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Abstract. Probabilistic finite automata induce distributions over finite
length strings. The two major categories of probabilistic automata are
probabilistic finite automata (or PFA) and probabilistic deterministic
finite automata (or PDFA). In PFA models, strings may be generated
by a (possibly very large) number of paths through states, while in the
PDFA category at most a single generating path exists for each string.
In the first part of the paper we characterize the families of distribu-
tions induceable by PFA and PDFA models by extending the well known
Myhill-Nerode theorem. In the second part we use this characterization
to bound the distance between the class of bounded length distributions
and the class of distributions induceable by (n-state) PFA and PDFA
models.

1 Introduction

Probabilistic finite automata models are pervasive in the machine learning liter-
ature and serve a crucial role in numerous real-world engineering applications. In
the fields of computational linguistics, speech recognition, computational biol-
ogy and machine translation, the core technology draws heavily on various forms
of PFA models, and the algorithmic and theoretical aspects of the models have
been studied extensively. In a recent pair of survey papers (Vidal et al., 2005a),
(Vidal et al., 2005b), the state-of-the-art in the PFA field is outlined. We will
adhere to the notation used in these papers where relevant.

PFA models can be seen as a means of inducing probability distributions over
finite length strings. The PFA family comprises many distinct subfamilies, which
in turn induce different classes of probability distributions. However little is
known about the relative power of PFAs and PDFAs in approximating arbitrary
probability distributions. In Section 3 we formulate and prove characterization
results for the families of distributions that can be induced by PFA and PDFA
models, extending the well-known Myhill Nerode theorem (Hopcroft and Ullman,
1979).



In Section 4 we use the extended Myhill-Nerode characterization theorems
to study the distance between the set of distributions induced by n-state PFA
/ PDFA models and the class of bounded length distributions. When study-
ing distances between distributions, one is required to adopt a specific distance
function. In the PFA literature, two distance functions are typically used: the
KL-divergence and the L-distance (formally defined in in Section 2). We choose
to use the Lp-distance and motivate our choice in Section 2.3.

2 Preliminaries and Notation

We now formally define the PFA model:
Definition 1. A PFA is a tuple A = (Qa, X, 04,14, Fa, Pa), where:

— Q4 1s a finite set of states,

— XY is a finite alphabet,

— 04 CQa XX XQ4 is a set of transitions,
I4:Qu — RT are the initial state probabilities,
— P4 : 64 — RY are the transition probabilities,
— Fu:Quq — R are the final state probabilities.

The transition probabilities of non-existing transitions are null, i.e. P4(q,0,q') =
0 forall (q,0,q") ¢ 64,0 € X. The initial state probabilities I 4 satisfy EQEQA IA(q) =
1, while for the transition and final state probabilities we have:

Fa(@)+ Y Palg.o,¢)=1.
oecX
¢ €Qa

The PFA A induces a distribution over the set of all strings over symbols
in X (denoted X*, which also includes the empty string €), in the following

manner. Let 6 = (so, 21,81, 22,82, ..,8k—1, Lk, Sk) denote a path producing
the string z = (x122...2%). Equivalently, there is a sequence of transitions
(so,1,81), (81,22,82), ..., (Sk—1,%k, Sx) € 64. The probability of generating

such a path is:

Pra(0) = La(so) - (TTj=1 Palsj—1,25.55)) - Falsi). 1

Definition 2. A valid path in a PFA A is a path for some x € X* with proba-
bility greater than zero. The set of valid paths in A will be denoted by © 4.

In general, a given string x can be generated by A through multiple valid
paths. Let © 4(x) denote the set of all the valid paths for z in .A. The probability
of generating x with A is:

Pra(z) = ZGG@A(I) Pra(0). (2)

The set ©4(x) can potentially have cardinality that is exponential in the
length of the string being generated, specifically O(|Q4|!*!), with |z| denoting



the length of string x. This precludes any attempt at direct calculation. However,
a simple dynamic programming recursion known as the forward algorithm (dis-
covered by Chang and Hancock (1966) and rediscovered by Baum et al. (1970))
reduces the computational complexity to merely linear in |z| and ||, where ||
denotes the length of z and |6 denotes the number of transitions in 4. We now
describe their recursion, which will facilitate the proofs of the Myhill Nerode
extension theorems of Section 3.

2.1 The Forward Algorithm

In describing the forward algorithm we follow the notation of Vidal et al. (2005a)
and duplicate the relevant part of their exposition. Define o, (4, ¢q), Vg € @ and
0 < i < |z|, as the probability of generating the prefix z;...xz; and reaching
state q:

g (i, q) = > La(so) - [T Palsjmrsaj,85) - g s0),  (3)

(50,81,..-,8:)€EOA(T1...;5) j=1

where 1(¢,¢') =1 if ¢ = ¢’ and 0 if ¢ # ¢’. Equation (3) can be calculated using
the following recursion:

az(0,q) = La(q), (4a)
auiyg) = Y ap(i—1,¢') - Pald wiq), 1<i<lal (4b)
q'eQ

We note that the forward densities a, (i, q) distribute over Q 4 (for all 2 and 7).
For a string x € X*, the following proposition is straightforward:

Pra(w) =Y au(z].q) - Fa(q)- ()

q€Q

The evaluation of « can thus be performed in O(|z| - |d|) calculations.

2.2 Probabilistic Deterministic Finite Automata

An interesting special case of the PFA occurs when the following restrictions are
placed:

— Jgo € Q (initial state), such that I4(qo) =1,
- VQ S Qa VO— € E? |{q/ : (Qagaq/) S 5A}| S L.

The resulting model is termed a probabilistic deterministic finite automaton,
or PDFA (also referred to as the deterministic probabilistic finite automaton
(DPFA) or the stochastic deterministic finite automaton (SDFA)'). In the PDFA
model, the single path through states can be deterministically recovered, given
the generated string.

! The corresponding term in the information theory literature is the wunifilar finite-
state source or unifilar source.



2.3 Distance Functions Between Distributions

Given two distributions D; and D5 over X, we will use the following notions of
distance: For 1 < p < oo, the L, distance between D; and D, is defined as:

1D = Dally = [ 3 1Da(s) - a(s)P] "

The KL-divergence between Dy and Ds is defined as:

).

KL(D1[|D3) = > Di(s) 10g<

seX*

Note that the KL divergence is not a metric. As shown in (Cover and Thomas,
1991), for any pair of distributions D7 and Da, it holds that KL(D;||D3) >
715 | D1—D3||3, which in turn upper-bounds all L,-distances, making this notion
of distance stronger. Learnability of PDFA models (as defined by Clark and
Thollard (2004)) has been widely investigated. There are indications that the
general PDFA learning problem is hard. For instance, Kearns et al. (1994) showed
that KL-PAC learnability of PDFA implies the computability of the noisy parity
function, thus violating the noisy parity assumption, widely believed to be true
in the cryptography community (see e.g. Kearns, 1993). This is demonstrated by
showing how by KL-PAC learning a specific family of (acyclic) PDFA, one can
evaluate the noisy parity function. We have shown (and will publish in the full
version of this paper) that even in the (weaker) L;-PAC learning model, general
PDFA learnability still violates the noisy parity assumption. This implies that
the difficulty is inherent to PDFA learning, and not merely an artifact of the KL-
divergence. We also mention that this specific reduction does not extend to the
L,-PAC, p > 1 learning framework. Thus motivated, we adopt the Li-distance
as the distance function to be used throughout the rest of the paper.

3 An Extension of the Myhill-Nerode Theorem

In this section we formulate and prove two extensions of the Myhill-Nerode
theorem for PDFA and PFA models. We begin by formally defining the notions
of a suffiz distribution and the suffiz set:

Definition 3. Given a distribution D over X* and a string s € X* such that
D(s) >0, the suffix distribution Dy is defined by:

D(sx)
D(s)

Definition 4. The set of all suffix distributions of a given distribution D is
denoted by suff(D):

suﬁ(D) = {D[S]}SEZ* .



Note that Definition 3 implies D € suff (D). For the class of PDFA models, a
Myhill-Nerode type result was formulated and proved in (Carrasco and Oncina,
1999), where the authors defined a canonical generator, or a minimal PDFA
inducing a specific distribution. We present the following characterization, com-
pleting the extension:

Theorem 1 (Myhill-Nerode Extension for PDFA Models). Let X be a
finite alphabet. The following two statements are equivalent:

1. A distribution D over X* can be induced by an n-state PDFA.
2. All suffiz distributions of D are members of a set of at most n fized distri-
butions over X*.

A further extension applies for the general class of PFA models:

Theorem 2 (Myhill-Nerode Extension for PFA Models). The following
two statements are equivalent:

1. A distribution D over X* can be induced by an n-state PFA.
2. All suffix distributions of D are in the convex hull of at most n fized distri-
butions over L*.

We proceed to prove Theorem 2; the proof of Theorem 1 follows as a special
case.

Proof. 1 = 2: Assuming the distribution D is induced by some PFA A =
(Qua, X, 04,14, Fa, Pa) with |Q4| < n, we show that the set of its suffix distri-
butions is contained in the convex hull of at most n distributions. For simplicity
we assume |Q 4| = n.

Let e, be a vector with the k' entry equal to 1 and all other entries 0. Define
the PFA Ay (k=1,...,n) by Ax = (Qa, X, 04, ek, Fa, Pa) (i.e. a PFA identical
to A, except for the initial state distribution which is concentrated on the k"
state). Let s € X* be a prefix, x € X* a suffix, and let Dy, k =1,...,n, denote
the distribution induced by A. In analogy to Equation (3), the forward density
for Ay is given by:

ay(i,q) = Ta(sk) - > [T Patsi—1.2;,85) - 1(a, 50),

(8150-,51)€O A(x1...;) J=1

or in other words, ¥ (i, ¢) denotes the probability of generating the prefix x . .. z;
and reaching state g after starting from state s;. As there exist only n possible
states to reach, we have the following equalities:

Di(s) = _ak(lsl.a):  Dilsz) =) al(ls|,q0)De(). (7)

£=1 (=1

n

Dy (x) denotes the probability of generating a string z € X* conditioned
on the fact that we started from state gi. Since the probability of starting in



the state gy is given by I4(gx), the overall probability of generating = becomes
D(z) =Y r_; Ia(gx)Dy(z). Using Definition 3 and plugging in (7), we get:

D) = 2063) _ Tiy Lalg) Di(sa)
. D(s)  Yop_y La(ax)Dx(s)
Xk Lalar) - 30 ab(ls] ge) De()
Yonet Lalar) - >oy—y ok (|sl qr)

N[ SR ala) - k(s a0 )
_éz—;|:ZZ—1[A(‘]IC)'Z?_1a§(|s|7qe) De(x). (8)

The bracketed coefficients are nonnegative, sum to 1, and do not depend on x, so
the resulting expression is a convex combination of the distributions {Dg(-)}}_;,
proving the claim.

2 = 1: The distribution D is in suff (D) and therefore in co(Dq,...,Dy)
(the convex hull of (Dy,...,D,)). Thus, there exist nonnegative, sum-to-one
(i.e., convex) coefficients {71, ..., 7, } such that D ="  mD

Intuitively, for every o € X the distribution (D;)[s) is in co(Dy, ..., Dy),
and hence can be written as (D;),)(¥) = >2; A, ;D;(x) for some set of convex
coefficients )\(]” When generating a string s = sy ... sg, we first pick D; with
probability ;. Then we pick D; with probability )\gm, output s1, and proceed
to generate sy ... sy. But since (D;)s,) is itself in co(Dy, ..., Dy), the process is
recursively repeated. Formally:

Zm (s152 . Zm [sl] .- Sk)
*ZmZ)\s” ..Sk):iﬂ i/\ﬁli)\gm 3...5kK)

i=1  ji1=1 i=1

- - Zﬁz Z >‘51 i Z /\sz,Jl Z /\gz,j(k,l)Djk(e)'

i=1 Jj1=1 jo=1 Je=1

In order to construct an n-state PFA A = (Qa, X, 04,14, Fa,Ps) which
induces the above distribution, we proceed as follows: identify each D; with a
state ¢; of A and set I4 = (m1,...,m,). The transition probabilities P4(g;, 0, ¢;)
are set to )\g’i, and the final state probabilities are set to F4(gq;) = D;(€). Using
Equation (5) and writing out the recursion in (4), we have Pr4(s) = D(s) for
any string s 2*. N

The proof of Theorem 1 follows as a simple special case. In the first direc-
tion, the forward densities and initial state probabilities of (8) reduce to delta
distributions, implying the suffix probabilities are in the set {D1,...,D,}. In
the second direction, the PDFA case has a delta initial distribution, setting the
initial state. The parameters {\ ; 7 j=1 adhere to the PDFA constraints, and
the constructed automaton A reduces to a PDFA.



4 Bounds on Distances Between Distribution Classes

In this section we seek to answer the following question: how well can PFA and
PDFA models approximate general distributions of bounded length. To define
the problem rigorously, we need to choose a suitable distance metric and impose
a number of constraints. In the sections below we formulate and prove lower
bounds on the ability of (n-state) PDFA and PFA models to approximate the
class of bounded length distributions. But first we present an immediate upper
bound:

Lemma 1. Let D be a distribution with length bounded by L (i.e. w ~ D implies
|lw| < L). Then A PDFA A with |X|F+! — 1 states can be constructed which
induces a distribution exactly matching D.

Proof. We construct a | X|-ary tree of depth (at most) L 4+ 1 and set .A’s initial
state go to be the tree’s root. For ¢; denoting one of the tree’s internal nodes, we
let w(g;) denote the sequence of letters that had been traversed while reaching
q; from qo. For each alphabet letter ¢ € X and internal node ¢; we label one
outgoing edge from ¢; with o, thus defining the state transition function § 4.
For a pair of nodes (g;, ;) such that (¢;,0,q;) € 64, we define the transition
probability P4(¢;, o, g;) by:

ZIEE* D(’LU((]J)ZE)
Yeex- Dw(g)z)

The final state probability for state g; is set to:

_ D(w(g:))
Fa = Dlwlaa)”

where Xt = X*\ {e}. It is readily shown that the PDFA A thus constructed
induces the distribution D. W

PA(qiaUa q]) =

A natural question regards the PFA / PDFA models’ ability to approximate
the class of bounded ezpected length distributions. The difficulty of such PFA
approximation is shown in the following lemma, for which a proof sketch is
presented in Appendix A. The proof relies on the lower bound for PFA approx-
imation presented in Section 4.1 below. An analogous result for PDFA-based
approximation can also be formulated, based on the lower bound shown in Sec-
tion 4.2.

Lemma 2. For any € > 0 there exists a distribution D** of expected length
bounded by L (i.e. Eyp |w| < L), such that for any PFA A with no more than

(E,l) . .
| 2\ states, the following will hold:

|ID** — Dall1 > e.
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Fig. 1. An illustration of the techniques used for proving lower bounds on the approx-
imation ability of PFA (top) and PDFA (bottom) models. The triangles on the left
illustrate uniform distributions, while the suffix distributions on the right hand side
serve as “symmetry-breakers”.

We proceed to formulate and prove lower bounds for approximation of bounded
length distributions by PDFA / PFA models. The techniques used for obtaining
the lower bounds are illustrated in Figure 1. In both cases, the target distribution
is composed of a uniform prefix distribution followed by a “symmetry-breaking”
set of suffixes.

In the case of the PFA, we require each suffix to be be poorly approximable
by the convex hull of all other suffixes, so all the chosen suffixes are distinct
delta distributions. Thus, the Li-distance between each suffix distribution and
the convex hull of all other suffix distributions equals 2. In the PDFA case, we
require a weaker condition, namely that the Li-distance between each suffix pair
is at least 1/2. Therefore, (exponentially) shorter suffix lengths suffice.

4.1 Lower bound for PFA Approximation of Bounded Length
Distributions

In this section we apply the Myhill-Nerode theorem for PFA to derive a lower
bound on the models’ approximation ability.

Theorem 3. There exists a distribution D* of bounded length L such that for
any distribution D induced from a PFA with no more than |E|(%_1) states the
following will hold: || D* — D||; > 1/2.



Before proving the theorem, we define the notion of suffiz mass:

Definition 5. The suffix mass of a family of probability distributions D is de-
fined by:
SM(D) = max max  S(w).
DeD wes Sesuff(D)

For the family of distributions induced by n-state PFAs we now show:

Lemma 3. Let D,, = {D : D is induced by an n-state PFA }. Then SM(D,,)
<n.

Proof. Denote the n-dimensional probability simplex by A™ = {a € R" : o; >
0,i=1,...,n, >, o = 1}. By the Myhill-Nerode extension for PFA (Theo-
rem 2), all suffix distributions S € suff{ D) in Definition 5 reside in the convex
hull of at most n distributions, which we denote by {D1, ..., D, }. We thus have:

Z max S(w) = Z max ZaiDi(w).

EA"
wes= SESUff(D) wex= =

However, for each w € X* there exists an index i(w) € {1,...,n} such that
Dj(wy(w) = maxqean Y1y o;Di(w). Observing that {i(w) : w € X*} C{1,...,n},
we have:

> max D aiDi(w) = > Diy(w) <D 1=mn,
weX* i=1 i
and the proof immediately follows. W

We will also require the following technical lemma, for which a proof is sup-
plied in Appendix B:

Lemma 4. Given any discrete distribution D represented by di,...,dn with
d; >0, Zf;l d; =1 and any sequence of numbers S = (s1,...,8n) such that
0 <s; <1, the following inequality holds:

N 1 N

i=1 i=1
We are now in a position to prove the negative result mentioned earlier:

Proof. (Theorem 3) Define the target distribution D* as follows:

D |2|—L/2 w = ,w/w/’ = EL/Q
(w) = 0 otherwise.

Let D be some family of distributions with SM(D) < |2|(=D let D € D be
an approximating distribution and enumerate the set X%/2 as wy, ..., wy with



N = |X|%/2. We proceed to lower-bound the L;-distance:

ID*=DJy = > [D*(w)— D(w)| > Y |D*(w) - D(w)|
w]\f i weX N i
=Y 1D (wiw;) = D(wawi)| + Y Y [D*(wsw;) — D(wswy)|
=1 i=1 g st

wj Fw;

1
N

N
=>>
i=1

Plugging Lemma 3 above into Lemma 4, we have shown | D*—D|; > 1/2. B

The preceding analysis is loose in the sense that (asymptotically) a square
factor in the number of states separates between the upper and the lower bounds
of Lemma 1 and Theorem 3 respectively. A tighter analysis for PDFA models
follows.

4.2 Lower bound for PDFA Approximation of Bounded Length
Distributions

In this section we present a sharper lower bound when the approximating class
is restricted to n-state PDFA models. We assume for simplicity that the alpha-
bet’s cardinality is 2, and therefore all logarithms used below are base 2. Before
presenting the bound we quote the following result (Pisier, 1989) regarding the
packing number on the probability simplex:

Lemma 5. Let A% denote the d-dimensional probability simplex. Then the num-
ber of distributions on A which are at least e-separated in the Li-norm (denoted
as D(g, A% || - ||l1)) is lower bounded by:

C d—1
DAt = (L)

where Cy is an absolute constant greater than 1.

Theorem 4. Suppose X = {0,1}. For any positive integer L, there exists a

distribution D* over X418l sych that for any distribution D induced from
a PDFA with no more than 2(-=Y states, |D* — D||; > 1/8.

Proof. We set all L-length prefixes of D* to be equiprobable (i.e. of probability
271 each) and denote Ny = 2L, For i € {1,..., N1}, we denote the target
suffix distribution following prefix ¢ by D}. For the same prefix, we denote the
approximating distribution’s prefix probability by EZ and its corresponding suffix
distribution by D;.

We construct D* such that each suffix distribution D} is composed solely
of Lo-length strings. We wish to construct a set of suffixes of cardinality Ny,

10



such that each pair is at least 1/2-separated (i.e. || D} — Dj |1 > 1/2, i1 # i2).
Denoting Ny = 22 (the number of possible length-Ly strings), we appeal to
Lemma 5. In this case, the dimensionality d of the simplex is Ns. Setting Lo =
log(L + 1) and using Lemma 5, we see that the number of possible distributions
conforming to the demands is at least Ny, as desired.

We now proceed to lower-bound ||[D* — D||;. Given that the approximating
PDFA has (at most) N7/2 states, there exist (at least) N1/2 “coupled” pairs
(i1,42) such that D;, = D;,. Writing out |[D* — D|)y, we get:

ID* = Dly = Y ID*(w) -Dw)| = Y |D*(w) - D(w)|

weX* we X (L+L2)
*
> D —diDi|
i=1 1 1

Using the standard norm inequality ||z —y|| > ||| —[|y]||, we find that each

term in the sum is lower-bounded by |Ni1 — d;|. For the coupled pair (i1, i), we
therefore have:

1 . 1 P
—|—=p: —a4,,D - d;, D;
‘Nl “ ! HNl 2 1
1 1 ~ ~
> = —d; — —di,| > |ds;, —d,
‘Nl : +‘N1

However, as D;, = D,;,, we also have that:

1 ~
> ||=— (D — D} — |d;, — d;,
> |5 @i 00|
1 .
v~ |4 — diy
- 2N, !
Hence for all coupled pairs (i1, i2), t > max(53~ — b, b) where b = |d;, — ds,|.

Since 1/(2N1) —b > b for b < 1/(4N1), we have > 1/(4Ny) for any possible
value of b. In other words, for all possible values of (d“ ,d;,) we have:

« ~ o~
—d;, Dy,

1
—D;
Ny

L ANy

—D
' H N
Summing over (at least) N1/2 coupled pairs, we obtain || D* — lA)||1 >1i

11



5 Discussion and Conclusion

The lower bounds presented in Sections 4.1 and 4.2 are conceptually loose in
the following sense: we made only partial use of the Myhill-Nerode extension
theorems. Namely, when constructing the PFA lower bound, we only used Theo-
rem 2 indirectly via Lemma 3. The lemma does not utilize the fact that all PFA
suffix distributions must recursively and exclusively contain suffix distributions
which also conform to the conditions of the theorem. A proof technique utiliz-
ing this additional information could potentially provide a tighter result. In the
PDFA case, a similar criticism holds true, but the result obtained is tight to a
logarithmic factor, leaving little room for improvement.

Our main goal for extending the research presented in this paper is to attain
a complete understanding of the relationship between distributions induced by
PFA and PDFA families. Specifically, we seek to understand how well (and un-
der which circumstances) PDFA models can approximate distributions induced
by PFA models. This problem was addressed in (Zeitouni et al., 1992), where
assuming a certain condition (a lower bound on all the approximated PFA’s
transition probabilities), an Lo,-approximation result was shown. In this result,
however, the number of states required grows exponentially with the (inverse
of the) accuracy parameter; the approximation is in the (weak) L., sense, and
the condition assumed may be unnecessarily strong. A more complete under-
standing would be theoretically desirable, and could potentially have practical
implications.
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A  Proof of Lemma 2

We present a proof sketch, building on the lower bound of Section 4.1. Let the
distribution D* be as defined in Section 4.1 with L replaced by Lo. We define
D** as follows:

D**(w) = 1—4e w = 0.
Tl 4e-D*(w’)  w=1w, Yo' € X*.

It follows from the definition that E,,~p« |w] =1 —4e +4e(1+ Lo) = 1 4 4eLy.
Selecting Lo < L4—_€1 guarantees E,,p«+ |[w| < L. An e-approximation of D**
can only be achieved if D* is approximated to accuracy 1/2, which by Lemma

3 cannot be achieved using a PFA of less than |E\(%71) states. Substituting

Lo = L4—_€1 concludes the proof. W

B Proof of Lemma 4

We follow a two step approach. The first step is a reduction to an equivalent
problem. The second step shows a bound on the equivalent problem, proving the
inequality.
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We start by partitioning the summands d;s1,...,dysy into two mutually
exclusive sets I, I3 according to the following rule:

1
7:611 if szZS—

)

1
iely if djs; > N

Adding and subtracting Y. ;. (1/N — d;s;), we get:

i€ly

N

N
SN — disi] =1 ;disiJrQZ (disi _ %) _

=1 i€ls

On the right hand side of the equality above, any term with d;s; > 1/N is
“doubly penalized” by the last sum, raising the suspicion that such terms will
not participate in an optimal solution. Indeed, we now show that given a specific
pair {D, S} we can construct an alternative pair {D, S} such that d;s; < 1/N
for all 4, and Zivzl I1/N — d;5| < Zfil |1/N —d;s;|. The constructive proof is
detailed in algorithm 1.

Algorithm 1: Reduction to a Uniformly Bounded Distribution D
Input: A distribution D = {d1,...,dn} and a set S = {s1,...,sn} with
0 S Si S 1. =N .
Output: A distribution D and a set S with 0 <s; <1, Ei\;l 5 < Ei\;l si, such
that d;3; < 1/N for all i, and 3% | |I/N — d;5;| < SN [1/N — disi].
while Jie€ {1,..., N} such that d;s; > 1/N do
Find j € {1,..., N} such that d; < 1/N
if disi — 1/N 2 1/N — d]' then
Set d; =d; — (1/N — dj)

Set d; = I/N
else

Set d; = 1/N

Set dj = d]' - (1/N — disi)
end

end
Set D=D,S = 8.

To prove the algorithm’s correctness we note that no operation performed
over the algorithm’s run will increase 1 | [1/N — d;s;|, and that the algorithm
terminates after a finite number of steps.

If at any stage of the while loop of line 1 a suitable ¢ is found, the existence
of a suitable j in line 1 is assured (d;s; > 1/N = d; > 1/N = 3d; < 1/N).
The number of steps performed is bounded by the number of pairs (4, 5) and is
therefore finite. In all reassignment operations, the values of both |1/N — d;s;]
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and |1/N — d;s;| are not increased, assuring that upon termination we have
Zfil [1/N —d;s;| < Zivzl |[1/N —d;s;|. We have thus shown that:

1/N — dis;| = (1/N —d;s;) st. disi <1/N Vi,
{%112}Z|/ sil mmz / si) s s / i

We now examine how the selections of d; and s; affect both (1/N — dys1)
and ZZJ.VZQ(I/N —d;s;), under the condition d;s; < 1/N.If dy = 1/N — ¢, we
immediately have 1/N — dys; > ¢, due to s1 < 1. If d; = 1/N + £ we have:

iv:l/N disi) N(1/N—di)ZzN:l/N—[(N—l)/N—E]:a

Writing s; as 1 — 401, 0 < §; < 1, we again examine the effect of the
choice on IP; = (1/N —d;s1) (denoting “immediate penalty”) and on SP; =
Zi]\; (1/N —d;s;) (denoting “subsequent penalty”):

IPl = 1/N — d181 = 1/N—d1(1 —(51)7
N
SPy =Y (1/N —d;s;) > max{dy — 1/N, 0}.

=2

We can now deduce IP; +SP; > 61 /N by considering the following three cases:

(’L) d1<1/N IP1>(51/N.
(i) 1/N <di < gy SPA=di—1/N
:>IP1+SP121/N7d181+d171/N
= dl(l — 81) Z (51/N
(i4i) dy > m Violates the constraint s;d; < 1/N.
Summing over i = 1,..., N we get:

N

Z(l/zvfdis»:ifawpi ZN: ilfﬁ):l*iisi
i=1 i=1 Ni:l 7

=1 i=1

proving the lemma. W
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