Algorithm for finding a sequence of action fromB andB′ that may visitG

obtaining a loop that can visit a goal state from any state inB0 and having length at most
2|S|2|S|2.

log2(2n2n2) = 1 + log2 2n + log2 n2 = 1 + n + 2 log2 n

Theorem 28 Testing plan existence for succinct transition systems without observability
under the repeated reachability criterion (PLANSAT-UO-ND-RRG) is in EXPSPACE.

PROOF. Given a succinct transition systemΠ, we first produce the corresponding tran-
sition systemF (Π) = 〈S, I,O,G, (S)〉 in exponential time. Then we find a plan by using
the algorithm with the main procedure given in Figure 8. The outer loop iterates over
all belief statesB that may be the first in the loop that follows. This iteration takes only
exponential space.

Let n = |S| be the cardinality of the state space.
For eachB test with UOreach(O,I,B,2n) thatB is reachable fromI. If it is, iterate over

all functionsr′ : B → G and test whether for someo ∈ O imgo(s) 6= ∅ for all s ∈ B
(o is applicable in all states inB) and UOreachr(S,O,imgo(B),r,B,r′,n + ndlog2(|B|)e)
returns true, that is, whether there is a non-empty sequence of actions that reachesB from
B itself.

Because the search for the path takes place in the combined space of all belief states and
all mappings fromB to S, the cardinality of which is2nnn, an upper bound on the path
length is similarly2nnn. For binary search in UOreachr this yields the upper bound

log2(2
nnn) = log2 2n + log2[(2

log2 n)n] = n + log2 2n log2 n = n + n log2 n

for the recursion depth.
The procedure goes through all sequences of actions of length2nnn, and hence when-

ever a plan exists one of length< 2nnn will be found.
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procedureUOplanexistence(S,I,O,G)
for eachB ⊆ S, operatoro ∈ O and functionsr : B → S andr′ : B → G do

if r(s) ∈ imgo(s) for all s ∈ B
and UOreach(S,O,I,B,n)
and UOreachr(S,O,imgo(B),r,B,r′,n + ndlog2 ne,B) then return true

end do;
return false

Fig. 8. A decision procedure for testing plan existence without observability

6.3 Planning with partial observability

A 2-EXP upper bound for partially observable problems under the maintenance and reach-
ability criteria can be directly obtained by using the algorithms for the corresponding fully
observable problems (Theorems 27): view belief states (sets of states) as states and view
subsets of the set of goal states as goal states. For the most general repeated reachability
criterion establishing membership in 2-EXP is not as easy.

Theorem 29 Testing plan existence for succinct transition systems with partial observ-
ability under the repeated reachability criterion (PLANSAT-PO-ND-RRG) is in 2-EXP.

PROOF. We use the algorithm for fully observable planning given in Theorem 27 as a
basis of a decision procedure for PLANSAT-PO-ND-RRG. Instead of states we use belief
states extended with information on executions, similarly to the proof of Theorem 28. The
set of these extended belief states has size that is exponential in the number of states, and
leads to 2-EXP membership instead of EXP membership.

Let S be the set of all states. Then an extended belief state is a pair〈B,B′〉 where
B ⊆ C for some observational classC andB′ ⊆ B.

We use extended belief states for finding belief statesB such that from〈B,B〉 extended
belief states〈B′, ∅〉 ∈ Gne can be reached. This means that for every state inB on some
execution a goal state can be reached.

To use the algorithm in Theorem 27 we define the functionsspreimgEo (W ) andwpreimgEo (W )
for setsW of extended belief states and use them respectively instead ofspreimgo(W ) and
wpreimgo(W ).

For an extended belief state〈B,B′〉 and a setW of extended belief states,〈B,B′〉 ∈
wpreimgEo (W ) if for every s ∈ B′ there is an observational classC and〈B′′, B′′′〉 ∈ W
such that

(1) B′′ = imgo(B) ∩ C and

(2) eitherimgo(s) ∩B′′′ 6= ∅ or imgo(s) ∩G 6= ∅.

Notice that this definition does not require covering all observational classes that might
result fromB with o.

For an extended belief state〈B,B′〉 and a setW of extended belief states,〈B,B′〉 ∈
spreimgEo (W ) if for every observational classC such thatimgo(B) ∩ C 6= ∅ there is
〈B′′, B′′′〉 ∈ W such that

(1) B′′ = imgo(B) ∩ C.

The idea with the weak preimages of sets of extended belief states is that an extended
belief state〈B,B′〉 is in the weak preimage if for every state in it there is an execution that
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procedureplanexistsPO(S,I,O,G,(C1, . . . , Cn))
Gne := {〈B, ∅〉|i ∈ {1, . . . , n}, B ⊆ Ci};
repeat

W := pruneE (S,O,Gne);
G′

ne := Gne;
Gne := {〈B, ∅〉 ∈ G′

ne|〈B, B〉 ∈ W};
until Gne = G′

ne;
if for all i ∈ {1, . . . , n}, 〈I ∩ Ci, ∅〉 ∈ W then return trueelse return false;

Fig. 9. Algorithm for nondeterministic planning with partial observability

eventually leads to a goal state. In the functionprunethis is needed for guaranteeing the
satisfaction of the RRG criterion.

For strong preimages we just want to guarantee that the execution does not take us out
of the good belief states.

Notice that for fully observable problems, when the setsC of observational classes are
singleton sets, there is an exact match between the functionsspreimgEo (W ) andwpreimgEo (W )
respectively withspreimgo(W ) andwpreimgo(W ).

DefinepruneE exactly likeprunebut by replacingspreimgo(·) andwpreimgo(·) respec-
tively by spreimgEo (·) andwpreimgEo (·).

kesken

For deterministic operators the belief state size monotonically decreases as plan exe-
cution proceeds. This leads to a particularly simple structure for plans when executions
are infinite: they consist of a branching non-looping part that ends in any of belief states
B1, . . . , Bn. The sum of the cardinalities of these belief states is less than or equal to
the cardinality of the initial belief state. Further, for each belief stateB ∈ {B1, . . . , Bn}
there is a non-branching loop to itself so that for any starting states ∈ B there is an ex-
ecution that visits a goal state, and all belief states in that loop have the same cardinality.
Observations at this stage do not reduce the size of the belief states.

Theorem 30 Assuming partial observability and deterministic operators, testing the ex-
istence of a plan that always ends in one of the belief statesB1, . . . , Bn can be done in
exponential space.

PROOF. The idea is similar to the EXPSPACE membership proof of planning without
observability: go through all possible intermediate stages of a plan by binary search (in-
termediate stage = a maximal set of plan nodes of which none is a successor of another.)
Determinism yields an exponential upper bound on the sum of the cardinalities of the belief
states that are possible after branching and a given number of actions, and it also entails
that no belief state has to be visited more than once (= acyclic plans). Hence plan execu-
tions have doubly exponential length and binary search needs only exponential recursion
depth. Because only an exponential amount of memory is needed at each call, the whole
memory consumption is exponential.

Let F (Π) = 〈S, I,O,G, (C1, . . . , Ck)〉 be the transition system corresponding to a
given succinct transition systemΠ. For belief stateB and setL of belief states with∑

B′∈L |B′| ≤ |S|, test reachability of belief states inL from B with plans of depth2i by
algorithm in Figure 10.

We can now test plan existence by calling POreach(S,O,B,L,(C1, . . . , Ck),2m) for ev-
ery B = I ∩ Ci, i ∈ {1, . . . , k}. HereL = {B1, . . . , Bn} andm is the number of state
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procedurePOreach(S,O,B,L,(C1, . . . , Ck),i)
if i = 0 then

begin
for each j ∈ {1, . . . , k}

if imgo(B) ∩ Cj ⊆ B′ for noo ∈ O such thatB ⊆ prec(o) andB′ ∈ L
and B ∩ Cj ⊆ B′ for noB′ ∈ L
then return false

end
return true

end
else

for eachL′ ⊆ 2S such that
P

B′∈L′ |B′| ≤ |B| and
for everyB′ ∈ L′, B′ ⊆ Cj for somej ∈ {1, . . . , k}

if POreach(S,O,B,L′,(C1, . . . , Ck),i− 1)
and POreach(S,O,B′′,L,(C1, . . . , Ck),i− 1) = true for allB′′ ∈ L′

then return true
end for

return false

Fig. 10. Algorithm that tests reachability of sets of belief states by deterministic operators in EXPSPACE

procedureplanexistsPOdet(S,I,O,G,(C1, . . . , Ck))
n := |S|; (* Number of states *)
for all setsL ⊆ 2S such that

P
B∈L |B| < |I| do

if POreach(S,O,I,L,(C1, . . . , Ck),n) then
if for every B ∈ L (* Starting belief state of a loop *)

for somer : S → 2S such thatB ⊆
S
{r(s)|s ∈ G}

UOreachr(O,B,{(s, s)|s ∈ B},B,r,n + dn log2 ne)
then return true;

end for
return false

Fig. 11. Algorithm for testing plan existence for deterministic operators and partial observability

variables. The algorithm always terminates, and a plan exists if and only if answertrue is
obtained in all cases.

The space consumption is (only) exponential because the recursion depth is exponential
and the setsL′ ⊆ 2S with

∑
B′∈L′ |B′| ≤ |B| have size≤ |S|. This small setsL′ suffice

because all operators are deterministic, and after any number of actions, independently of
how the plan has branched, the sum of the cardinalities of the possible belief states is not
higher than the cardinality of the set of initial states. This is because the size of a successor
belief state cannot be bigger, and the sum of sizes of belief states following a branch equals
the size of the predecessor belief state.

Theorem 31 Testing plan existence for succinct transition systems with partial observabil-
ity and deterministic operators under the repeated reachability criterion (PLANSAT-PO-D-RRG)
is in EXPSPACE.

PROOF. The procedure for testing plan existence is given in Figure 11. The algorithm
loops over the sets of starting belief states of loops (the sum of their cardinalities is at most
the cardinality of the initial belief state).

For each potential set of loops’ starting belief states, the existence of an acyclic plan
for reaching these belief states is tested by the procedurePOreachthat runs in exponential
space by Theorem 30.
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procedurenotapplicable(A,o,I,B)
guesss : A → {T, F} so thats |= I;
for eachp ∈ A do

if B(p) 6= U then s(p) := B(p);
if s 6|= prec(o) then return true;
return false

Fig. 12. A nondeterministic test for applicability of an operator in a 3-valued belief state

procedure3app(A,I,o,B,s,B′,s′)
if imgo(s) 6= {s′} then return false;
if notapplicable(A,o,I,B) then return false;
for eachp ∈ A do

if B′(p) 6= T and p in eff(o) then return false;
if B′(p) 6= F and¬p in eff(o) then return false;
if B(p) 6= B′(p) and (p not in eff(o) and¬p not in eff(o)) then return false;

end for
return true

Fig. 13. Test for reachability ofB′, s′ from B, s by 0 or 1 operators

Finally, the existence of a goal-visiting non-branching loop for each of the designated
starting belief states of a loop is tested by the procedureUOreachr, which runs in expo-
nential space by Theorem 28.

Planning is still simpler when operators are state-independent, that is, the changes made
by the operator are always the same.

Theorem 32 Testing plan existence for succinct transition systems with partial observabil-
ity and deterministic state-independent operators under the repeated reachability criterion
(PLANSAT-PO-ID-RRG) is in PSPACE.

PROOF. Because the set of observable state variables is always the same and no infor-
mation about the unobservable state variables can be obtained indirectly (through operators
with conditional effects), it suffices to initially observe everything, branch, and for every
resulting belief state find a sequential plan, consisting of a prefix and a loop, that visits a
goal state, returns to the belief state, and then repeats the loop.

Testing the existence of such a loop is by the algorithm3reachin Figure 14.

The main procedure of the algorithm is given in Figure 16.
In these procedures belief states are represented as 3-valued valuations of state variables,

that is, as functionsB : A → {T, F, U}. The valuesT andF respectively mean that the
state variable has been assigned or observed to betrue or false. The valueU means that
the value is the same as in the unknown initial state, and hence has not been assigned nor
observed.

The notations ∈ B for 3-valued belief stateB : A → {T, F, U}, a fixed initial belief
stateI, and states : A → {T, F} denotess(a) = B(a) for all a ∈ A such thatB(a) ∈
{T, F}.

There are only3n 3-valued belief states forn state variables. Because no sequential
plan for reaching a belief state has to visit any belief state more than once, such plans have
length at most3n.
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procedure3reachG(A,I,O,G,B,s,B′,s′,m)
if m ≤ 0 then

if ((B = B′ and s = s′) or 3app(A,I,o,B,s,B′,s′) for someo ∈ O) and {s, s′} ∩G 6= ∅ then return true
else return false

else
for eachB′′ : A → {T, F, U} and states′′ ∈ B′′ do

if 3reachG(A,I,O,G,B,s,B′′,s′′,m− 1) and 3reach(A,I,O,G,B′′,s′′,B′,s′,m− 1) then return true;
if 3reach(A,I,O,G,B,s,B′′,s′′,m− 1) and 3reachG(A,I,O,G,B′′,s′′,B′,s′,m− 1) then return true

end for
return false

Fig. 14. Algorithm for finding a path fromB to B′ that visitsG

procedure3reach(A,I,O,G,B,s,B′,s′,m)
if m ≤ 0 then

if (B = B′ and s = s′) or 3app(A,I,o,B,s,B′,s′) for someo ∈ O then return true
else return false

else
for eachB′′ : A → {T, F, U} ands′′ ∈ B′′ do

if 3reach(A,I,O,G,B,s,B′′,s′′,m− 1) and 3reach(A,I,O,G,B′′,s′′,B′,s′,m− 1) then return true
end for;

return false

Fig. 15. Algorithm for finding a path fromB, s to B′, s′

procedureplanexistsPOsi(A,I,O,G,V )
if for every B : A → {T, F, U} such thatB(p) ∈ {T, F} for all p ∈ V and

I(p) ∈ {T, F} impliesB(p) = I(p) for all p ∈ A;
for someB0 : A → {T, F, U} and s0 ∈ B0

3reach(A,I,O,G,B,s,B0,s0,m) and
for every s′ ∈ B0

for somes′′ ∈ B0

3reachG(A,I,O,G,B0,s′,B0,s′′,m)
then return true

Fig. 16. Algorithm for testing plan existence for deterministic state-independent operators and partial observ-
ability
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transition type
observability state-independent state-dependent state-dependent

deterministic (ID) deterministic (D) non-deterministic (ND)
full (FO) PSPACE (T18) PSPACE (T18) EXP (T22)
no (UO) PSPACE (T18) EXPSPACE (T20) EXPSPACE (T20)
partial (PO) PSPACE (T18) EXPSPACE (T20) 2-EXP (T23)

Table I. Complexity lower bound (hardness) theorems for reachability and several initial states
(PLANSAT-??-??-RG)

transition type
observability state-independent state-dependent state-dependent

deterministic (ID) deterministic (D) non-deterministic (ND)
full (FO) PSPACE (T18) PSPACE (T18) EXP (T22)
no (UO) PSPACE (T18) PSPACE (T18) EXPSPACE (T20)
partial (PO) PSPACE (T18) PSPACE (T18) 2-EXP (T23)

Table II. Complexity lower bound (hardness) theorems for reachability and one initial state
(PLANSAT-??-??-RG-1)

Testing the existence of a loop that visits a goal state by the procedure3reachis done
for each starting belief stateB of a loop and each states ∈ B separately. The desired loop
is then obtained by juxtaposing the individual loops. The idea of the procedure is that the
loop has to be executable for any starting state inB, and when starting ins a goal state will
be visited.

Memory consumption at each call is only polynomial in the number of state variables,
and the recursion depths are only polynomial. Hence the whole memory consumption is
only polynomial in the size of the succinct transition system and the plan existence problem
is in PSPACE.

7. SUMMARY OF THE RESULTS

We summarize the results of this work and results established in earlier work.

7.1 Lower bounds for reachability

On goal reachability we have hardness proofs for certain complexity classes for three
different degrees of observability (unobservable, full, partial) and transitions with three
types of restrictions (nondeterministic, deterministic state-dependent, deterministic state-
independent). References to theorems are given in Tables I and II, the first for succinct
transition systems with several initial states, and the second with one initial state.

7.2 Upper bounds for repeated reachability

For repeated reachability we have constructive proofs of membership in the same com-
plexity classes we already proved hardness for goal reachability. These results show that
on both of these objectives, the plan existence problems are complete for the complexity
classes in questions. References to theorems are given in Tables III and IV.

Comments on the problem complexities. All the PSPACE cases established by Theo-
rem 24 are easily reducible to s-t-reachability in the succinct transition system, accom-
panied by an iteration over all possible initial and/or goal states. So in these cases the
plan/controller synthesis problem is much easier.
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transition type
observability state-independent state-dependent state-dependent

deterministic (ID) deterministic (D) non-deterministic (ND)
full (FO) PSPACE (T24) PSPACE (T24) EXP (T27)
no (UO) PSPACE (T32) EXPSPACE (T28) EXPSPACE (T28)
partial (PO) PSPACE (T32) EXPSPACE (T31) 2-EXP (T29)

Table III. Complexity upper bound theorems for repeated reachability and several initial states
(PLANSAT-??-??-RRG)

transition type
observability state-independent state-dependent state-dependent

deterministic (ID) deterministic (D) non-deterministic (ND)
full (FO) PSPACE (T24) PSPACE (T24) EXP (T27)
no (UO) PSPACE (T24) PSPACE (T24) EXPSPACE (T28)
partial (PO) PSPACE (T24) PSPACE (T24) 2-EXP (T29)

Table IV. Complexity upper bound theorems for repeated reachability and one initial state
(PLANSAT-??-??-RRG-1)

8. IMPLICATIONS TO DISCRETE EVENT SYSTEMS

Discrete event systems with a form of succinct representation can be embedded in the
framework used in this work.

We formalize every (controllable or uncontrollable) transition as a deterministic effect.
Let φ be a formula that defines a set of states. Lete1, . . . , en be the controllable transitions
ande′1, . . . , e

′
n′ the uncontrollable ones applicable in any state satisfyingφ.

Let x1, . . . , xn be auxiliary state variables. We define the following operators for the
transitions applicable in states satisfyingφ.

〈>, xi〉 for everyi ∈ {1, . . . , n}
〈>,¬xi〉 for everyi ∈ {1, . . . , n}
〈φ, (x1e1|x2e2| · · · |xnen|>e′1|>e′2| · · · |>e′n′)〉

The operators〈>, xi〉 and〈>,¬xi〉 are used for enabling and disabling transitions be-
fore the application of the third operator which represents all the (enabled and disabled)
controllable and uncontrollable transitions.

Notice that the operators are deterministic only if there are no uncontrollable transitions
and at most one controllable transition for every state, and this controllable transition is
deterministic. Alternatively, a plan will be deterministic if there are no uncontrollable
transitions and at most one controllable transition, that is also deterministic, is enabled at
a time.

The definition of succinct DES coversn-safe Petri nets and VASS becausen-valued
state variables can be easily represented in terms of Boolean variables.

Theorem 33 Testing the existence of a controller satisfying the goal reachability or the
repeated reachability criterion is 2-EXP-complete.

PROOF. Operators in proof of Theorem 21 are of the form〈φ, (x1e1| · · · |xnen|>e′1| · · · |>e′n′)〉.
Specifically,n = 0, and for operators representing transitions from existential states there
is only one effecte1, and for operators representing transitions from universal states there
may be several. Hence the 2-EXP-hardness proof directly works also for succinct DES.
Membership in 2-EXP is by Theorem 29.
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9. RELATED WORK

AI planning and the problems discussed in this work are closely related to many other
areas. In this section we briefly discuss the closest related computational problems and
review the main works on computational complexity that are related to ours.

9.1 Controller synthesis for discrete event systems

Complexity of controller synthesis for discrete event systems has earlier been analyzed for
DES that are represented enumeratively, that is, without a representation that uses state
variables, Petri nets, or vector addition systems. [Tsitsiklis 1989; Rudie and Willems
1995].

9.2 Planning

The simplest plan synthesis problem is the one with one initial state and deterministic
operators. This problem is essentially the s-t-reachability problem of succinctly repre-
sented graphs which is PSPACE-complete [Papadimitriou and Yannakakis 1986; Lozano
and Balćazar 1990]. A typical succinct representation of graphs uses Boolean circuits for
representing the transition matrices. In AI planning the operator-based representation of
graphs (transition systems) is typically used, and the problem is PSPACE-complete also
for this representation [Bylander 1994]. In AI planning, sets of operators are often repre-
sented as operator schemata that are instantiated with some set of constant symbols. This
increases the complexity and the plan existence problem for schematic operators without
function symbols is EXPSPACE-complete [Erol, Nau, and Subrahmanian 1995]. Allow-
ing function symbols makes the problem undecidable. Erol et al. consider also many other
variants of the basic problem.

The non-probabilistic plan existence problem without observability is EXPSPACE-complete
[Haslum and Jonsson 2000]. This is the result for which we presented a new proof in The-
orem 20. The proof by Haslum and Jonsson is based on a reduction from the universality
problem of regular expressions of finite automata with exponentiation [Hopcroft and Ull-
man 1979]. The EXP-completeness of planning with full observability follows from results
of Littman [1997] which we will discuss below.

De Giacomo and Vardi [2000] analyze a number of planning problems in an automata-
theoretic framework. These problems are similar to the ones addressed by our work, but
the formal frameworks differ. The planning objectives are represented as formulae in a
temporal logic, but only deterministic actions are considered. One of De Giacomo and
Vardi’s results has a counterpart in our work: the EXPSPACE-completeness of plan exis-
tence with deterministic actions and partial observability is Theorem 8 in [Giacomo and
Vardi 2000] and our Theorem 30.

Considering the high complexity of planning in the general case and the fact that plans
can be extremely big, it is justified to look at the complexity of planning when there are
strong restrictions on plan size. A practically relevant restriction is to consider plans of
small (polynomial) size. For plans without loops testing whether a given plan reaches a
given goal state takes only nondeterministic polynomial time in the size of the plan, even
when the transition systems have partial observability. When the plan may only have a size
that is polynomial in the size of the transition system, testing the existence of acyclic plans
is in NPNP, which can be taken advantage of in plan construction [Rintanen 1999].
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Also other types of restrictions have been addressed in earlier work, for example having
no restrictions on plan size, and restrictions on the lengths of executions of the plans [Baral,
Kreinovich, and Trejo 2000; Turner 2002].

Some of the proofs of Mundhenk et al. [2000] on the complexity of bounded-horizon
MDPs are also applicable to non-probabilistic planning problems, for example yielding
the NEXP-completeness of planning without observability and at most exponential length
executions.

Polynomial time planning algorithms are only possible under very strong syntactic or
structural restrictions. Works that identify tractable classes of planning include [Bylander
1994; B̈ackstr̈om and Nebel 1995].

9.3 MDPs and probabilistic planning

Markov decision processes are a formalization of sequential decision making that is very
close to the problems in AI planning. Papadimitriou and Tsitsiklis investigate the complex-
ity of the basic decision problems about (fully observable) MDPs, and show that the prob-
lem of existence of a policy with a positive reward is P-complete over the main optimality
criteria of finite-horizon, discounted and average rewards [Papadimitriou and Tsitsiklis
1987]. They also show that for partially observable MDPs (POMDPs) the same problem is
PSPACE-hard, and in PSPACE if the horizon length does not exceed the number of states.
The representation of MDPs Papadimitriou and Tsitsiklis has size that is proportional to
the number of states, and with succinct representations the complexities increase. For ex-
ample, the P-completeness result this way exactly corresponds to the EXP-completeness
results of non-probabilistic and probabilistic planning with full observability, as discussed
in this work and for example by Littman [1997].

For partially observable MDPs the problem of testing the existence of optimal policies
under the main infinite-horizon optimality criteria is undecidable [Madani, Hanks, and
Condon 2003]. The proof Madani et al. give is based on the close connection between
the plan existence problem without observability and the non-emptiness problem of prob-
abilistic finite automata [Paz 1971; Condon and Lipton 1989].

After recognizing that the general POMDP policy construction problem is not solv-
able, one can look at restricted variants of the general problem. Mundhenk et al. [2000]
analyze the construction of finite-horizon policies for succinctly represented POMDPs un-
der different observability restrictions, and restrictions to polynomial and exponentially
long horizons. Their succinct representation of POMDPs is based on encoding transition
matrices as Boolean circuits. While for non-probabilistic planning in the fully observ-
able, unobservable and in the general case the plan existence problems are respectively
complete for EXP, EXPSPACE and 2-EXP, Mundhenk et al. show that the correspond-
ing policy existence problems for history-dependent POMDPs represented as circuits and
with exponentially long horizons are complete for EXP, NEXP and EXPSPACE. The latter
complexities are this low because of the restriction to exponential horizon length. Plan-
ning problems with no observability or partial observability may have only solutions with
horizons of doubly exponential length.

With the restriction to plans with success probability 1, as in the problems in the present
work, considering a cost measure and finding plans that minimize the expected cost or have
a expected cost below a given constant also makes the plan existence problem undecidable.
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Theorem 34 Testing existence of plans with success probability 1 and expected reward
exceeding a constantc for probabilistic planning with partial observability and the goal
reachability criterion is undecidable.

PROOF. We sketch a simple reduction from the unsolvable planning problem considered
by Madani et al. [2003].

Take a problem instanceπ1 of unobservable probabilistic planning characterized by a
setO of probabilistic operators, a setI of initial states, and a setG of goal states.

We construct a new problem instanceπ2 by adding a new operatoro1 and one new state
sg that is not reachable by any operator inO. The operatoro1 reachessg from any non-
goal state with cost 1 and from any goal state with cost 0. All operators inO are applicable
in sg and go to some other state fromsg.

The problem of testing whether a plan with success probability greater thanp is un-
solvable. We reduce this problem to testing whether a plan with success probability 1 and
expected cost less thanc = 1− p exists.

Assume there is a plan forπ1 with success probability> c. This plan is a sequence of
operators. Addo1 to the end of this sequence. Now the plan solvesπ2 with probability 1
and expected costc = 1− p.

Assume there is a plan forπ2 with success probability 1 and expected costc = 1 − p.
This plan is a sequence of operators ando1 is the last operator. Construct a new plan by
deletingo1. Now this new plan solvesπ1 and has success probability> p.

9.4 Game theory

Many of the problems in this work have a distinct game theoretic character because non-
determinism can be understood as an opponent whose behavior cannot be controlled. This
together with the requirement that the goals are reached with probability 1 make the prob-
lems considered by us very game-theoretic, and the plan existence problems – in cases
when unbounded looping is not allowed – are equivalent to the game-theoretic problem
of determining the existence of winning strategies. So, our results directly yield lower
and upper bounds for the complexities of these game theoretic problems under different
observability restrictions.

Notice that in many practically interesting game-theoretic problems, for example card
games like poker, winning strategies do not exist, and the practically interesting compu-
tational problem is finding strategies that are optimal in the sense that they produce the
highest expected payoff. This problem requires considering probabilities. As implied by
the results of Madani et al. [2003], in the kind of general framework considered in this
work with games of unbounded length the problem of determining whether there is a strat-
egy with a given expected payoff is undecidable.

The complexity of existence of strategies having a given payoff has earlier been inves-
tigated in games represented in the strategic and extensive forms, see for example [Gilboa
and Zemel 1989; Koller and Megiddo 1992], as well as existence of winning strategies in
simple fully-observable stochastic games [Condon 1992]. Extensive form is a game rep-
resentation that is much less succinct than the kind of state variable based representations
considered in this work. The extensive form encodes all the belief states of the players
explicitly, and the number of relevant belief states may be exponential in the number of
state variables. [Zwick and Paterson 1996]

unfinished manuscript, February 24, 2005



· 47

Because nondeterminism can be viewed as the freedom of action of another agent, our
results on the complexity of the plan existence problems with nondeterministic operators
directly yields the complexity of the corresponding problem of existence of winning strate-
gies for 2-player games. Specifically, our Theorem 21 shows that the problem of existence
of winning strategies for succinctly represented 2-player games with partial observability
is 2-EXP-hard.

9.5 Temporal logic program synthesis

Different types of controller synthesis problems for temporal logic specifications have been
considered in earlier work. The planning problems in this work most closely match the
open system synthesis problems in which the controller interacts with an external uncon-
trollable environment. Early works on this topic include Pnueli and Rosner [1989]. It is
assumed that the current state of the system is unambiguously known, and therefore the
problem corresponds to planning with full observability as considered in this work.

[1995]
Kupferman and Vardi [1997] have considered the open systems controller synthesis

problem under partial observability when the synthesis problem is expressed in the branching-
time temporal logics CTL and CTL∗. The synthesis problems for CTL and CTL∗ are
complete respectively for the complexity classes EXP and 2-EXP. The satisfiability prob-
lems for CTL and CTL∗ are also complete for the same complexity classes [Vardi and
Stockmeyer 1985]. That CTL synthesis is EXP-complete means that the 2-EXP-complete
partially observable controller synthesis problem cannot be efficiently translated into CTL.

10. CONCLUSIONS

The proofs of many complexity results also directly yield techniques that allow efficient
implementation of some of the restricted plan synthesis problems. In the general case, be-
lief states may be arbitrary sets of states, and algorithm implementations are forced to use
representations like propositional formulae for representing one belief state. Reasoning
with such representations is very expensive. For example, testing the non-emptiness of a
belief state represented by a propositional formula is NP-hard. Like shown by our results,
for example in the state-independent deterministic case a belief state can instead be repre-
sented as a vector of values true, false and unchanged, one vector element for every state
variable. This directly yields a considerable computational advantage over more general
belief state representations.
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