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The Statistical Problem

 Given dat a f r om t wo dif f er ent  sour ces, what  is t he pr obabilit y t hat  t hey wer e
dr awn f r om t he same populat ion?

 Example 1:  Dar winÕs cr oss- and self -f er t ilized plant  dat a

• Mat ched pair s of  plant -height  dat a:  {x1 , y1} , {x2 , y2} , É , {xn , yn}

• Null hypot hesis:  {dj } = {x j  Ð yj } come f r om populat ion wit h zer o mean

 Example 2:  Nor eenÕs management  scor es f or  Type A and Type B st udent s

• Two gr oups of  dat a:  {x1 , x2 , É , xm}  and  {xm+1 , xm+2 , É , xn}
• Null hypot hesis:  All x j  come f r om t he same populat ion
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 Two general approaches to the problem

 Approach 1:  Parametric significance tests
• Assume t hat  t he dat a ar e dr awn f r om populat ions of  a cer t ain f or m

• The populat ions ar e of t en assumed t o be nor mal (dubious)

• The populat ions ar e of t en assumed t o have equal var iance (dubious)
• One such appr oach is t he  St udent   t   t est  É

 Approach 2:  Non-parametric significance tests
• Assume not hing beyond t he dat a t hemselves

• Commonly, only t he r anks of  t he dat a ar e used (wast ef ul)

• Bet t er , if  possible, t o use numer ical values of  t he dat a (expensive)
• One such appr oach is  Fisher Õs per mut at ion t est  É

The Statistical Problem
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1.  FisherÕs Permutation Test  (1935)

The Matched-Pair Problem

 If null hypothesis is correct , the dj  are equally likely positive or negative
 Therefore, the plant-height results that Darwin observed

756056494129282423161486-48-67dj

102124130139122144149144149160132160147144163yj

1771841861881631731771681721761461681539696xj

are just as likely as any of the other 2 15 possible sign permutations, e.g.

 Fisher Õs suggestion was to  examine all 2 15 = 32768 possibilities (!)
and count the number whose t * values exceed the observed value  314

t  = !  dj = 314

t * = !  dj = 2767560564941-2928-242316-148648-67dj

10212413013912217314916814916014616014796163yj

17718418618816314417714417217613216815314496xj
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2.  Bootstrap Variation (1979)

The Matched-Pair Problem

 The plant-height results that Darwin observed

756056494129282423161486-48-67dj

102124130139122144149144149160132160147144163yj

1771841861881631731771681721761461681539696xj

are as likely as any of the other 30 15 possible bootstrap r esamples, e.g.

 Bootstrap approach is to  examine all 30 15 possibilities and
count the number whose t * values exceed the observed value  314

 This is not a trivial computational task!

t  = !  dj = 314

t * = !  dj = 92-6-237556-14-29-66060-41-60-2956-2316dj
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3.  PitmanÕs Extension  (1937)

The Two-Group Problem

 If null hypothesis is correct , all permutations of the data  equally likely
 Therefore, the  management scores that Noreen observed

36

25

38

36

25

404039363432313130292828272726

262626252525232222171310770
yj

383736343328272525221810xj

are just as likely as any of the other  47C13 possible permutations, e.g.

 Permutation test examines all 47C13 = 140676848445 possibilities
and counts the number whose t * values exceed the observed value  371

t  = !  xj = 371

36

25

38

38

25

404039363634313130292828272726

262626252523222217131010770
yj

373634333228272525252218xj t * = !  xj = 380
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4.  Bootstrap Variation

The Two-Group Problem

 The management scores that Noreen observed

36

25

38

36

25

404039363432313130292828272726

262626252525232222171310770
yj

383736343328272525221810xj

are as likely as any of the other 47 47 possible bootstrap r esamples, e.g.

 Bootstrap approach is to examine all 47 47 possibilities and counts
the number whose t * values exceed the observed value  1252/442

 Yikes

t  = <xj > - <yj >
   = 1252/442  

23

23

31

26

31

3310103622222725740252728725

27362825252625222726343171338
yj

39262926722343431253639xj

t *  = <xj > - <yj >
     = 2005/442
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The Bottleneck

 The Fisher permutation tests  have lots of nice statistical properties
• Simple;  unbiased;  power f ul;  assumpt ion-f r ee

 However, they have an important weakness
• The size N of  t he r esample space gr ows exponent ially wit h t he dat aset  sizes
• For  mat ched-pair  t est s  : Nper m = 2n Nboot  = (2n)n

• For  t wo-gr oup t est s       : Nper m = n ! /  m ! /  (n-m) ! Nboot  = n n

• Even moder n comput er s cannot  cope when n is lar ge

 Efficient permutation enumeration algorithms have been developed
• J .F. Gent leman, Appl. Statist. 24 (1975) 374
• M. Pagano & D. Tr it chler , JASA 78 (1983) 435
• R.D. Baker  & J .B. Tilbur y, Appl. Statist. 42 (1993) 432
• L.E. Richar ds & J . Byr d, Appl. Statist. 45 (1996) 394

but even the  last of these becomes infeasible above n !  30
 For this reason, many researchers resort to random r esampling
 We now present a method that is exact and feasible for any n

• P.M.W. Gill, J. Stat. Comput. Sim. 76 (2006) in pr ess
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 It is easy to write  a formal expression for the Fisher p value

! 

p  =  N
"1

H (tr
* " t)

r=1

N

#              H (x)  =  

   0     x < 0

 1/2    x = 0

   1     x > 0

$ 

% 
& 

' 
& 

where N = the number of admissible permutations
t = the test statistic in the  unpermuted data
t r

* = the test statistic  in the r-t h permutation

H(x) = the Heaviside step function

 This is not computationally useful because  H is discontinuous

 However, Fourier series approximations to H are more  promisingÉ

A New Way of Counting
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 The Fourier series for H(x) is easily shown to  be

A New Way of Counting

! 

H (x)  =  
1

2
 +  

2

"
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exp(i k x)
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* 
        (k = 2k'+1,   + " < x < +" )

 This  series converges slowly, especially near the discontinuity
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 Combining these yields another expression for the Fisher p value

!  

p =  
1
2

 +  
2
"

 Im  
# (k) exp($i k t)

k
k'=1

%

&

where we have introduced the Òwalk function Ó

!  

" (k)  =  N#1   exp(i k tr
* )

r=1

N

$

 Note:  We must make sure that | t r
*Ðt |  < "  for all permutations

 This can be ensured by pre-scaling the original data appropriately

A New Way of Counting
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 Q1:  Does t he inf init e serie s f or p converge sat isf act oril y?
• Yes, most of the time
• If  kt r

*  mod 2"   are Òr andomÓ in [0,2 " ),
t hen # (k) is an N-step random walk in the complex plane

• Thus, the root-mean-square value of # (k) is roughly 1/N 1/2

• As a result, convergence tends to be slowest when N is small
• Convergence tends to be erratic when the data resolution is low

 Q2:  Can # (k) be comput ed rapidly when N is large?
• Yes.  If the statistic t  is linear, then # (k) factorizes (more or less)

Two Important Questions

!  

p  =  
1

2
 +  

2

"
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# (k) exp($i kt)
k

k'=1

%

&

! 

"(k)  =  N#1
  exp(i k tr

*
)

r=1

N

$



14

 The partition function is

1. Matched-Pair Permutation Test

!  

" (k)  =  N#1   exp(i ktr
* )

r=1

N

$

 Computing # (k) r equires only n trigonometric function evaluations!
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 N = 32768
 Ensur e t hat  max | t r

*Ðt |  = 9" / 10

 So we pr e-scale dat a by 3" / 2860

 The f ir st  f our  # (k) decay r apidly
 Subsequent  # (k) small but  noisy

 Er r or  = 0.0001  <{�� 45 t r ig + 90 f lops

 Higher  accur acy much mor e dif f icult
 ÒSpikeÓ when k is a mult iple of  477

Example:  DarwinÕs Plants

! 

p  =  
1
2

 "  
2
#

  
sin kt

k
 coskd j

j=1

n

$
k'=1

%

&

0.025909"

0.025867Ð0.00002623

0.025868+0.00000121

0.025868Ð0.00000119

0.025868+0.00000117

0.025868Ð0.00034815

0.025865Ð0.00050313

0.025846+0.00003911

0.025844+0.0000069

0.025844Ð0.0000097

0.025843+0.0117805

0.024500+0.2523203

0.026499+0.8651201

Par t ial Sum# (k)k
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 The partition function is

2. Matched-Pair Bootstrap Test
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 Computing # (k) r equires only n trigonometric function evaluations

 Differs from permutation test # (k) only at 4th order in the kdj
 Gives similar (though not identical) numerical results in practice
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Example:  DarwinÕs Plants

! 

p  =  
1

2
 "  

2

#
  

sin kt
k

 
1

n
 cos kd j

j=1

n

$
% 

& 

' 
' 

( 

) 

* 
* 

n

k'=1

+

$

0.026647"

0.026647Ð7 x 10-3123

0.026647+9 x 10-1821

0.026647+3 x 10-1219

0.026647+6 x 10-917

0.026647+0.00000115

0.026647+0.00005713

0.026650+0.00119611

0.026684+0.0126169

0.026088+0.0751967

0.019772+0.2725955

0.021741+0.6292383

0.150066+0.9500701

Par t ial Sum# (k)k

 N = 14,348,907,000,000,000,000,000
 Ensur e t hat  max | t r

*Ðt |  = 9" / 10

 So we pr e-scale dat a by 9" / 14390

 The f ir st  t en # (k) decay r apidly
 Subsequent  # (k) ar e r oughly 1/ N1/ 2

 Er r or  = 0.0001  <{�� 75 t r ig + 150 f lops

 Higher  accur acy is easy
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 The partition function is

3. Two-Group Permutation Test

  

!  

" (k)  =  (n Cm )#1 L exp i k x jq
q=1

m

$
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'  
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) 

* 
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jm > jm#1

n

$
j2> j1

n

$
j1=1

n

$

 This doesnÕt  factorize  because of the restricted sums

 However, it can be computed using a two-term recurrence relation

 Requires n trigonometric functions and m (n-m) multiply-adds
 More expensive than matched-pair # (k) but still  very practical!  

a" b (k)  = a#1" b (k)  + a#1" b#1(k) exp(i k xa )
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Example:  NoreenÕs Students

0.178576"

0.1785525 x 10-823

0.1785529 x 10-921

0.1785521 x 10-919

0.1785522 x 10-717

0.1785520.00000315

0.1785520.00002113

0.1785530.00003411

0.1785550.0000689

0.1785540.0030037

0.1788260.0601555

0.1862710.3790743

0.2620950.8997401

Par t ial Sum| # (k)|k

 N = 140,676,848,445
 Ensur e t hat  max | t r

*Ðt |  = 9" / 10

 So we pr e-scale dat a by 9" / 1750

 The f ir st  t en # (k) decay r apidly
 Subsequent  # (k) ar e r oughly 1/ N1/ 2

 Er r or  = 0.0001  <{�� 188 t r ig + 3536 f lops

 Higher  accur acy much mor e dif f icult
 ÒSpikeÓ when k is a mult iple of  389

!  

p =  
1
2

 +  
2
"

 Im  
# (k) exp($i kt)

k
k'=1

%

&
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 The partition function is

4. Two-Group Bootstrap Test
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 Computing # (k) r equires only 2n trigonometric function evaluations

 It Õs amazing that a sum of nn exponentials  can be found so easily!
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Example:  NoreenÕs Students

0.171988"

0.1719880.00002023

0.1719890.00009821

0.1719910.00046219

0.1720020.00197017

0.1720530.00745115

0.1722870.02451513

0.1732870.06921311

0.1770290.1660689

0.1887320.3364167

0.2184760.5729325

0.2789270.8180943

0.3762970.9779251

Par t ial Sum| # (k)|k

 N = 3,877,924,263,464,448,622,666,648,
 186,154,330,754,898,344,901,344,
205,917,642,325,627,886,496,385,
062,863

 Ensur e t hat  max | t r
*Ðt |  = 9" / 10

 So we pr e-scale dat a by 9" / 400

 The f ir st  sevent y # (k) decay quit e r apidly
 Subsequent  # (k) ar e r oughly 1/ N1/ 2

 Er r or  = 0.0001  <{�� 752 t r ig + 1504 f lops

 Higher  accur acy is easy

! 

p  =  
1

2
 +  

2

"
 Im  

#(k) exp($i kt)
k

k'=1

%
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Conclusions

 The p value f or vario us permut at ion and boot st rap t est s
can be writ t en as an inf init e serie s

 The t erms can be comput ed rapidly, even f or large n

 Convergence is f ast est  when t he dat a resolut ion is high.
The ÒspikeÓ problem aris es when t he resolut ion is low.

 I f  t he permut at ion/ boot st rap space is very  large, t he
serie s usually converge rapidly because of  int erest ing
connect ions wit h t he random walk in t he plane


