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Abstract— This paper presents a framework for the
thermal noise analysis of mutually-coupled antennae in
the multi-antenna system. The electromagnetic coupling
for thermal noise is included in the analysis of the multi-
antenna system with small antenna element spacings. The
method for thermal noise power calculation for the multi-
antenna system with coupled antennae is presented. The
thermal noise behavior in the multi-antenna system is de-
termined by applying the Nyquist’s thermal noise theorem.
The partial correlation of thermal noise for antenna spacing
lower then a wavelength is confirmed. The signal-to-noise
ratio (SNR) for the closely spaced antennae in the multi-
antenna system is then estimated, using presented method
for thermal noise analysis. Simulation results confirm that
as the antenna spacing decreases to zero, the multi-antenna
system starts to act like a single antenna system.

Index Terms— Mutual Coupling, thermal noise, multi-
antenna system

I. INTRODUCTION

MULTIPLE-INPUT multiple output (MIMO) com-
munication systems use antenna arrays to increase the
communication capacity by exploiting the spatial prop-
erties of the multipath channel [1]. High capacity could
be achieved by providing independence of the channel
matrix coefficients, a condition generally achieved with
wide antenna element spacings. But persistent minia-
turization of subscriber units makes such separations
impossible, and the resulting antenna mutual coupling
[2] significantly impact the communication system per-
formance.

The impact of antenna mutual coupling on the MIMO
system has been evaluated by examining how the cou-
pled antennae change the signal correlation [3]. The
modifications in channel matrix coefficients are then
used to assess mutual coupling effects on the system
capacity [10], [4]. Additionally, the radiated power at
the transmitter and the power collection capability due
to effect of mutual coupling in the multi-antenna systems
are presented in [11]. The effect of mutual coupling on
the MIMO channel capacity through the signal-to-noise
ratio was then presented in [6].
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The recent findings that signal-to-noise ratio are af-
fected by mutual coupling, require an answer on a new
issue about the thermal noise behaviour in the multi-
antenna system. In [5], the noise originated from the
amplifier at the receiver end of the MIMO system was
included into consideration, but still not the thermal
noise on the coupled antennae. The possibility that the
thermal noise from radiated body could be induced in
antenna was discussed in [7]. The fact that the partially
correlated noises are introduced into receivers of two
closely spaced antennae was discussed in [12].

Thermal noise correlation due to mutual coupling
effects in the closely spaced antennae was a missing
puzzle in order to asses the MIMO system commu-
nication performance with small antennae separation,
especially critical for subscriber unit. The signal-to-noise
ratio (SNR) is assessed for the multi-antenna system
with large number of antenna placed in infinitesimal
volume of space, which means that antenna spacing is
almost zero. The calculation based on classical method,
without considering mutual coupling effect, would give
an infinite value for SNR. The result obtained by using
classical method demonstrates the importance of the
proper consideration of the coupled antennae in the
multi-antenna system.

2
ngP

SNR = lim —
[(nr—o0)and(d—0)] nrIN

)
where d is the antenna spacing, P and N are the signal
and noise power, respectively.

The aim of this paper is to provide the evidence that
thermal noise is affected by mutual coupling effect. The
model for theoretical elaboration of thermal noise in
coupled multi-antenna system is presented. The applica-
tion of Nyquist’s thermal noise theorem [8] enables the
disintegration of correlated part from the total thermal
noise. The normalized correlated part of the thermal
noise versus antenna spacings is then estimated. The
error made by classical thermal noise consideration is
compared with the presented method. The evidence that
partially correlated noise appears for antenna spacing
below a wavelength is provided.

Finally, we investigate the SNR behavior in the multi-
antenna for antenna spacing below a wavelength, varying
the number of dipoles from two to three. We confirm
that as the antenna element spacings decrease to the
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almost overlapping case, the multi-antenna system acts
like a single-antenna system with an equivalent radiated
resistance.

The rest of this paper is organized as follows. Section
IT describes the multi-antenna system representation for
the purpose of thermal noise analysis. In Section III,
thermal noise coupling is elaborated. Thermal noise
in two-dipole array and in the multi-antenna system
are evaluated in sections IV-A and IV-B, respectively.
Utilizing these results, the SNR is analyzed in section
V. The concluding remarks are given at the end of the

paper.
II. MULTI-ANTENNA SYSTEM REPRESENTATION

The multi-antenna system could be represented as
a general linear network using a generalized form
of Thevenin’s theorem. The generalization of the
Thevenin’s theorem holds true not only for coherent
sources but also for thermal noise sources [9]. It is valid
even for the general linear network that may contain
a number of inaccessible nodes together with internal
voltage and current sources, whose location may be
unknown. However, as long as there are only N indepen-
dent accessible nodes, such a system is indistinguishable
from a source free network, with the same impedance
or admittance matrix, together with a set of N nodal
current generators of infinite internal impedance. The
current from the generator of the r** node, in such
equivalent network, is equal to the current flowing into
the 7*" node of the original network when all nodes of the
latter are short-circuit to earth. The internal sources may
be alternatively represented by set of N nodal voltage
generators of infinite internal admittance such that the
voltage across the generators in the #*” node is equal to
the voltage across the r*" node of the original network
when all the nodes of the latter are open-circuit. The
nodal noise sources are not in general independent.

The multi-antenna system with N = np antenna
elements can be represented as a linear n p-terminal-pair
network containing internal prescribed signals or noise
generators and it is specified completely with respect to
its terminal pairs by its admittance matrix Y and a set
of nr nodal current generator iy, t2, ..., inp-

In matrix form, Y denotes a squared matrix of order
ng

Y11 Y12 Ying
Rl @
Ynrl Yng2 Yngrnr

The complex amplitudes of thermal current generators
are represented conveniently by a column vector i:

i=| " 3)

The nodal noise sources are not in general indepen-
dent. The spectral density of the squared current can then
be written in the matrix form.

R R

et 1217 121 190 *

iit = 29 209 ny )
Inpll  Ingls Ingp b,

where the subscript { indicates the Hermitian trans-
pose (complex conjugate transpose).

The internal sources may be alternatively represented
by the set of ny nodal voltage generators of infinite
internal admittance such that r** voltage across the
generators in the 7*" node is equal to the voltage across
the r*" node of the original network when all the nodes
of the latter are open-circuit.

III. THERMAL NOISE CORRELATION

Thermal noise originates from the body of antenna
itself is self-noise or self-radiation. Besides, the self-
radiated noise, induced thermal noise appears in antenna
from radiated bodies in antenna encirclement [7]. The
isolated receivers of two closely spaced antennae will
receive partially correlated noise [12]. The magnitude
correlation was calculated using a generalized form of
Nyquist’s thermal noise theorem given in [8]. It was
shown that general nonreciprocal network with a system
of internal thermal generators all at temperature 7' is
equivalent to the source-free network together with a
system of noise current generators /, and /; with infinite
internal impedance [12]. Noise currents are correlated
and their cross-correlation was given by:

I I.df = 2kT (Y, + Y5 )df )

Alternatively the internal noise sources can be rep-
resented by a system of nodal voltage generators V.
and Vg, with zero internal impedance. The correlation
of nodal voltage generators is given by:

VoVodf = 2kT(Zor + Z3,)df ©)

where Z,.; and Y,; are the mutual impedance and
admittance respectively. Correlation is zero when the
mutual coupling is purely reactive.

IV. THERMAL NOISE POWER IN THE
MULTI-ANTENNA SYSTEM

The application of generalized Nyquist’s thermal noise
theorem allow us to determine thermal noise power
of coupled antennae in the multi-antenna system. The
theorem states that for passive network in thermal equi-
librium it would be appear possible to represent the com-
plete thermal-noise behaviour by applying Nyquist’s the-
orem independently to each component element of net-
work. The multi-antenna system with coupled antennae
is represented by antenna self and mutual impedances. In
order to determine thermal noise behaviour, self as well
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1: Nodal network representation for two antenna array

as mutual impedances should be included into consider-
ation. Thermal noise power calculation which accounts
mutual coupling effects is given for two-antenna array.
The generalization for the multi-antenna system is then
made.

A. Two Antenna Array

The noise current system associated with the network
itself is shown in Fig. 1 and for that case:

I =yuVi +yi2Vo=ip1 +i1 — Y1 Vi

. . 7
Iy = Y21 V1 + yoo Vo = ipo + 11 — YoV @
or
ip1 +i91 = (y11 + Yo)Vi + y12Va @)
ir2 +91 =y Vi + (y22 + Yi2)Va
ip1 +91 = (yu +Yo)Vi + y12Va ©)
irg +i1 =y Vi + (y22 + Yi2)Va
it | _ (Yt Yo Y12 W
iro + 11 Y21 Yoo + Yio Vs
10)
Vi|_ (yn+Yw Y12 i1+
Vo Y21 Y22 + Yo ir2 + 11
(1D
Vil _ 1 (y22+Y52 —Y21 i1+
Va | D] —Y12 Y11+ Y1 i+
. (12)
Vi = —(y22 + Yr2)(iz1 + 1) — y21(iz2 +11) (13)

|D|
1 . . . .
Vo = ﬁ(yn + Y1) (iz2 +i2) — yi2(iz +i2) (14)
where D is determinant of the following matrix

D= <ZJ11 +Y

Y21 (15)

Y12
y22 + Y12

The average power Py absorbed in the receiver load
of the first antenna is proportional to

1 [ —
P = §(YL1 + Y/ )V VY (16)
and similarly for the second antenna
1 N
PL2 = §(YL2 + YE2)V2‘/2* (17)

Substituting the expression (13) in (29) yields
(Y1 +Yy)

2|D| D]
((y22 + Y22) (35 + YIo) (iLaify + ird})
—y21 (Y32 + YL*:))E
Y51 (y22 + Y12)ifia
2151 (iL2i], + 1213))

Pr =
12

(18)

Using the formula for nodal current correlation in (5),
the final expression for thermal noise power absorbed in
the receiver load of the first antenna becomes:

(Ye1 +Y7,)
2|D[|D*|
((y22 + Yi2) (Y32 + Y72) (Y1 + Y71) + (y11 + 1))

—y21(y22 + Y72) (Y12 + ¥ia)
— Y31 (Y22 + Yi2) (Y12 + ¥15)
+y21921 (Y2 + Yo) + (Y22 + y32))

Pry =2kT

19)

Similar expression can be obtained for second an-
tenna:

(Yeo +Y7,)
2|D[|D*|
(11 + Y1) (1 + YL ((Yez + YIo) + (Y22 + 22))

—y12(y11 + Y1) (Y21 +y31)
= Yia(y11 + Y1) (y21 + y31)
+ y12972((Y1 + Y71) + (yi1 + v11))

Pro = 2kT

(20)

The total noise for two coupled antenna elements, in
frequency band B, can be obtained as a sum of these
noise powers

Niotai :/ Plef+/ Prodf 20
B B

B. Multi-antenna system

The nodal network representation for the multi-
antenna system with np antenna elements is shown in
Fig. 2.

i1 + 1
ipg + i1 22)
iLnR + ZnR

y11 + Y1
Y21

Y12
Yoo + Y

Ying
Y +Y,U = Yanr

yanR + YL
(23)

y’I’LRl ynR2

Vi

Vs

V= (24)

‘/;LR

From the Fig. 2, we can write the system equation as
follows

211



Yu Yy ... Ymri
Yo Y2 . Yomr
Yor1 Ynr2 ... VYoRaR

2: Nodal network representation for multi-antenna system

I=i+i,=(Y+Y,U)V (25)

or
V=(Y+Y,U) 'I=(Y+Y,U) Y(i+iy) (26)

N = %(YL LYV @7

VVIi = (Y + Y, U)HIT((Y + Y, U) )T (28)

where T assign Hermitian transpose, * assign complex
conjugate
Now, we need to find

II' = (i+ig) x (i+ig)! (29)
Based on (5) the following relations are valid
L djipdf = 2kT(yjr + yjk);
2. apjip = 05
3. anjiny = 0,77k
(31)

The squared of currents is given in (30) and (32), given
in the next page
and

The final expression for squared of currents is given
in (33)

I = 2kT(Y +Y* + (Yo +Y2)'U)  (34)

Substituting Y7, + Y = 2G and Y, =Y + Y, U,
we can finally write

90,
=
£-92
m
s
594
% correlated part of thermal noise
2. 96 :
.é’ correlated part of thermal noise
2-98
=
glOO‘ —--a sir}gle antenna
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3: Correlated part of thermal noise power versus antenna spacings for
different number of dipoles in the antenna array

N = 2kTGL[Y, ! x (Yo +Y5) x (Y, D] 37
or
N = 2kTGL[Y; ! x Real(Yq) x (Y;H)T]  (38)

Niorar = 2kTG / trace([Y, ' x Real(Yo)x (Y, )] df

’ (39)

where operator trace gives the sum of diagonal ma-

trix elements and B is the frequency band of receiver
bandpass filter.

The total thermal noise power received from the
antenna array in the receiver load is given in (39). In
this paper, we provide the thermal noise power calcu-
lation received from the coupled antennae. The thermal
noise received in one antenna consists of two parts, its
own thermal noise and induced thermal noise from the
adjacent antenna elements.

V. SNR ANALYSIS

The output SNR of the multi-antenna system is the
most commonly accepted measure of its communication
performance. The analysis in previous sections indicates
on the importance of including the mutual coupling
effect on thermal noise. The received thermal noise
power from the closely spaced antenna elements in
multi-antenna system is given in (39).

The method provides accurate calculation of the out-
put SNR in the multi-antenna system, even for antenna
spacings below a wavelength. The presented method
considers the influence of the mutual coupling effect on
both signal and noise.

The fair comparison between the antenna arrays with
different number of antenna elements in terms of the

212



i1+ 1
= | N [ i it i +in ] (30)
L 7f'LnR + Z-nR
Wi} il W14} Wi,
IIT _ igiT LQZ§ + iLgiEQ Z‘QZ‘:LR (32)
inRiT inRi; in/Ri:R + iL”RiEnR
yun tyh + Yo + Y7 Y12 + Yo Ying T Ylng
11T = 2kT Y21 + y;l Y22 + y§2 + YL+ YE Yong + y>2knR (33)
yan_'_y:le yn32+y;R2 Yngrnr +y:,RnR +YL+YE
VVT=2kT(Y + Y, U) " (Y + Y* + (Y + Y2)*U)((Y + Y, U) YT (35)
N=kT(Yo + Y)Y +YLU) (Y +Y* + (Y2 +Y)'U)((Y + YL U) T (36)

signal-to-noise ratio could be obtained only by assuming
that incident fields have the same powers. The analysis
of the SNR will be done under the elemental power
constraint. The incident field at each antenna element
is limited. The incident field is E = Vj;, * h, where V
and h are induced voltage in the antenna elements and
the height of antenna elements, respectively. In matrix
form, we can write:

Li, = (Y +Y,U)Vy, (40)

where, I,;, and V;, are current and voltage column
vector.

Ry,
P, = 7151-91;9 (41)
Finally, the SNR is:
trace(P,
sNR — race(Ps) 42)
Ntotal

VI. SIMULATION RESULTS

To demonstrate the application of the analysis frame-
work developed in this paper and to illustrate the impact
of the noise coupling on MIMO system, we use the a
model problem consisting of two and three half-wave
dipoles in multi-antenna system. The simplicity of this
problem allows us to accurately characterize coupled
antennae and draw basic conclusions concerning the
system operation.

The existence of correlated part of thermal noise is
shown in Fig. 3. The disintegration of correlated part
from total thermal noise of one dipole in dipole array
become possible by applying Nyquist’s thermal theorem.
Thus, thermal noise that originates from self-impedance

-90.2
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-91

-91.2}

—e— asingle antenna
—&— 2-dipole array (total)

-91.4 = 3-dipole array (total)

-91.6 : : :
0.2 Ar?t'élnna spacings'6(wavelengt?1's%

4: The thermal noise power of one dipole in antenna array versus
antenna spacings

is assigned as uncorrelated, as it comes from its own
antenna elements. While, thermal noise that originates
from all mutual impedances represents correlated part of
thermal noise. Correlated part of thermal noise is actually
induced thermal noise from adjacent antennae. The cor-
related part grows as antenna separation decreases. The
correlated part of thermal noise is higher for the same
antenna spacing when the number of antenna element
in the multi-antenna system increases, as the number of
sources grows.

Fig. 4 plots the total thermal noise power of one dipole
in the antenna array. Results are given for one dipole in
two- and three-dipole array and for one isolated dipole.
We first observe that for close antenna spacings with
high coupling, the thermal noise power of one dipole
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5: Signal-to-noise ratio versus antenna element spacings for different
number of dipoles in antenna array

in two- and three-dipole array decreases. For two-dipole
array, thermal noise power drops for 0.5dB. The drop is
almost 1dB for three-dipole array. For distance greater
then 0.4\, the curves merge into one another. This is a
expected result as the influence of the mutual coupling
gradually decreases.

Fig. 5 demonstrates the combined effects of electro-
magnetic coupling for signal and thermal noise on the
SNR in the multi-antenna system. Here, the SNR is
computed for one dipole, for two-dipole array and for
three-dipole array. The total signal and thermal noise
power received from the multi-antenna system are taken
into account. From Fig. 5, we confirm that as antennae
approach to each other, antennae in multi-antenna system
start to act as a single antenna with an equivalent
resistance. Physical argument suggest that, but obtaining
this result from simulation is now enabled by considering
mutual coupling for thermal noise. The decline of the
SNR for the two- and three-antenna array is additionally
supported by the decrease of the thermal noise power
shown in Fig. 4.

VII. CONCLUSION

This paper has outlined a procedure for analyzing the
thermal noise in the multi-antenna system with coupled
antennae. The mutual coupling is included for thermal
noise consideration in the multi-antenna system with

small antenna spacings. The method for thermal noise
power calculation in the multi-antenna system is pre-
sented, valid even for antenna spacing lower then a half
of wavelength. The method accurately depicts thermal
noise behavior of the multi-antenna system with small
antenna spacing. The partial correlation of thermal noise
for antenna spacing below a wavelength is confirmed.
The SNR behavior in multi-antenna system for small
antenna elements is analyzed. Simulation results confirm
that the multi-antenna system start to act as a single
antenna with an equivalent radiated resistance when
antenna spacings drop to almost zero. The result is
intuitive, but the accurate results could only be obtained
by considering the electromagnetic coupling for both
signal and noise. We show that the mutual coupling
effect has a considerable impact on the MIMO system
performance.
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