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Introduction

Related research topics

Overlapping

» Program synthesis

» Model-Checking and Reachability analysis in Computer-Aided
Verification

» controller synthesis for Discrete-Event Systems (DES)

Orthogonal

» Reasoning about Action
» Knowledge Representation
> ...
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Introduction

What is planning?

obs; —
KB o Planning is decision making
¢ action, about which actions to take.
obss, —
KBo, » knowledge base (KB)
obss ¢ action, about the world
\KBg\ » general-purpose problem
¢ actiong representation (PDDL,
obs, — & logic, ...)
4\action4 » algorithms for solving any
obss — ¢ problem expressible in the
KBs _ representation
actions
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Introduction

Search trees for classical planning

Prototypical search algorithms: depth/breadth first, Ax
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Introduction

Search tree for conditional planning

Prototypical solution technique: AND-OR search, AOx

Introduction

Contents of the tutorial

1. Framework for representing planning problems
2. Approximations of reachability: basis of

» distance heuristics and planning by heuristic search
» techniques for simplifying problem instances
» pruning techniques for partial representations (SAT/CSP)

3. Solution techniques:

» heuristic state-space search
» planning as satisfiability testing
» search with logic-based data structures (BDDs)

Introduction

Why is planning difficult?

» Solving classical planning by exhaustively enumarating the state
space is feasible for up to 10% or 107 states and the most efficient
technique if there are few states (< 10°).

» Otherwise more clever technique are needed.

1. heuristic search (Ax, ...)
2. “symbolic” representations of sets of states

» Planning with observability restrictions, several agents
(game-theoretic planning) do not directly reduce to state space
traversal.
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Introduction

Historical timeline

Main approaches to deterministic/classical planning

partial-order planning (Sacerdoti 1975)

planning as satisfiability
(Kautz&Selman 1992)
7

TWEAK 1987
UC-POP 1992

T
GraphPlan (Blum&Furst 1995)

~

BLACKBOX

(Kautz&Selman 1998) HSP (Bonet&Geffner 1998)

bounded model-checking
(Biere et al. 1999)

heuristic state-space
planners
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Transition systems

Transition systems

goal states

initial state

Transition systems State variables

Succinct representation of transition systems

» state = valuation of a finite set of state variables

Example

HOUR: {0,...,23} = 13

MINUTE : {0,...,59}=55

LOCATION : {51, 52, 82,101,102 } = 101
WEATHER : { sunny, cloudy, rainy } = cloudy
HOLIDAY : { T,F } =F

» Any n-valued state variable can be represented by [log, n]
Boolean (2-valued) state variables.

» Actions change the values of the state variables.

Transition systems

Blocks world

The transition graph for three blocks

i
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Transition systems State variables

Blocks world with Boolean state variables

Example
s(AonB)=0 s(AonC)=0 s(AonTABLE)=1
s(BonA)=1 s(BonC)=0 s(BonTABLE)=0
s(ConA)=0 s(ConB)=0 s(ConTABLE)=1

Not all valuations correspond to an intended state: e.g. s’ such that
s'(AonB) =1 and s'(BonA) = 1.
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Transition systems State variables

Representation of sets as formulas

state sets formulas over A
those # states where ais true | a € A

E (complement) -E

EUF EVF

ENF ENF

E\F (set difference) EAN-F

the empty set ()
the universal set

L (constant false)
T (constant true)

question about sets question about formulas

ECF? EEF?
ECF? E=FandF [~ E?
E=F? EEFand F = E?
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Transition systems Operators
Effects

For deterministic operators

Effects of operators
Defined recursively:
1. a and —a for state variables a € A are effects.
These respectively correspond to assignments a := 1 and a := 0.

2. et N+ Neyisaneffectifey,..., e, are effects.
Simultaneously execute ey, . . . , e,.
The special case with n = 0 is the empty conjunction T.
3. ¢ > eis an effect if ¢ is a formula and ¢ is an effect.
Execute e if c is true.

STRIPS operators

have the form (aq A - ANap,l3 A---
li,..., 1, are literals.

Aly) where {aq,...,a,} C Aand
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Transition systems Operators

Operators

Actions are represented as operators (c, e) where

» ¢ (the precondition) is a propositional formula over A describing
the set of states in which the action can be taken (states in which
an arrow starts.)

> ¢ (the effect) describes the successor states of states (where do
the arrows go.)
The description is procedural: how do the values of the state
variables change?
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Transition systems

Connection to PDDL

Operators

» The Planning Domain Description Language PDDL (Ghallab et al.
1998) is an input language used by many planning systems.

» Our operators are essentially PDDL operators after instantiation of
schema variables.

> ¢ > e corresponds to (when ¢ e).
> e1 A+ Aey cOrresponds to (andeg -« ey).

» Most features of basic PDDL that our operators do not have are
related to instantiating the schema variables: typing, 3 and v
quantification.
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Transition systems Operators

Operators

Example

State variables are A = {a, b, c}.
010

The operator 001

a,ma (b c
(a,2a A (<> o)) 000
corresponds to the binary

relation on the right.

111

Clearly, one operator could 101 110

represent an arbitrarily high
number of arrows!
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Transition systems Operators

Operators

The successor state of a state

Successor states

The successor state app,(s) of s with respect to o = (c, e) is obtained
from s by making literals in [e]; true.

This is defined only if o is applicable in s.

We identify an operator o with the binary relation such that sos’ iff

s’ = app,(s).

Example

(a,—a A (—c > —b)) is applicable in state s suchthat s =a Ab A c
because s = a and [-a A (—c > —b)]s = {—a} is consistent.

Hence appq, ~an(-ex-5)) (8) E ~a AbAc.
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Transition systems Operators

Operators

Semantics

Changes caused by an operator

Associate with each effect e and state s a set [¢], of literals:
. a]s = {a} fora € A.

. [als = {—a} fora € A.

et Ao Aepls = le1]s UL U [en]s.

. [e>e]s =e]s if s = cand [c > e]s = () otherwise.

Literals in [e]s are the active effects of e in s.

Applicability of an operator
(c,e) is applicable in a state s iff s = ¢ and [e], is consistent.
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Transition systems Operators

Succinct transition systems

Succinct transition system (A, 1,0, G)

» A is a finite set of state variables,

» [ is an initial state (a valuation of A),

» O is a set of operators over A,

» (G is a formula over A that describes the goal states.
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Transition systems Plans State-space search

Plans Planning by state-space search

There are many alternative ways of doing planning by state-space

Plans
A planfor (A,I,0,G) is a sequence m = oy, ..., 0, Of operators such search. _ _
that o1, ..., 0, € O and there is a sequence of states so, . . . , s, (the 1. different ways of expressing planning as a search problem:
execution of ) so that 1.1 search direction: forward, backward
1.2 representation of search space: states, sets of states
1. S0 = I, . . B
_ 2. different search algorithms:
2. si = appo,(si-1) forevery i € {1,...,n}, and 2.1 depth-first, breadth-first, bidirectional, ..
3. sp EG. 2.2 heuristic search (systematic: Ax, IDAx, best first, ...; local:

hill-climbing, simulated annealing, ...), ...
3. different ways of controlling search:

app.,, (appo,, . (---appo,(I)---)) = G. 3.1 different heuristics for heuristic search algorithms
3.2 pruning techniques: invariants, symmetry elimination,...

This can be equivalently expressed as
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State-space search State-space search Progression

Planning by forward search Progression

with depth-first search

» Progression means computing the successor state app,(s) of s
with respect to o = (¢, e). This is simply by updating s with [e]s.

» Used in forward search: from the initial state toward the goal
states.

+ Very easy and efficient to implement.

- Search with only one state at a time.
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State-space search Regression

Regression

» Regression = computation of predecessors of states
+ Advantage over progression: a formula represents a set of states.
- More difficult to implement efficiently.

Regression for STRIPS operators

» Goals are conjunctions of literals i; A - -+ A l,.

» First step: Choose an operator that makes some of [y, ...
and makes none of them false.

» Second step: Form a new goal by removing the fulfilled goal
literals and adding the preconditions of the operator.

, 1, true
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State-space search Regression

Condition for [ to be an active effect: ErPc(e)

Definition

EPC
The condition EPC;(e) for literal [ to be an active effect of ¢ is defined
as follows.

EPC(l)=T
EPCy(I') = L when [ 1" (for literals I)
EPCl(T) 1
EPCi(ex A\ -+ Nep) = EPCi(e1) V - -V EPCy(ey,)
EPCl(c > e) =cA EPCie )

Important property of EPC

For states s, literals | and effects e,
€ [e]s if and only if s = EPC;(e).
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State-space search Regression

Regression for general operators

» With disjunction and conditional effects things become trickier.
How to regress a V (b A ¢) with respect to (q,d > b)?

» The story about goals and subgoals and fulfilling subgoals, as in
the STRIPS case, does not work.

26/105

State-space search Regression

Condition for [ to be an active effect: £rc(e)

Example

Example
EPC,(bAc)=1LV 1L=1
EPC,(b>a)A(c>a)=(bAT)V(cAT)=bVe
EPC,(b> (c>a))=bA(cANT)=bAc
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State-space search Regression

Regression

Definition for state variables

Regressing a state variable

The formula EPC,(e) V (a AN ~EPC-,(e)) expresses the value of a € A
after executing e in terms of values of state variables before executing
e: a will be true if either

» g becomes true, or
» ¢ was true before and it does not become false.
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State-space search Regression

Regression

General definition

Regression
The regression of formula ¢ with respect to o = (c, e) is

regr,(¢) = ¢' AcA /\ —(EPC,(e) N EPC-,(e))
acA
where

1. ¢ is obtained from ¢ by replacing each a € A by
EPC,(e) V (a N =EPC-,(e)), and

2. the last conjunct says that no state variable may become
simultaneously true and false.

31/105

State-space search Regression

Regression

Definition for state variables

Example
Lete=(b>a) A (c> —a)Ab.

a:‘ EPC.(e) V (x N ~EPC_4(e))
albV (a A —c)
bITV(bA-L)=T
clLV(en-l)=c
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State-space search Regression

Regression

Examples
1. regriapn(b) = (an(TV(bA-L))) =a
2. regripy(bAc)=(an(TVOA-L)A(LV(cA-L)))=anc
3. regriap(bve)=(@n({(TVOBA-L)V(LV(cA-L))))=a
4. regriq,cob) b)=(aAN(cv(bA-L))=aAn(cVD)
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State-space search Regression State-space search Regression

Regression Regression

Properties Complexity issues

The formula regr,, (regr,, (- - - regr.,, . (regr,, (¢)))) has size
O(|pl|o1]|oz2| - - - |on—1l|on]), i.e. the product of the sizes of ¢ and the

operators.

Important property of regression The worst-case size is O(2").

Let ¢ be a formula over A, o an operator over A, and S the set of all
states i.e. valuations of A. Then
{s € S|s [= regro(¢)} = {s € S|appo(s) = ¢} 1. LAg= L, TAd=6 LVod=¢ TVveé=T
2. avVo=aVeo[Ll/al,aVo=-aVe[T/al,aNd=and[T/a,
—aA¢=-aAlo[L/al
3. Associativity and commutativity for v and A.

Simplifications
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State-space search Branching State-space search Branching

Regression Regression: generation of search trees

Generation of search trees Unrestricted regression (= do nothing about formula size)

Reach goal a A b from state I such that I = —a A =b A —c.

Problem Regression may produce very big formulas.

Cause Disjunctivity in the formulas. Formulas without disjunctions —aAa
easily convertible to formulas 1 A --- A l,, where [; are literals (> s
and n < |A]. &
Solution Handle disjunctivity when generating search trees. G=aAb
Alternatives: (meVa)Ab_ 0 ~cV )

. . 6: N
1. Do nothing. (May lead to very big formulas!) N
2. Eliminate all disjunctivity (Anderson, Smith, Weld 1998).

3. Reduce disjunctivity only if formula becomes too big. y’m'
(meVa)A-a

(meVa)Ab
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State-space search Branching State-space search Plan search
Regression: generation of search trees Summary
One branch for every disjunct of regr,(¢) in DNF
Reach goal a A b from state I such that I = —a A =b A —ec.

regrip, —csay(G) = (mcVa) Abin DNFis (mc A b) V (a A D).
Itis splitto =c A b and a A b.

» expression of planning problems in terms of operators and state
variables

» forward search with progression
» backward search with regression
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State-space search Plan search State-space search Plan search

Planning by exhaustive state-space search Planning by heuristic search

Forward search

» Idea: exhaustively generate all states that are reachable from the

initial state (by progression). .
» Best implementations are by the computer-aided verification \g’\la\ .

community for reachability analysis and model-checking: SPIN, Sy

. . \\J

Murphi, ... - -diste 78 estimage

» Has not been much used by the planning community. i e o ;Q
sihe=="~_

» Applicable to problems with up to 106, 107 states. I __distancs- T g G
» Most efficient and reliable technique to find plans if the state (\oe/@é\”

space is small: runtime an almost linear function of the number of §%

states; cost per state is very small. -7
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State-space search Plan search

Planning by heuristic search Distances

Backward search

Distances

Illustration

Forward distance of state s is 3 because s € D\ D,

XQ. -
e,%’s\(’(\?’
Sl
d\'v:@’ .
.- ’d\siaﬂc—e—e"s" o
*:: - :d_ist
I "~ d/-.élflc_e_e_symgt_q Gq
N *9@/70
= \@
~ Sy
Sy,
\Q/@
) o0 s
As D" = D for all i > 3, forward distance of state s’ is oc.
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Distances Images Distances Distance sets

Images Distances

Images

The image of a state s with respect to an action o is Forward distance sets

Let I be a state and O a set of operators. Define the forward distance
img,(s) = {s'[sos'}. sets D™ for I, O by
This can be generalized to sets T of states: Dy = {1}
9 ' DI = DMy, o imgo(DM9) for all i > 1
imgo(T) = UseT img,(s)
43/105
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Distances Distance sets Heuristics Max-heuristic

Distances Distance estimation with max-distances

of formulas

5d(¢) = 3 since s = ¢ for some s € D and for no s € D

» Computation of exact distances is as hard as planning itself: only
their approximations are useful as heuristics.

» Bonet & Geffner proposed the max-heuristic for controlling
heuristic search algorithms like Ax, IDAx.

Diwd\ pfwd | pfwd | pfwd » Max-distances are a lower bound for forward distances: since they
! 2 3 4 do not overestimate they are admissible as a heuristic.

» They can be used with Ax and IDAx to find optimal plans.
» Basic insight: estimate distances one state variable at a time.
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Heuristics Max-heuristic Heuristics Max-heuristic
Distance estimation with max-distances Distance estimation with max-distances
Tractor example Tractor example
_ t | T1 T2 T3 | A1 A2 A3 | B1 B2 B3
" Trathor m:)\tlesé. T12=(T1,T2AN-T1) 017 £ F F F T F F T
» from 1 to 2: = , -
- om0 1121~ (1271 01 18 S O I
» from 210 3: 723 = (T2, T3 A -T2)
> from 310 2: T32 = (T'3, T2 A —T3) 3|TF TF TFIF TF TFIF TF TF
2. Tractor pushes A: 4 | TF TF TF | TF TF TF | TF TF TF

» from2to 1: A21 = (T2 A A2, T1 AN AL N -T2 N -A2) . .
» from 310 2: A32 = (T3 N A3, T2N A2 \N—-T3 N —A3) Distance of A1 A B1 is 4.

3. Tractor pushes B:

» from2to 1: B21 = (T2 A B2, T1 A B1 A=T2 A —~B2)
» from3to2: B32 = (I'3AB3,T2A\ B2\ -T3 AN -B3)
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Heuristics Max-heuristic

Sets of literals representing sets of states

t|T1 T2 T3|A1 A2 A3|B1 B2 B3
oT F F | F F T |F F T
1|TF TF F |F F T |F F T
2/TF TF TF|F F T |F F T
3/TF TF TF|F TF TF|F TF TF
4| TF TF TF|TF TF TF|TF TF TF

These lines are best represented as sets of literals.

Dmer — {T1,~T2,~T3,-A1,~A2, A3, ~B1,~B2, B3}

pmar — { ~T3,-A1,-A2, A3, ~B1,~B2, B3}
Dpar — { —A1,-A2, A3,~B1,~B2, B3}
Dar — { AL, -B1 }
Dy ={ }

The sets D;"** approximate forward distance sets:
DA C {s € S|s = De*} for all i > 0.
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Heuristics Max-heuristic

Max-distances of literals, states and formulas

Max-distances of formulas
The max-distance of a formula ¢ (from I with O) is

0 if SAT(DI9= U {¢})
67 (¢) = < dif SAT(D** U {¢}) and not SAT(D}*%" U {¢})
ford>1

Application of max-distances

1. With backward search, estimate the distance of a regressed
formula ¢ from the initial state I by 67"%(¢).

2. With forward search, estimate the distance from a progressed
state s to the goals G by 67%(G).
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Heuristics Max-heuristic

Distances of literals

EPC for operator application
EPCi({c,e)) = EPCi(e) Nc AN N\, ca ~(EPCqu(e) N EPC-4(e))

Computation of literal sets for max-distances

Let L = AU {—ala € A} be the set of literals over A. Define the sets
Di*** for i > 0 as follows.

Dy ={le Ll =1}
Do = piren\{i € Llo € O, SAT(D"™* U{EPC;(0)})}

To make the computation polynomial time we must use a poly-time
approximation of SAT(-).
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Heuristics Sum-heuristic

Max-distances underestimate

Example
Estimated distance of lamp1on A lamp2on A lamp3on with

(T,lampion)
(T,lamp2on)
(T,lamp3on)

is 1. Actual distance is 3.

In general, the max-distance estimate of G1 A --- A G, is the maximum
of the estimates for G4, ..., G,.

If goals are independent, the sum of the estimates is more accurate.
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Heuristics Sum-heuristic

Distance estimation with sum-distances

Tractor example

t | T1 T2 T3 | A1l A2 A3 | B1 B2 B3
olT F F |F F T |F F T
i|/TF TF F |F F T |F F T
2|TF TF TF|F F T |F F T
3|TF TF TF|F TF TF|F TF TF
4 | TF TF TF|F TF TF|F TF TF
5|TF TF TF | TF TF TF | TF TF TF
Sum-distance of 72 A A2 is 1+3.
Sum-distance of Al is 1+3+1 = 5 (max-distance is 4.)
Heuristics Relaxed plans
Distance estimation with relaxed plans
t|T1 T2 T3 | A1l A2 A3 | B1 B2 BS
oT F F |F F T |F F T
i|/TF TF F |F F T |F F T
2|TF TF TF|F F T |F F T
3|TF TF TF|F TF TF|F TF TF
4| TF TF TF | TF TF TF | TF TF TF
Estimate distance of A1 A B1 by finding a relaxed plan:
t | relaxed plan
0| T12
1| T23
2 | A32, B32
3 | A21, B21

Distance estimate = number of operators in relaxed plan = 6

53/105

55/105

Heuristics Relaxed plans

Distance estimation with relaxed plans

Motivation
distance estimate of a AD A ¢
operators max sum actual
(T,aANbAc) 1 3 1
(T,a),(T,b),(T,c) | 1 3 3

» To get better estimates the properties of the operators have to be
observed.

» Hoffmann & Nebel (2001) proposed a method for approximately
counting the number of operators needed to achieve the goals.

» This method may both overestimate and underestimate the
distance (just like the sum-heuristic.) It is not admissible.
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Heuristics Comparison

Comparison of the heuristics

» For the Tractor example:

» max-distance is 4 (never overestimates).

» operators in relaxed plan: 6 (may under or overestimate).
» operators in actual shortest plan: 8.

» sum-distance is 10 (may under or overestimate).

» None of the heuristics properly dominates any other.

» The sum-heuristic and the relaxed plan heuristic are used in
practice for non-optimal planners.

» Only the max-heuristic is admissible. There are more accurate
admissible generalizations of the max-heuristic (Haslum & Geffner
2000) and the sum-heuristic (Haslum, Bonet & Geffner 2005).
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Invariants Motivation

Invariants

Motivation

Example

Consider the goal formula

A2NT1

regressed with the operator

(T3 NA3, T2\ A2 N—=T3 N —A3)

giving the new goal

T3NA3SANTL.

No legal state satisfies this formula.

Invariants Example

Computation of invariants

Example
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Similar to distance estimation with D***: compute sets C; of n-literal

clauses characterizing (giving an upper bound) the states that are

reachable in i steps.

Example

n = 2 (maximum clause length)
Co={T1,-T2,-T3} ~ {100}
Cy ={T1V T2 ~T1V~T2,~T3} ~ {010,100}
Cy = {-T1V—=T2,-T1V-T3,-T2V -T3}
~ {000, 001,010, 100}
C;=Cyforalli>3
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Invariants
(Planning graphs)

Goal:
Problem:

Solution:
Implementation:

Summary

Invariants Motivation

Restriction to states that are reachable.
Testing reachability is as expensive as testing
whether a plan exists.

Use an approximate notion of reachability.

Compute in polynomial time formulas that
characterize a superset of the reachable states.
Computation of Cy, Cy, Cs, . .. generalizes the
computation of Dge*, Dyar ppaz
Formulas in ;- , C; are invariants.

Invariants Summary

» Distance heuristics:
» Approximations of the distances between states.

vVvYyy

» Invariants:

max-heuristic: admissible, not very informative
sum-heuristic: more informative, may over and underestimate
relaxed plans: more informative, may over and underestimate

» more exact characterization of reachability

» application: pruning search space for backward search & planning
as satisfiability

» Efficient polynomial time algorithms exist.

» Planning graphs include 2-literal invariants.
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Symmetry

Pruning techniques for state-space search

» Many problems have symmetries: many objects are
interchangeable and actions related to them are as well, which
makes transition systems symmetric.

» 10 interchangeable objects may induce a symmetric state space in
which every state is symmetric with 10! — 1 ~ 3 - 105 other states.
Easy problems become difficult to solve if symmetries are not
recognized.
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Symmetry

Symmetry reduction

Main approaches

Modeling Planning problems can be modeled so that
symmetries do not show up explicitly.

State-space search Search takes place in the quotient state space:
the equivalence class [s1| = {s1,s2,...,s,} Of
states that are symmetric with s; is represented
by its canonical element s;.

Every encountered state s’ is mapped to the
canonical element s of its equivalence class
[s] = [s].
(Starke 1991; Emerson & Sistla 1996)

SAT planning Symmetry-breaking constraints (Joslin & Roy
1996, ...) for SAT/CSP.
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Symmetry

Symmetry reduction

Example
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SAT Planning

Planning in the propositional logic

» |dea by Henry Kautz and Bart Selman (1992): planning by
satisfiability testing in the propositional logic: a formula is
satisfiable if and only if a plan of a given length exists.

» Benefits:

1. Search constrained to plans of a given length n: more constraints,
more inferences, more pruning.

2. High numbers of plans can be considered without constructing
them explicitly.

3. Very efficient SAT solvers: zChaff, Siege, BerkMin, ...

» Bounded model-checking (1999-, M-USD business) in Computer
Aided Verification is a direct offspring of planning as satisfiability.
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SAT Planning

Existence of plans of length ¢

Atomic propositions
Define A* = {a‘|a € A} foralli € {0,...,t}.
a’ expresses the value of a € A at time i.

Plans of length ¢ in the propositional logic
Plans of length ¢ correspond to satisfying valuations of

B = O ARI(A%, AN AR (AN, AB) A - AR (AT AN A GY

where i* = A{a|a € A, I(a) =1} U{-a’|a € A,I(a) =0} and G'is G
with propositional variables a replaced by a'.
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SAT Planning Ops in PL

Translating operators into formulas

Operators as formulas
Let o = (c, e) be an operator and A a set of state variables.

c (1)
74(0) = AN Nueca(EPCu(e) V (a N —EPC-4(e))) < a (2)
A Ngea ~(EPCqu(e) N EPC_4(e)) (3)

(2) says the new value of a is 1 if it was assigned 1 or the the old value
was 1 and it was not assigned 0.
(3) says no state variable is assigned both 0 and 1.

Determinism
The value of every o’ € A’ is a function of the valuation of A = the
operator is deterministic & the binary relation is a partial function.

67/105

SAT Planning Relations in PL

Sets (of states) as formulas

Formulas over A represent sets
aVbover A= {a,b,c}

represents the set {010,011, 100, 101, 110, 111}

Formulas over A U A’ represent binary relations

aNad A(b—V)over AUA where A = {a,b}, A= {d,V'}
represents the binary relation {(Cf(%, all%), (11,11)}.

Valuations TS% and 1111 of AU A’ can be viewed respectively as
pairs of valuations (Cf(%,[i/l())/) and (11,11) of A.
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SAT Planning Plans in PL

Planning as satisfiability

Transition relation in the propositional logic
For (A,1,0,G) define

Ri(A, A') = \/ 7a(o0)

0eO

(+invariants).

Plans of length ¢ in the propositional logic
Plans of length ¢ correspond to satisfying valuations of

P59 = O ARI(AY, AN AR (AL, AB) A - AR (AT AT A GE
where (* = A{a°|a € A,I(a) =1} U{-a’|a € A,I(a) =0} and G' is G

with propositional variables a replaced by a'.
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SAT Planning Plans in PL

Planning as satisfiability

Example

Example

Consider
IEbAC
G=(bAN-c)V(-bAc)
01 =(T,(c>—c)A(—c>c))
02 = (T,(b> =b) A (=b>b)).

Formula for plans of length 3 is

(B9 A D)

A2 = BY) A (? = =) V(B2 = =) A (2 ¢h)))
A((BY = D) A (c! e =e?)) v (b =b?) A (e < ¢?)))
AU o B A (2 o =) V(17 o =) A (@ o )
A2 A=)V (=02 A P))
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SAT Planning Runtime profiles

Parallel evaluation strategies

» The plan search strategy that performs satisfiability tests of
formulas for lengths 0,1,2,... until a satisfiable formula (plan) is
found always proves that the plan has optimal length.

» Often proving optimality is much more difficult than finding a plan.

» This is the reason why planning as satisfiability has not been
considered competitive for non-optimal planning.

» There are parallel evaluation strategies that very effectively avoid
the optimality proofs.
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SAT Planning Runtime profiles

Profile of runtimes for different plan lengths

Evaluation times: blocks22
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SAT Planning Runtime profiles

A parallel evaluation strategy

Plan found

Finding a plan for blocks22 with Algorithm B
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SAT Planning Parallel plans SAT Planning Interference

Planning as satisfiability with parallel plans Interpretation of parallelism
Example

» Efficiency of satisfiability planning is strongly dependent on the Operators (a, —b) and (b, ~a) have non-contradictory effects and
plan length because satisfiability algorithms have worst-case preconditions.
exponential runtime in the formula size, and formula sizes are However, neither operator sequence
linearly proportional to plan length. 1. (b, —a), (a, —b) nor

» Formula sizes can be reduced by allowing several operators in 2. {(a,—b), (b, —a)
parallel is executable.

» On many problems this leads to big speed-ups. . .
Standard interpretation of parallelism

Operators are executable in every order.
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SAT Planning Interference SAT Planning Interference
Interference Interference
Example
Interference
Actions do not interfere Two operators o and o’ interfere if

1. o may make the precondition of o’ false, or
2. o may change the set of active effects of o/,
or the other way round.

Actions can be taken simultaneousl Example
v {c,d) and (—d, f) interfere.
Actions interfere (¢,d) and (d, f) do not interfere.

Important property of interference
Any set of non-interfering operators that are simultaneously applicable

_ _ in a state s can be executed in any order, leading to the same state in
If A is moved first, B won’t be clear and cannot be moved. all cases.
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SAT Planning Translation

Other notions of parallel plans

» Non-interference is too strong a requirement: Why require
possibility of all execution orders?

» It suffices that at least one execution order is possible
(Dimopoulos et al. 1997).

» Efficient translations of this notion of parallel plans lead to much

faster planning because plans have less time points.

SAT Planning

Planning as satisfiability

Example
012345 012345 012345
clear(a) FF FF FFFTTT
clear(b) F F FF TTF FFTTTF
clear(c)TT FF TTTTFF  TTTTFF ]
clear(d)FTTFFF  FTTFFF  FTTFFF . State variable values
cleare) TTFFFF  TTFFFF  TTFFFF ) e
on@b)FFF T FFFECT  FEEFFT inferred from initial values
on(ac)FFFFFF  FFFFFF  FFFFFF
on(ad)FFFFFF FFFFFF  FFFFFF and goals.
on(ae) FFFFFF FFFFFF  FFFFFF
on(ba)TT FF TTT FF  TTTFFF . 1
on(b,c)FF TT FFFFTT  FFFFTT . Branch: —clear(b)".
on(bd)FFFFFF FFFFFF  FFFFFF . 3
on(be)FFFFFF FFFFFF  FFFFFF . Branch: clear(a) .
on(ca)FFFFFF  FFFFFF  FFFFFF
on(c,b)T FFF TT FFF  TTFFFF . Plan found:
on(cd)FFFTTT FFFTTT  FFFTTT 01234
on(ce)FFFFFF FFFFFF  FFFFFF
mGAFEEEEE EEECE frrerr fromtable(.0) FFFF T
on(a,
on(dc)FFFFFF  FFFFFF  FFFFFF fromtable(b,c) FFFTF
on(d.e)FFTTTT FFTTTT FFTTTT fromtable(c,d)FFTFF
on(e,a)FFFFFF FFFFFF  FFFFFF
on(eb)FFFFFF  FFFFFF  FFFFFF fromtable(d,e) FTFFF
on(ec)FFFFFF FFFFFF  FFFFFF
on(ed) TFFFFF TFFFFF  TFFFFF totable(b,a) FF TFF
ontable(@)TTT F TTTTTF TTTTTF totable(c,b) FTFFF
ontable(p) FF~ FF FFF FF  FFFTFF
ontable(c)F FFF FF FFF  FFTFFF totable(e,d) TFFFF
ontable(d) TTFFFF ~ TTFFFF  TTFFFF
ontable(e) FTTTTT FTTTTT  FTTTTT

Example
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SAT Planning Example

Planning as satisfiability

Example

initial state goal state

Problem solved almost without search:
» Formulas for lengths 1 to 4 shown unsatisfiable without any
search.
» Formula for plan length 5 is satisfiable: 3 nodes in the search tree.

» Plans have 5 to 7 operators, optimal plan has 5.
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SAT Planning Discussion

Applications of Planning as Satisfiability

Testing the existence of a path in a transition system (a path that
satisfies certain properties) is a basic problem that shows up
everywhere.

» Classical planning (Kautz & Selman, 1992/1996)

» As a subprocedure of algorithms for conditional planning: Testing
the validity of a candidate conditional plan (Rintanen 1999,
Castellini et al. 2003).

Applicable to the general conditional planning problem with partial
observability.

» Bounded model-checking (Biere et al. 1999)
“Testing the validity of a given plan” ~ “model-checking”
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SAT Planning Discussion

Relative strengths of different approaches

» “(Heuristic) state-space search stronger when optimality of plan is
not required.”

» “Planning with SAT/CSP is stronger when optimality is required.”

» State space search is often bad at escaping local minima.
State space search considers every state explicitly, and cannot
group together sets of (similar) states.

» But:

» There are big/difficult local minima in difficult problem instances
irrespective of the optimality question.

» For many of the standard benchmarks, planners have a problem
escaping local minima only when looking for optimal plans.
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PL relation operations

“Symbolic” representation of sets of states

» Represent sets of states without representing every state explicitly.

» Represent binary relations on states without representing every
pair of states explicitly.

» Compute set and relation operations.

» Implement planning algorithms which do not represent every state
explicitly.
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SAT Planning Discussion

Relative strengths of different approaches

STRENGTHS

M blind state-space search
M heuristic state-space search
B SAT/CSP

\\\\
\\\\\

AR

A -
_

state-space size

PL relation operations Example

Sets and transition relations “symbolically”

JAO. (0 ARy (A0, ALY)

projection to time 1: | J, .o imgo(¢)
This is the set of states that are reach-
able from . by executing one opera-
tor.

Ra

Aynowyip 8injosqe
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PL relation operations

3/V-abstraction

Existential and universal abstraction

Definition

Existential abstraction of a formula ¢ with respectto a € A:

Universal abstraction is defined analogously by using conjunction
instead of disjunction.

Definition

Universal abstraction of a formula ¢ with respect to a € A:

VY and 3-abstraction in terms of truth-tables

Example

Ve and de correspond to combining pairs of lines with the same

Jda.¢ = @[T /a] V ¢[L/a].

Va.p = ¢[T/a] A d[L/d].

PL relation operations

valuation for variables other than c.

3/ V-abstraction

Example
de.(aV (bAc)=aVd VelaV (bAc)) =a
abelaVv(bAce) ablFe(aV(bAc)) abdblVe(aV (bAc))
000 0 00 0 00 0
001 0
010 0 01 1 01 0
011 1
100 1 10 1 10 1
101 1
110 1 11 1 11 1
111 1
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PL relation operations 3/ V-abstraction

J-abstraction

Examples

Example
Fb.((a—b) A (b—¢))
= ((@a=T)A(T—=c))V((a—L)A(L—0))
=cVa
Jdab.(aVb) =3b.(T Vb))V (LVD)
=({(TVT)V(LVT))V{TVL)V(LVL)
=(TvT)v(TvLl) =T

Example

J-abstraction is also known as forgetting:
dmon3tue((mon V tue) A (mon—work) A (tue —work))
= Jtue((work A (tue—work)) Vv (tue A (tue —work))) = work

86/105
PL relation operations Images

Images by 3-abstraction

Let
> A={a1,...,an},
> A= {af,. . ah,
» ¢ be a formula over A that represents a set T' of states, and

» 74(0) the formula over A U A’ that represents the operator o (a
binary relation on states).

The image {s’ € S|s € T, sos’} of T with respect to o is represented by

JA.(p N Ta(0))

which is a formula over A’.
To obtain a formula over A we rename the variables.

imgo(¢) = (3A.(¢ A 74(0)))[A/A]
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PL relation operations Forward distances

Forward distances with formulae

fwd\ pwd) piwd) 7fwd
D]. D2 D3 D4

Forward distances with formulae

D" = Na € AT = a} A N\{—ala € A, T }~a}
DI = DA/ \/ o, img, (D) for all i > 1
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PL relation operations Backward distances

Backward distances with formulae

Backward distances with formulae

D =G
Dbwd = pbwd .\, \/ . preimg,(D?"?) for all i > 1
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PL relation operations Preimages

Preimages by 3-abstraction

Let
> A:{alv"'7an}1
» A ={ad),...,a,},

» ¢ be a formula over A that represents a set T of states, and

» 74(0) the formula over A U A’ that represents an operator o (a
binary relation on states).

The preimage {s € S|sos’, s’ € T} of T with respect to o is represented
by
preimg,(¢) = 3A".(14(0) A ¢[A’/A])

which is a formula over A.
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Nondeterminism Operators

Nondeterministic operators

Nondeterministic operators

A nondeterministic operator o = (c, e1| - - - |e,,) assigns a state s the
successor states appc.e,)(s); - - - @PP(ce,) (5)-

The application of o in s is defined if the application of all of
(c,e1),...,(c,ey,) is defined in s.

Translation into the propositional logic
Foro = (c,ei]|--|e,) define

T4%0) = Ta({e,e1)) V -+ V Ta(e, €n))
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Nondeterminism Regression

Regression for nondeterministic operators

Definition

Nondeterminism Regression

Regression for nondeterministic operators

Illustration

reg’?ccfel lea) (¢) = regr(c,q) (¢) A regr(c,eg} (¢)
The regression operation for deterministic operators can be regric.e,) (¢) -
generalized to regression for nondeterministic operators. '
Definition (Regression for nondeterministic operators)

Let ¢ be a propositional formula and o = (c,e;|- - |en) @ '
nondeterministic operator. Define

e

]
regrgd(gb) = regr(c,el>(¢) JARRRNA regr(c,en>(¢)‘ \

\

regri..y(¢) *-'
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Nondeterminism Regression Nondeterminism Backward distances
Regression for nondeterministic operators Backward distances with formulas
Example Nondeterministic operators
With regression (equivalently, with strong preimages) we can compute
E | formulas that represent backward distance sets for nondeterministic
xampie operators.
Let o = (d, b|—c). Then .
Definition
regrii(b — c) = regrip (b < c) A regry (b < c) Let GG be a formula and O a set of operators. The backward distance
=(@dA(Toe))AA (b 1)) sets DP" for G, O are represented by the following formulae.

Dbwd = pbwd\/\/ _, regrid(DP9) for all i > 1
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BDDs If-then-else

Shannon expansion

Definition
3-place connective if-then-else is defined by

ite(a, g1, ¢2) = (a A ¢1) V (ma A ¢2)
where a is a propositional variable.

Definition
Shannon expansion of a formula ¢ with respecttoa € A is

¢=(ang[T/a]) vV (-a¢[L/a]) = ite(a,¢[T /a], [L/a])
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BDDs Translation to BDDs

Binary decision diagrams

Canonicity

Transformation to ordered BDDs

1. Fix an ordering a1, ..., a, on all propositional variables.

2. Apply Shannon expansion to all variables in this order.

3. Represent the resulting formulae as directed acyclic graphs (DAG)
so that shared subformulae occur only once.

Theorem
Let ¢1 and ¢2 be two ordered BDDs obtained by using the same

variable ordering. Then ¢1 = ¢ if and only if ¢1 and ¢, are isomorphic
(the same DAG.)
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BDDs Translation to BDDs

Binary decision diagrams

Example

Shannon expansion can be used for reducing any formula to one with
the connective ite only.

Example
(aVb)A(bVe)
= ite(a, (TVBO)A(DVe),(LVD)ADBVC)
= ite(a,bV c,b)
= ite(a,ite(b, T V¢, L Ve),ite(b, T, 1))
= ite(a,ite(b, T,c),ite(b, T, 1))
= ite(a,ite(b, T,ite(c, T, L)), ite(b, T, 1))
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BDDs Translation to BDDs

Binary decision diagrams: (a VV b) A (b V ¢)

100/105



BDDs Comparison

Properties of normal forms

Trade-offs between different normal forms
Normal forms that are more efficient to reason about are more
expensive to construct and may be much bigger.

Complexity of operations on different normal forms

vV IA |= ||¢ eTAUT? |¢ €SAT?|¢ = ¢/?
circuits ||poly|poly|poly||co-NP-hard|NP-hard |co-NP-hard
formulae || poly | poly |poly ||co-NP-hard|NP-hard |co-NP-hard
DNF poly|exp |exp |[co-NP-hard|in P co-NP-hard
CNF exp |poly|exp ||in P NP-hard |co-NP-hard
BDD exp |exp |poly|lin P in P in P

For BDDs one V/A is polynomial time/size (size is doubled) but repeated v /A
lead to exponential size.
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BDDs BDD applications

Satisfiability algorithms vs. BDDs

Comparison: formula size, runtime

technique size of Ry (P, P') \ runtime for plan length n
satisfiability | not a problem exponential in n
BDDs major problem less dependent on n

Comparison: application domain

technique types of problems
satisfiability | lots of state variables, short plans
BDDs few state variables, long plans
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BDDs BDD applications

Applications of BDDs in planning

The BDD-based techniques are very general and powerful, and hence
applicable to many types of problems.

» Classical planning: BDDs rarely competitive with other techniques
(a too general technique).

» Conditional planning with full observability: Implementation
technique; traversal of a high number of states simultaneously.

» Conditional planning with partial observability: each belief state is
naturally represented as one formula/BDD.
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BDDs BDD applications

Other applications of BDDs etc.

» diagnosis (Huang & Darwiche, AAAA’05) based on DNNFs
(Darwiche 01).

» LTL model-checking (Burch, Clarke, Long, McMillan, Dill, 1993)
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BDDs BDD applications

Summary

» state-space search

» propositional satisfiability: find one path in a transition system
» other symbolic techniques (BDD, DNNF, ...):

» representation of sets and relations as formulas
» computation of set and relation operations by formula manipulation
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