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The StatisticdProblem

Given data from two dif f erent sources, what is the probability that they were
drawn from t he same populat ion?

Example 1: Darwin® cross- and self -fertilized plant data
e Matched pairs of plant-height data: {x;, Yy}, {Xs, Y.}, E, {X,, Y.}
« Null hypothesis: {d;} ={x; By;} come from population with zero mean

Example 2: Noreen® management scores for Type A and Type B students
« Twogroups of data: {X;,X,,E,x,} and {X.1, Xmeo » E , X}
¢ Null hypothesis: All x; come from the same population




The StatisticdProblem

= Two general approaches to the problem

= Approach 1: Parametric significance tests
e Assume that the data are drawn from populations of acertainform
e The populations are of ten assumed to be normal (dubious)

e The populations are of ten assumed to have equal variance (dubious)
e One such approach is the =

= Approach 2: Non-parametric significance tests
e Assume not hing beyond the datathemselves
e« Commonly, only the ranks of the data are used (wast ef ul)

e Better, if possible, to use numerical values of the data (expensive)
e One such approach is =




ANU 1. Fished Permutation Test (1935)

The Matched-Pair Problem

If null hypothesis is correct , the d; are equally likely positive or negative
Therefore, the plant-height results that Darwin observed

15 possible sign permutations, e.q.

t*=1 dJ.=276

= Fisher © suggestion was to examine all 25 = 32768 possibilities (!)
and count the number whose ¢ * values exceed the observed value 314




- 2. Bootstrap Variation (1979)

The Matched-Pair Problem

The plant-height results that Darwin observed

t=1 dJ.:314

are as likely as any of the other 30 %> possible bootstrap resamples, e.g.

* — _
t*=1 dJ.—92

Bootstrap approach isto examine all 30 > possibilities and
count the number whose t* values exceed the observed value 314

This is not a trivial computational task!



AN 3. pitma® Extension (1937)

The Two-Group Problem

= |f null hypothesis is correct , all permutations of the data equally likely
= Therefore, the management scores that Noreen observed

Permutation test examines all ,,C; = 140676848445 possibilities
and counts the number whose t* values exceed the observed value 371




- 4. Bootstrap Variation

The Two-Group Problem

» The management scores that Noreen observed

t=<x>- <y;>
= 1252/442

e = <xj> - <yj>
= 2005/442

Bootstrap approach is to examine all 47 47 possibilities and counts
the number whose t* values exceed the observed value 1252/442

Yikes




- The Bottleneck

The Fisher permutation tests  have lots of nice statistical properties
e Simple; unbiased; powerful; assumption-free
However, they have an important weakness
« The size N of the resample space grows exponentially with the dataset sizes
e For matched-pair tests : Noerm = 27 Nyoot = (21)"
« For two-group tests ; Noerm=n'1 m'/ (n-m)! Nogot =N "
e Even modern computers cannot cope when nis large
Efficient permutation enumeration algorithms have been developed
« J.F. Gentleman, Appl. Statist. 24 (1975) 374
e M. Pagano & D. Tritchler, JASA 78 (1983) 435
« RD.Baker & J.B. Tilbury, Appl. Statist. 42 (1993) 432
« L.E.Richards & J. Byrd, Appl. Statist. 45 (1996) 394
but even the last of these becomes infeasible above n! 30
For this reason, many researchers resort to random  resampling
We now present a method that is exact and feasible for any n
« PMW.Gill, J. Stat. Comput. Sim. 76 (2006) in press




A New Way of Counting

= [tis easytowrite a formal expression for the Fisher  p value

N 0 x<0
p=N'Y H(, -1 Hx) =1 1/2 x=0
r=1

1 x>0

where N  =the number of admissible permutations
t =the test statistic in the unpermuted data
t.” =theteststatistic inthe r-th permutation
H(x) =the Heaviside step function

= This is not computationally useful because H is discontinuous
= However, Fourier series approximations to A are more promisingE




The Fourier series for  H(x) is easily shown to be

A New Way of Counting

= exp(ik x)
k

] (k=2k'-1, —m<x<+m)

This series converges slowly, especially near the discontinuity
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A New Way of Counting

Combining these yields another expression for the Fisher  p value

% :
%+ 3 m& # (k) expi kt)

k'=1 S

where we have introduced the Qvalk function O
N *
" (k) = N2 § expikt,)
r=1

Note: We must make sure that| ¢, B¥| <" for all permutations
This can be ensured by pre-scaling the original data appropriately




Two Important Questions

% .
DI g Im & # (k) exp($i kt)

1
2 et Kk
= QL1 Doestheinfinite series for pconverge satisfactoril y?

e Yes, most of the time

e If kt mod2" are @andomOin [0,2"),
then # (k) is an N-step random walk in the complex plane

e Thus, the root-mean-square value of # (k) is roughly 1/N V2
* As aresult, convergence tends to be slowest when Nis small
e Convergence tends to be erratic when the data resolution is low

= Q2: Can# (k) be computed rapidly when Nis large?
e Yes. Ifthe statistic ¢ is linear, then # (k) factorizes (more or less)




1. Matched-Pair Permutation Test

The partition function is

N
N $ exp( kt:)
r=1

$ n '
=2 H - H expgk# dej)

Sy=x1 sp==I 0 j=1 z

$ 8
= 2"N&H expliksd)) - &H exp(iks,dy)

B U B %

n

H cos kdj

J=1

Computing # (k) requires only n trigonometric function evaluations!




Example: Darw@Plants

# (K)

Partial Sum

. +0.865120
| 40.252320
- 40.011780
. £0.000009
40.000006
 40.000039
. £0.000503
. £0.000348

+0.000001
£0.000001
+0.000001

. §.000026

0.026499
0.024500
0.025843
0.025844
0.025844
0.025846
0.025865
0.025868
0.025868
0.025868
0.025868
0.025867

0.025909

N=32768

Ensure that max |t,"&| =9"/10

So we pre-scale data by 3"/2860
The first four # (k) decay rapidly
Subsequent # (k) small but noisy
Error =0.0001 <{ 45 trig +90 flops
Higher accuracy much mor e dif ficult
GBpikeOwhen kis a multiple of 477




= The partition function is

2. Matched-Pair Bootstrap Test

N
N* $ exp(kt)
r=1
% n

n n (
e $ $L $ $ expik$ sqdqut

s1=t1j1=1 sp=%1ljp=1 & g=1

" n

1 n .
-~ $ coskd;0

=

=  Computing # (k) requires only n trigonometric function evaluations
= Differs from permutation test # (k) only at 4th order in the ka’j
= Gives similar (though not identical) numerical results in practice




Example: Darw@Plants

_ # (K) Partial Sum
. +0.950070 @ 0.150066
+0.629238 0.021741
+0.272595 0.019772

10.075196 0.026088 N = 14,348,907,000*,OO0,000,000,000
Ensure that max |t,"&| =9"/10

AUz DIZEEES So we pre-scale data by 9"/ 14390

+0.001196 0.026650 The first ten # (k) decay rapidly

40000057 = 0.026647 Subsequent # (k) are roughly I/ N2
: : Error =0.0001 <{ 75 trig + 150 flops

+0.000001 @ 0.026647 | |
: Higher accuracy is easy

+6 x 109 | 0.026647
+3x 102 | 0.026647
19X 108 | 0.026647
Y x 1031 0.026647

. 0.026647




The partition function is

3. Two-Group Permutation Test

n

") =6 LB

A=l jo>jn  Jm>imn

This doesn® factorize because of the restricted sums
However, it can be computed using a two-term recurrence relation

a b)) = gm p(k) + g pwn (k) explikx,)

Requires n trigonometric functions and  m (n-m) multiply-adds
More expensive than matched-pair # (k) but still very practical




| # (K|

0.899740
0.379074
0.060155
0.003003
0.000068
0.000034
0.000021
0.000003
2 x 1077
1x 10-°
9 x 10
5 x 108

Partial Sum

0.262095
0.186271
0.1/8826
0.178554
0.1/8555
0.17/8553
0.178552
0.178552
0.178552
0.178552
0.178552
0.178552

0.1/8576

ANU Example: Nore@Students

% :
. g m& # (k) e)lip@l Kkt)

N=140,676,848,445

Ensure that max |t,"&| =9"/10

So we pre-scale data by 9"/ 1750

The first ten # (k) decay rapidly
Subsequent # (k) are roughly 1/ N¥2
Error =0.0001 <{ 188 trig + 3536 flops
Higher accuracy much mor e dif ficult
BpikeOwhen kis a multiple of 389




= The partition function is

4. Two-Group Bootstrap Test

=  Computing # (K) requires only 2 n trigopnometric function evaluations
= |t @ amazing that a sum of #" exponentials can be found so easily!




| # (K|

0.977925
0.818094
0.572932
0.336416
0.166068
0.069213
0.024515
0.007451
0.001970
0.000462
0.000098
0.000020

Partial Sum

0.376297
0.278927
0.218476
0.188732
0.177029
0.173287
0.172287
0.172053
0.172002
0.171991
0.171989
0.1/1988

0.17/1988

ANU Example: Nore@Students

0]

m E W(k) e):(p(—i kt)

N=3,877,924,263,464,448,622,666,648,

186,154,330,754,898,344,901,344,

205,91/7,642,325,627,886,496,385,
062,863

Ensure that max |t,"B| =9"/10

So we pre-scale data by 9"/400

The first seventy # (k) decay quite rapidly
Subsequent # (k) are roughly 1/ NV 2

Error =0.0001 <{ 752 trig + 1504 flops
Higher accuracy is easy




Conclusions

The pvalue for various permutation and bootstrap tests
can be writ ten as an infinit e serie s

The terms can be comput ed rapidly, even for large n

Convergence is fastest when the data resolution is high.
The GpikeOproblem aris es when t he resolution is low.

| f the permutation/ bootstrap space is very large, the
serie s usually converge rapidly because of interesting
connections wit h the random walk in t he plane




