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ABSTRACT modelling of fading channels is the most widely used in the
In this paper, we consider an information-theoretic measurliterature [10]-[12], due to its low computational comptgx
for the selection of effective memory order in time-varying and despite its potential inaccuracy in describing theilogig
flat-fading (FF) channels in the Jakes-Clarke’s model. Th&F channel in the Jakes-Clarke’s model [9].
measure is based on how many past realisations of the fad- Several authors have previously investigated the accuracy
ing channel actively contribute to an achievable inforomati of finite memory order assumption for representing FF
rate lower bound through the channel. The lower boung¢hannels. The decision ceffectivechannel memory order
signifies the achievable information rate when the receiveflepends on the application and the measure of accuracy
is equipped with a sup-optimal mismatched decoding ruleand as a result, there is not a unique consensus about the
which would have only been optimal for a finite-state effective channel memory order in various fading regimes.
Markov channel (FSMC) with a finite memory order. The By calculating the normalised mutual information between
sensitivity of the mismatched decoding rule to memorythree successive fading channel amplitudes, [14] showed
order is used to find the optimum channel memory order fothat the first-order FSMC model is accurate for normalised
decoding at the receiver side, with a negligible informatio fading rates offp T < 0.004, wherefp is Doppler frequency
rate loss. Our case study shows that the FF channel hagread andrl is symbol period. However, [9] pointed out
an effective information-theoretic memory order f=1  that the criterion in [14] can only predict whether a second-
for the normalised fading ratefT < 0.01, wherefp is  order FSMC model is marginally more accurate than a first-
the Doppler spread and is symbol period. For faster order FSMC model. [7], [15] proposed the context tree
fading rates, the use of first-order models at the receivepruning method to find the best-fitting Markov model for the
incurs a non-negligible information rate loss. The resultgjuantised fading channel amplitude with a desired fidelity
are, generally, in accordance with our previous findings. criterion. The general conclusion in [7], [15] is that the

first-order FSMC model can be accurate for the normalised

. INTRODUCTION fading ratesfpT < 0.01. For higher fading rates.@L <
o foT < 0.4, a second- to fifth-order FSMC model is more
[-A  Background and Motivation appropriate. The above papers focus on applications where

One of the earliest and most widely used models to descridf® FSMC is replacing the Jakes-Clarke’s model for system
flat-fading (FF) channels is the Jakes-Clarke’s model [1]performa}nce e:valqaﬂon. For FSMC models that are used at
[2], which is relatively accurate for urban and suburbanin€ receiver side in FF channels, [13] compared the BER
wireless communication channels [3], [4]. The Rayleigh peperformance of receivers that are based on the first- and
channel observation equation in the Jakes-Clarke’s medel f€cond-order FSMC modelling of fading channels. Inter-
characterised by a multiplicative, zero-mean, and GanssidStingly, with the same receiver computational complexity
fading gain. Despite the simplicity of channel observation(i-6- @n equal number of states in the first- and second-
equation, there is still a number of open issues relate§rder FSMC models), the first-order FSMC modelling of

to this model, especially when the FF channel is varyinq e fading channel amplitude at the receiver outperforms
considerably over consecutive observation intervals. he second-order FSMC modelling.

It is known that, in principle, the FF channel in the Jakes- I
Clarke's model possesses an infinite memory order [5]"B APProach and Contributions
This means that the current realisation of FF channel gaiim this paper, we are interested to find how the FF channel
depends on its infinite past realisations. However, for manyemory order contributes to the channel capacity in time-
practical applications, ranging from FF channel simulatio varying fading regimes. For communication receivers that
to communication receiver design, assuming an infinitassume a finite channel memory order, an information-
FF channel memory order is computationally prohibitive.theoretic measure, such as the achievable information rate
For example, finite-state Markov channels (FSMC) [6] arethrough the channel (with a finite memory order assumption
widely used to model FF channels and to evaluate commuat the receiver) seems more appropriate. However, the
nication system performance measures, such as data packepacity of time-varying and continuous-valued FF channel
error distribution [7], [8] or data block error rate [9] in (with either finite or infinite memory order and with no
wireless data protocols. Moreover, FSMC models have beechannel state information (CSI) at the receiver side) i sti
proposed in [10]-[13] to be implemented at the receiver sidan open research problem [10]. In previous work [16]—
for tracking fading channels, where the first-order FSMC[18], we modelled FF channels using FSMC models and



then calculated the resulting FSMC capacities. However, thfunction (ACF) of in-phase and quadrature channel gain
effect of increasing FSMC memory order on its capacity iscomponents; x andcqy is defined as [3, p. 809]

not monotonically increasing, which is further explained i
[17], [18]. The FSMC capacity non-monotonic behaviour Pm = E{CCiim} =E{Cok Cok-m}
with memory order hinders obtaining universal results abou = 0.5J(2rmfpT), 3)

the optimum FF memory order at the receiver side With g nere 3 is the zero-order Bessel function of the first
negl|g|t_)le information rate loss acrpss_all SNR values. . kind. Also, fp is the maximum Doppler frequency shift or

In this paper, we use an alternative |nformanon-theoretchopp'er sbread and is the transmitted symbol duration.
measure to find the effective FF channel memory order fog, .0 var the in-phase and quadrature components of FF
the design of communication receivers. The new measure hannel g';ain are independent from each other. That is
based on the information rate lower bound for general (cc_)mE{CI «Cok_m} =0 for all k andm. In the auto-reg?essive '
plicated) channels using auxiliary FSMC models, which xpy'odelling of the FF process, the state space equation
was derived in [19]. By computing the lower bound using;q [21]
auxiliary FSMC models of increasing memory order, we
can determine the optimum FF channel memory order with
a negligible achievable information rate penalty. The lowe & = __Zaick—i + Wi, (4)
bound also signifies the achievable information rate when =
the receiver is equipped with a sup-optimal mismatchedvherewy is a complex white Gaussian process. The AR
decoding rule [20], which would have only been optimalparametersa; are calculated using the well-known Yule-
for a FSMC with a finite memory order. The sensitivity of Walker equations and ACF coefficients in (3) [21].
the mismatched decoding rule to memory order is used to From (3), Doppler power spectral density (PSD) of the
find the optimum channel memory order for decoding at thd=F process in the Jakes-Clarke’s model is [3, p. 809]

M

receiver side, with a negligible information rate loss. The 1
main contributions of this paper are summarised as follows: S(f) = > (5)
1) For the cases that are studied here, we compare the mfpTy/1— (%)
information rate lower bound with the information P

rate upper bound assuming perfect CSI and also witlThe PSD in (5) is a non-rational function [5]. This means
the results in [17]. We can comfortably conclude thatthat an accurate AR representation of the FF process re-
the FF channel has an effective information-theoretiqquires an infinite (or at least a very large) memory onder
memory ordeM =1 for fpT < 0.01. in (4) [5]. On the other hand, it is always desirable to model
2) For the cases that are studied here and 00L&  the evolution of FF process by using an AR process with a
foT < 0.1, the lower bound increases noticeably usingfinite and usually small memory ordét. From a practical
the second or the third-order auxiliary FSMC models.viewpoint, it is already known that despite the theoretical
For these fading rates, there is a non-negligible ininfinite memory order of FF channels, only a finite number
formation rate penalty in assuming a first-order timeof past channel realisatiomstively contributeio the current
evolution for the FF channel at the receiver side forchannel realisation. The practical choice of the FF channel

mismatched decoding. gain memory order depends on the application and the
criterion. The main application of this paper is the design
II. SYSTEM MODEL of communication receivers that operate in FF channels

We consider the low- del for th icati modelled in (1)-(5), but due to computational complexities
Sider the low-pass model Tor the communicaliony g v cajyer performs the decoding according to a simpler,
system in FF channels. The channel input symbol is denoteg{ s 1, otimal rule by assuming a finite memory order
by Xk'.The received signa is defined in the observation evolution for the channel. For this purpose, we first briefly
equation as [3, p. 815] review how the original FF channel model in (1) with a
_ — i complicated, infinite-valued, and infinite memory ordetesta
Yo = Gt M = BE A+ T, @) space in (4) is mapped into a FSMC with a finite memory
where ng is the additive white Gaussian noise (AWGN) order. This FSMC model may be later used for channel
with varianceNy/2 per dimension andy = ael is the estimation and data decoding at the receiver side [10]-[13]
zero-mean and Gaussian-distributed FF channel gain, with
FF channel amplitudey and FF channel phas& and a 111, FSMC MODELLING OF FF CHANNELS

- . 2 _
gio rrT;iltlg?r?o\i/?en?gt(i:g ((ES{I\|IC|;k)‘ i}s_i\llé-rr]hgxzeioéve’/&he \%g%ge In this section, mapping of time-varying FF channels into
é"gis the average transmitted sg mbol en_er s/ 130, M-th order FSMC models is discussed. There are three main
s yerag y €rgy. ... steps that need to be taken in order to obtain an FSMC
Usually in urban and suburban mobile communication, o tor FF channels. This is summarised as follows:
systems there is no line of sight. In this case, the FF channel The EE channel a;in (either amplitude, phase, or L';oth)
ahmphtudeak '.Sf Ralyleggrt\-_%lsttrlgugeg and (t)he dFTl;ichannel " is partitioned intg a finite numbgr of n’oF?\-over'Iapping
ase6 is uniformly-distributed between 0 andi2s . " 4
P Bis uni y-aistribu W intervals. These intervals form the FSMC substates in

ay a2 the M-th order FSMC model.
f(a 80 =53 p<—z‘2>, 2) . Once the FSMC states are defined, state transition
probabilities are derived. TH&1 + 1)-th order statistics
where, in fact,ax and 6¢ are statically independent. In of the desired FF channel gain are required to obtain

the Jakes-Clarke’s model, the normalised autocorrelation the FSMC state transition probabilities.



« The channel observation law in the FSMC modellinglatest realisation of the channel is a natural consequehce o
of FF channels is defined. Definition and calculationthe channel beinflat and the noise procesg being white
of the channel observation law depends on the type ah (1). Nevertheless, the FSMC state transition probadsslit
modulation and data detection. in (7)-(8) take the Markov memory order into account. It

The FSMC substates are denotedrb&nd are obtained is important to note that although FSMC states with the
by partitioning the FF channel gaminto a number of non- Same current substatg share the same channel observation
overlapping intervals. In joint FF channel partitioning; F 1aw, combining those stateoes notresult in a reduced-
channel amplitudea and FF channel phasé in (1) are State FSMC model with theamecapacity as the original.

divided intoL, andLg partition intervals, respectively. The Because, ignoring the dependence of states on previous
r-th joint partition interval is defined as substates results in a less correlated state process wih le
structure and higher entropy rate. For more details, sde [17

Vi, = {ara,<a<a,;1}, 0<ra<l,,
Vip, 2 {0:6,<60<B,.1}, O<rg<Llg, (6) IV. ALOWER BOUND ON THE INFORMATION
Vi 2 {Vai)s O<r<lL, RATE OF FF CHANNELS USING AUXILIARY

FSMC MODELS

Once an FSMC model is obtained for the original FF chan-
nel, there are two possible options to obtain an information
theoretic criterion for the applicability and accuracy of
the resulting FSMC model. The first option is to directly
calculate the information capacity or the information rafte
Ck € Vi the resulting FSMC model. This approach was previously
S ) : ) taken in [16], [17]. More specifically, it was shown in
ko™t "o Th=M+1 : [17] that increasing the memory order in an FSMC does
Ck-M+1 € Ve mg not necessarily have a monotonic effect on its capacity,
where a low-order FSMC may have a higher capacity
than a high-order FSMC model at the same channel ob-
servation conditions, especially in the low SNR regime.
This is despite the fact the underlying state process in the
low-order FSMC model is less predictable (has a higher
P(&=5%1=9) entropy) than the state process in high-order FSMC model.
Pis=Pr(Sc=8S-1=9) = PS1=9) (8)  This phenomenon was further explained in [17], [18]. This
-1 non-monotonic behaviour hinders drawing universal result
According to the definition of the FSMC states, the numerabout the effective channel memory order that actively
ator in (8) involves integration of theM + 1)-dimensional  contributes to the original FF channel capacity.

FF channel gain pdf over the appropriate FF channel gain In this paper, we propose to use an alternative infor-
partition regions. mation rate measure that is based on the information rate
The channel observation law in the FSMC modellinglower bound derived in [19]. We start by briefly reviewing
of FF channels directly depends on the type of signathe lower bound that was originally derived for discrete
modulation at the transmitter and signal detection at thenemoryless channels (DMC). However, in the context of
receiver. In this paper, we consider soft detection of phasPSK signalling, discussed in the previous section, we will
shift keying (PSK) as a widely-used and practical schemesompute the bound in its continuous channel observation

where the receiver has @ priori knowledge of the FF format.

channel amplitude or phase. Let X andY be two discrete random variables with joint
In the U-ary PSK scheme [3, pp. 171-173], the modulategbrobability mass functiorp(x,y), where X represents the

symbol is x 2 /&el% = \/&el T for the information Source andb(y|x) is the channel law of a DMC. Lei(y|x)

symbolsl € {0,1,...,U —1}. ¢ is the symbol phase at time be the law of ararbitrary auxiliary channel with the same

indexk. The receiver may model the FF channel phase anihput and output alphabets as the original channel. We will

amplitude as aivi-th order FSMC model, and then estimate imagine that the auxiliary channel is connected to the same

the channel with the use of the resulting FSMC modelsourceX; its output distribution is then

Referring to (1), the pdf of the complex-valued received _

signalyk given the channel input, ax, and 6¢ is denoted Ap(Y) Zq(x)q(y|x). (10)

by f(yk|x, a, 6k) and is basically the pdf of a complex-

valued and white Gaussian variable with the magai %x;

and the varianc®p/2. The channel observation law in the

states is written as

: q(ylx)
aA(YklXe Sc=s) = F(yil%c, {ax, B} € i) ©) H(X;Y) = xzy p(x.y)log %)
Jur, T (W[Xks @, Ok f (2, O) dad O ’
= e ’ = Ep()[logq(Y|X) —logap(Y)].
Jur, Tk, B)dacdb . . )
k For time-varying channels with memory the bound becomes
where f(ay, 6) was defined in (2). It is noted that the ) 1 non n
dependence of the FSMC observation law in (9) only on the |(X;Y) = lim —Ey( ) [loga(Y{'IX{) —logap(Y)].  (12)

n

where the total number of partitions Is= LaLg. Joint
partitions are numbered &=r = ralLg +rg, Wherer, is
the amplitude partition index and is the phase partition
index. At time indexk, the FSMC statey, composes of the
current andM — 1 previous FF channel partition indices as

The stationary state probability is derived by integrating

M-dimensional probability density function (pdf) of the FF

channel gain over the appropriate channel partition imderv
The state transition probability in the FSMC model is

The lower bound on the mutual information rdte;Y) of
the original channel (whose rate is difficult or impossible
to compute) is then given by

(11)




By using the FSMC models of FF channels, described irmodel. This phenomenon is more pronounced for faster FF
the previous section, as the auxiliary channel, this lowechannels and is further explained in [17].
bound can be computed numerically using the simulation- Fig. 2 shows information rate lower bounds for the FF
based techniques in [19]. We have adapted the bound fahannel using auxiliary FSMC models at a faster fading rate
the complex-valued and continuous-level channel ouyput of fpT = 0.10 for BPSK signalling. Other channel details
in (1), which is much more computationally demanding.and the scenarios for the computation of information rates
Two main features of (12) are that 1) the averaging is oveare identical to Fig. 1. A clear distinction between the gsap
all possible channel input and output realisations of thén Fig. 1 and 2 is that the information rates are sensitive to
original (complicated) FF channel and 2) it guarantees #he assumed auxiliary FSMC memory order. For example,
lower bound on the original FF channel information rate.the second-order FSMC-based mismatched decoding rule
This measure also becomes attractive from a receiverttlesigvith 8 channel phase partitions can achieve the same
point of view, where the actual signal goes through the FRnformation rate of 0.5 bits / channel use at about 2.7 dB
channel with the channel laf(y|x), whereas the receiver is lower SNR than the first-order FSMC-based mismatched
equipped with an FSMC-based mismatched decoding metridecoding rule. The price is, of course, the computational
[20] such asq(y|x) given in (9) (by further averaging over complexity that increases by using 64 FSMC states instead
all FSMC states). The achievability of this lower boundof 8. Due to computational limitations, lower bounds with
with independent codewords and product distribution forigher FSMC memory orders could not be computed. As a
codewords is pointed out in [20] and references therein. result, one cannot draw conclusive results on how the FF
channel capacity saturates with memory order. Nonetheless

V. APPLICATION OF THE LOWER BOUND FOR it can be comfortably deduced that the effective channel
THE SELECTION OF EFFECTIVE FE CHANNEL memory order isM > 1. The direct calculation of FSMC

MEMORY ORDER information rate also produces results that are sensitive t
the channel memory order, but in a non-monotonic manner.
The lower bound in (11) becomes tight f(x)q(y|x) =  The results are not shown for the clarity of figure. In any

p(x,y) for all x andy, i.e. when the auxiliary channel has the case, the information rate sensitivity to memory order aan b
same channel law as the original channel. In other wordsjsed as a criterion to understand the tradeoffs in the design
the lower bound is a measure of similarity between the twaf communication receivers in time-varying FF channels.
channels. In this paper, we use this lower bound to measure

the accuracy of finitéM-th order FSMC models to be used VI. CONCLUSIONS

at the receiver side for mismatched decoding. Due to th hi ied the effecti h |
computational complexities, the assumed channel memo%/‘ this paper, we studied the effective FF channel memory
order M must be kept to a minimum. For instance, first- rder that actively contributes to the achievable infoiorat

order FSMC models are most widely used at the receivefate through the channel. For this purpose, we used an
due to their linear increase of computational complexitylformation rate lower bound which uses auxiliary FSMC

with increasing FF channel gain partitions or substates. If10d€ls with various degrees of memory order. This criterion
particular, we would like to know what is the maximum May be used for the design of FSMC-based communica-
normalised fading rate, for which second or higher-ordefion receivers with the optimum computational complexity

Markov modelling of the fading channel gives a marginala”d a negligible information rate loss due to mismatched

information rate improvement over the first-order Markovdecoding. It was concluded that the first-order Markov
modelling. modelling of the FF channel is accurate and efficient for

Fig. 1 shows information rate lower bounds for the I:Fthe normalised fading rates &6 T < 0.01. For faster fading

channel using auxiliary FSMC models at the relatively slop/21eS 01 < foT < 0.1, first-order Markov modelling of
fading rate offp T = 0.0125 for BPSK signalling. Referring the FF channel at the receiver side incurs a non-negligible
to (6), the FF channel gain is partitioned irtg = 1 and information rate loss.

Lg = 2,4,8 intervals. The memory order in the auxiliary

FSMC ranges fromM = 1 to M = 3. Other details are Acknowledgement

given in the figure caption. It is concluded that the first-The authors would like to thank Pascal Vontobel for bring-

order Markov modelling of FF channels for this fading ing [19] to their attention and for helpful discussions.
rate is just enough and does not incur information rate

loss. For comparison, the information rates using the tlirec REEERENCE

calculation of the resulting FSMC capacities [17] are also CES

shown. Unlike (12), where the averaging is over possible [1] W. C. Jakes, Microwave Mobile Communications
original FF channel input/outputs with pdf(x,y), in the New York: IEEE Press, 1974.

direct FSMC information rate calculation the averaging [2] R. H. Clarke, “A statistical theory of mobile-radio
is over channel input/outputs according to the FSMC pdf * * reception,"Bell Syst. Tech. Jvol. 47, no. 6, pp. 957—
q(x,y). The information rates are close to the lower bound 1000, 1968.

and also do not exhibit sensitivity to the FSMC memory [3] J. G. ProakisDigital Communications4th ed. New
order, which is in accordance with the new measure. This York: Mc Graw?—ﬁll 2000 '
confirms that even replacing the FF channel with a first- ' ' ' o o
order FSMC model generates accurate estimates of thd4] T. S. RappaportWireless Communications, Principles
channel capacity. However, it is noted that in the direct ~ and Practice 2nd ed. Upper Saddle River: Prentice
capacity calculation method, the second-order FSMC model ~ Hall, 2002.

has a slightly lower capacity than the first-order FSMC [5] K. E. Baddour and N. C. Beaulieu, “Autoregressive



o9 fpT=00125
0.8

0.7

0.6 —e—LB 2 states

- - LB 2’ states
051, -o-LB 2° states

—>—LB 4 states
0.4r-

- LB 4° states

0.3 ——LB 8 states

Capacity, bits per channel use

- - LB 8” states

0.2
—— FSMC-Direct 8 states

- _ 2
01k FSMC-Direct 8° states

phase CSI UB

0 I L I I I I I I I I L I
0 2 4 6 8 10 12 14 16 18 20 22 24

SNR: yb, dB

Fig. 1. Information rate lower bounds for the FF channel usingiliary

Capacity, bits per channel use

Fig. 2

fpr=01

————————————
SIS e --e----0

—e—LB 2 states
- °-LB 2 states
o= LB 2° states
—>—LB 4 states
- »-LB 4 states
——LB 8 states
- o-LB 8’ states

phase CSI UB
0 I I I I I I I I I I I I
0 2 4 6 8 10 12 14 16 18 20 22 24

SNR: yb, dB

. Information rate lower bounds for the FF channel usingiliary

FSMC models. The number of FF channel phase substates in th€ FSMFSMC models. The number of FF channel phase substates in th€ FSM

model is 2 6), 4 (>), and 8 ¢). The FSMC memory order 81 = 1 (solid

model

is 2 6), 4 (>), and 8 ¢). The FSMC memory order is1 =1 (solid

line), M = 2 (dashed line), andM = 3 (dashed-dot line). The increase line), M =2 (dashed line), an¥ = 3 (dashed-dot line). The information
rate lower bound shows noticeable sensitivity to the memodgrdv in
the mismatched decoding rule. It can be concluded thafddr= 0.1, the
effective information-theoretic channel memory order is asté = 2.

of information rate lower bounds with increasimg in negligible. The
capacity upper bound with perfect phase CSI is also showereTlis
not a considerable gap between the lower bounds and the ioped.
Therefore, it is concluded that the first-order Markov madgllof FF
channels for this fading rate is just enough. For comparig@ninformation
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