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Abstract—We consider the problem of optimizing information  [7] happens to be a special case of the generalized mutual
rate upper and lower bounds for communication channels with jnformation (GMI) lower bound for mismatched decoding [8].
(possibly large) memory. A recently proposed auxiliary-channel- ‘The pound signifies achievable information rates when the

based technique allows one to efficiently compute upper and . . . . . oo
lower bounds on the information rate of such channels. To- 'GCEIVEr 1S equipped with the maximum likelihood (ML)

wards tightening these bounds, we propose iterative expectatie decoding algorithm matched to the auxiliary channel model
maximization (EM) type algorithms to optimize the parameters and hence, usually mismatched to the original channel (over
of the auxiliary finite-state machine channel (FSMC). From \hich the actual communication takes place).

a channel coding perspective, optimizing the lower bound is  1he computational complexity of these upper and lower

related to increasing the achievable mismatched information rate, b d b trolled by ch . th il h |
i.e. the information rate of a communication system where the ounds can be controlle . y choosing the auxiliary channe

maximum-likelihood decoder at the receiver is matched to the t0 be an FSMC model with not too many states. However,

auxiliary channel and not to the true channel. We provide explicit the tightness of the bounds is affected by the number ofsstate

solutions for optimizing the upper bound and the difference and the chosen parameters of the FSMC model. Therefore, for
between the upper and the lower bound and we discuss a methoda fixed number of FSMC states, it is desirable to choose the

for the optimization of the lower bound for data-controllable . . . . .
channels with memory. We discuss examples of channels with optimum FSMC parameters that give the tightest information

memory, for which application of the developed theory results in fate upper and lower bounds.
noticeably tighter information rate bounds. The main contribution of this paper is to optimize the

parameters of the auxiliary FSMC model in order to tighten

Keywords— Finite-state machine channels, information ratgaformation rate bounds introduced in [3], [7]. In our ap-
upper bounds, lower bounds, optimization, mismatch decostoach we fix the number of FSMC states and optimize
ing. other FSMC parameters, i.e. the state transition proliaisili
and the channel observation law in each state. The proposed
approach results in an optimization procedure which islaimi

We consider communication channels with memory whene nature to the Baum-Welch algorithm, and therefore also to
the channel input is constrained to a finite alphabet size ait@ expectation-maximization (EM) algorithm.
where neither the sender nor the receiver has side informaThe paper is structured as follows. In Section Il we define
tion about the channel state. Practical examples of channie channels and the information rate bounds under consid-
with memory include the correlated time-varying flat-feglin eration. After having shown the general optimization idea i
channel (FFC) in wireless communication systems [1] and tiSection IlI-A, we discuss the optimization of the upper badun
partial response channel in magnetic and optical recordiag in Section 1lI-B and the optimization of the difference of
well as in communications over band-limited channels witthe upper and lower bound in Section IlI-C. In Section IlI-
inter-symbol interference (ISI) [2]. Although the infortin D we provide a heuristic iterative optimization technique f
rate of such channels is generally formulated [3], the direthe lower bound for data-controllable channels with memory
computation of the information rate has remained an op&imally, in Section IV we apply the developed theory to
problem [1], [3]. practical examples of partial response channels and FFCs.

Alternative strategies have been proposed in the litezatur
for efficient stochastic and numerical computation of the o
information rate of finite-state machine channels (FSM@p) [ A- Definitions
[6]. These techniques work efficiently only for finite-state The following definitions are mainly adapted from [9].
channels with not too many states and so it is natural to tryl) Index Sets and Vectors: We will use the index set
to come up with efficiently (stochastically) computable epp A
and lower bounds on the information rate. Such upper and Iy S [=N+LN] = {=N+1,..., N}, (1)
lower bounds were proposed in [3], [7] and were based on tiviere we assumé&’ to be a positive integer. Note that in all
introduction of an auxiliary channel. The lower bound in,[3]our results we will mainly be interested in the limit — oo.

. INTRODUCTION

II. DEFINITIONS AND INFORMATION RATE BOUNDS
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Throughout the paper, we use the following finite windows of  expressions to come.) Because of the assumed indecom-

the input, output, state, and branch processes: posability of the FSMCs, this conditioning is irrelevant
i imi 1
AN s8N bApN @ m_th_e I|m|tN*>OO.- N
—-N+1» —N+1» —-N+1» « Similarly, when talking about the auxiliary channels, we
y2y¥yi, &2 S/[jN+17 b’ £ b’ﬁ’NH. (3) will implicitly condition on S’ \ = 8", and onS” , =

,» for some fixed state§’ , ands’_,, respectively.

—n

2) Finite-State Machine Sources (FSMS): A time-
independent (discrete-time) FSMS has a state sequeftelnformation Rate Bounds
.,S8_1, So, S1, ... and an output sequence., X 1, Xo, 1) Information Rate Upper Bound [7]: Assume that the
X1, ... whereS, € S and X, € X for all £ € Z. We assume original channel with channel laWl’(y|b) is connected to
that the alphabet&’ and S are finite and that for anyv > 0 an FSMS. Moreover, assume that an auxiliary FSMC with
the joint pmf decomposes as channel lawl¥ (y|b) (and with the same input alphabat
and the same output alphab¥tas the original channel) is
Psxis_x (s, x[s-n) = I Ps,.xuisi_i(se:welse-1), (4) fed by the same FSMS. Let the auxiliary FSMC states and
teln branches be denoted by and ¥/, respectively. Then upper
where we assum@s, x,|s,_, t0 be independent of. It is bound on the information rate of the original channel is give
useful to introduce the random variable, € B as B, £ as
(Se—1,X¢,Se); then, Pg,(by) represents the probability of N Wi(vlb
choosing brancth, = (se—1(be), ze(be), se(be)) at time index T ) 2N ZQ W (y|b) log < Pf(il) )> , (N
¢, i.e. the probability to be in state_; (b,) at time index/—1,
to choose symbok,(b,) at time index¢, and to be in state where the asymptotic version E(W) 5 limy o I( )(W)
s¢(bp) at time index/. We will only consider sources where
tht(ere) is a one-to-one relationship betwdeny,x"_ ;) and 22?\Agh§|gﬁéuzlon§gn d( trze éﬁ)&?i)alrs induced by the f|>§ed
y channel law/. It is
- We will use the notation noted that for computing the upper bound an analytical or
(5) numerical evaluation method for

Q(se,welse—1) = Ps, x,15,_, (56, Te|se—1)
= Pp,is, , ((se—1, %0, 50)]50-1)- HNM(W|Q) £ ZQ W (y|b)log(W (y|b)) (8)

3) Finite-State Machine Channels (FSMC): A time-

mdependent (discrete-time) FSMC has an input proce'§s;req“ired2
. X_1, Xo, X1, ..., an output process..,Y ,, Yo, Y; 2) Information Rate Lower Bound [7]: Using the same
an_d a state p7roce,ss Y Where;X c X’ setup as in Section I1-B.1, the lower bound on the infornmatio
1 ~Y0>» 1 - -

Yp € Y,and S, € & for all ¢ € Z. We assume that therate of the original channel is

filphabetsﬂc Y, andS’ are finite and that for anyv > 0 the I(N) b1 W(y|b) 9
joint pmf decomposes as £ 2N ZQ Wyl Ry) ) (9)
P , , ! ! ) ) .
5,180y x (8IS X) where the asymptotic version KW) £ limy _.. IN) (W).
= H Ps; 151 x0 (50, Yelsi_1, ) (6) We note that the lower bound is invariant to the multiplioati
LeIn of W(y|b) by a positive function ofy.
A P(sh|s)_ . x0) - Plyilss_y x4, 3) Difference between the Upper and the Lower Bound:
KQN (stlse—1, @) ZLIN (else—1, 2, 50) Using the definition of bounds in Sections I1I-B.1 and 1I-B.2,

o the difference between the upper and the lower bound is
wherePsévy[‘Sz_NX[ is independent of. We denote byB’

the set of legal transitions where for each braaghat time A (T ZQ W (y[b)lo I/Y(Y|b) (10)
¢, there is a branch labdlz; P(s)|s;_;,2¢)). The “left” (or 2N W(y|b)

“previous”) state oft’ € B’ is denoted bys,. We use the H H & ) AN (T
notationsW; v,(s; . x, A Ps; viis . xor W(shls)_p, ) 2 where the asymptotic version45(1) £ limy_, (W).

P(s)|s)_1,we), andW (ye|sy_y, e, 8)) = Pyels)_,, w0, 8)). [1l. OPTIMIZING INFORMATION RATE BOUNDS
In the following, we will make the following important A. Optimization Approach
assumptions.

_ _ It turns out that the direct optimization of these inforroati
« We only consider indecomposable FSMCs [10, Ch. 4.6hte bounds is in general intractable. Therefore, we p®pos
« All expression involving probabilities (and thereforeals

ntiti like P tc.) will implicitl ndi- Note that the treatment of the initial state here slightlyfedd from the
qua s IKer, C,Q’ W, etc) ,be plcitly CO. d approach taken in [9], see especially [9, Def. 35 and thegpapds following
tioned on(S_n,S.y) = (s—n,s_y) for some fixed it]. However, in the limitN — oo, this is irrelevant.

statess_y and s’ . (For notational conciseness we 2alternatively, a lower bound ol () (W|Q) can be used to obtain an
chose not to show this conditioning explicitly in theupper bound o™ (V).

172



ISIT2007, Nice, France, June 24 — June 29, 2007

Lemma 1 (Minimizing ¥) Let W be given. Define

I
7™ éZNZZR ZPbAy [bg_b] (12)
LeEIN Yy
HO % A ) 5P 5] bl
LeInN Y 132

13)

with its asymptotic versiong} (') 2 limy_.. 7™ (¥') and
To(t,y) = limy o TN (', y). (Here, [b, = '] is defined
to equal one n‘b’ =¥ and to equal zero otherwise, etc.)
The W that m|n|m|zesIf(W W) is given by
W*(§/|Sp,l’) X Tl(b )a (14)
W (ylb') o To(8, ), (15)

V>

w

¥

Fig. 1. lterative minimization of the upper bound via a surteganction.

use an iterative approach. In the case of the optimization of . .
the upper bound, the underlying idea of such an approachwbered’ = (3,,z,5') and the proportionality constants are

as follows (see also Fig. 1): chosen such that the constraints
« Assume that at the current iteration we have found an ZW(§’|§;,@ =1 (for all (%73;))7 (16)
auxiliary FSMC model with channel laW” and with the ;
corresponding information rate upper bouhd?).3 Z W(yld) =1 (forall ¥) 17)

« At the next iteration we would like to find a “better”
auxiliary channel model with channel lai#’* which re-
sults in a t|ghter upper bound. To this end we introducedd€ fulfilled. It is reminded thaf/ denotes the left state bf

surrogate function? (W, W) which locally approximates ¢ proof is provided in Appendix I. We observe that the
TI(W) aroundW = W: we require that the surrogate

update equations in Lemma 1 look very much like the update
function assume the same valuelat = W as I(W)

— = equations for the Baum-Welch algorithm, except that we are
does, i.e. W(W,W) = I(W), and that\I/(W W) be  -iso averaging ovey.4

never below (W), i.e., ¥(W, W) > T(W) for all . o _
« Let us assume for the moment that we can find suchGa Optimizing the Difference between the Bounds

surrogate function that can easily be minimized and let Let

us calliv* the channel law that achieves the minimum oft ") (1, 1) £ A (1) (18)

I”(Ié[; , W) over W (one such function is given in Section 21\[ S Q)W (ylb) - Dy, (15(6’|b,y) HP(B’|b,y)) 7

o With this we can get a new channel laW’* with be the surrogate function for the difference between theeupp

I(W*) < I(W). Updating IV to be equal toli’*, we and the lower bound&(N)( V) and let its asymptotic version
then repeat the above procedure until some term|nat|8 WA (W, W) 2 lim \I/(N)(W 1¥). Due to the well
A - N —oo -

riterion is m
criterion is met. known properties of relative entropy, the desired propsrti

It is important to note that unlike the idealistic sﬂuaﬂorzas discussed in Section I11-A) OIA(W W) with respect to
depicted in Fig. 1J(W) is in general not a unimodal functlonA(N)( 1) follow immediately.

of W and thereford (W) can have multiple local minima.

B. Optimizing the Upper Bound Lemma 2 (Minimizing UA) Let W be given. Define

Let ENE) 2 3 Y ab)wilb)- ZP(be\b v) [ =¥],
TV ) 2TV () + ZRy)D‘, (PG |PB1)). (B
2N ~(N A 1
(11) Ty :TV Z ZQ(b (ylb) - ZP(b [ ]
LeIn by
. _ b lye =1y,
be the surrogate function for the upper bouiid”’ 4 o ) o - (N)
and let its asymptotic version beW(W,1¥) £ with its asymptotic versggr)@;;(b’) £ limy oo 73" (8') and
> happatdt " ) °
limy_. U (W, ). Due to the well-known propertlesT4(b ) = limyeoo Ty (V). The W that minimizes
of relative entropy, the desired properties (as discussed Ya(W, W) is given by
Section lI-A) of T(W, W) with respect toI " (W) follow W (8|8, 2) oc T3(0), (19)

immediately. W*(y|b') o< Ty(b', y). (20)

_ - 4The Baum-Welch algorithm is an early instance of the EM athati The
3In order to simplify notation we us#’ instead of the more precisé . EM theory was later generalized in 1977 by Dempster, Laird, Robin.
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The proportionality constants are chosen such that the cochannel. We assume a binary, independent and uniformly
straints in(16) and (17) are fulfilled. distributed (i.u.d) input witht = {—1, +1}. The output was
) L quantized with partition points dt-15, —2.5:0.5:42.5, +15].
Since the proof of Lemma 2 is similar in structure to the \yg |goked at three different classes of auxiliary channels,
proof of Lemma 1, we have omitted the details for brevity. ye first having the same trellis as a partial response chafine
D. Optimizing the Lower Bound memory orden, the second having the same trellis as a partial
sponse channel of memory ordgrand the third having the

So far, we have not been able to find a suitable surrogarfe . .
same trellis as a partial response channel of memory &der

function for the lower bound that is provably never above tI"E: ' . A
(N) (1h . . . For the first two classes we used two different initializatio
functionZ'"*’ (W). However, using a certain surrogate function

(that possibly violates the requirements in Section Il]-8)e
can come up with the following update algorithm for the
auxiliary FSMC channel law for tightening the information
rate lower bound for data-controllable channels with megmor
The results in Section IV show an acceptable algorithm
performance. Lef¥ be the given auxiliary channel law at
current iteration. The new auxiliary channel 1a#* is then

« In the first method, the initial guess for the auxiliary
channel law is derived from the truncated version of
the original channel agho,h] = [+0.5,+0.5] and
[ho, h1, ho] = [+0.5,+0.5, —0.5], respectively.

« In the second initialization method, the initial guess for
the auxiliary channel is obtained by optimizing the differ-
ence between the upper and the lower bound according

given by ;
) to Section IlI-C.
2V, y) For the third class we randomly initialized the auxiliary
W* (y|b') = y(y) e, (21) channel for the upper bound and used the mean of channel
50, y) law across all branches in the original EPR4 channel as
where y(y) is an arbitrary positive function of).5 Here, initialization for the lower bound; an empirical proof ofeth
V (b, 3’|y) and TéN)(l;’,y) are defined to be effectiveness of the proposed algorithms can be seen by the

, fact that the upper and lower bounds coincide. Also, the towe
N @i W ylb ), (22) bound converges to the true value with only one iteration.
R(y) . As noted earlier, higher lower bounds mean higher achiev-
- . 1 1 P bl . . . . . . . .
TN (@ ) 2 T S S ey (bzly) [b2 :bl] ve =], able information rates using a mismatched receiver that is

V(b y)

eIy Y 5, W (y¢|b}) equipped with the ML decoding for the auxiliary channel with
(23) 2 (respectively4 or 8 states) whereas actual communication
) ) e A -(N) 3 takes place over the EPR4 channel witistates.
‘é"r:tgct?heﬁaisgrggftiﬁg% \gasr5|oﬂ”5(b y) = limy oo T3 (0, ), Fig. 3 shows the application of the upper bound optimization
br,b! and a non-optimized lower bound for a non-finite-state FFC.
Q) [5/ _ b/] if B = B) See [11] for more Qetails on the FSMC modelling of FFCs.
The normalized fading rate igp7 = 0.1 and binary i.u.d

Qy 2LQ) [IS’ = corresponding part of b’] (if B > B) inputis assumed. For such an input, a closed-form expmessio
for HM)(W|Q) in (8) is available. The SNR is 0 dB. We

Q) [b/ = corresponding part of bl] (f 5°CB5)  have optimized the upper bound using an FSMC model for

24)  the fading channel with 8 phase states, 2 amplitude statds, a
Let us conclude this section by remarking that for auxiliargnemory order 1. The initial FSMC state transition probaili
FSMCs with not too many stateg}, ..., 75 are efficiently and channel law were obtained by assuming equiprobable
stochastically computable quantities. fading channel phase and amplitude partitioning. It is oles®

that by applying the optimization algorithm we are able to
tighten the upper bound from 0.42 to 0.39 bits/ch use. Also

Fig. 2 shows application of the upper and the lower boungd the figure, we have shown the well-known upper bound
optimization for a partial response channel. The originglith perfect channel state information (CSI) assumptidn. |

IV. NUMERICAL RESULTS

channel has a memory ordér The channel model is is observed that the new optimized upper bound is much
3 tighter than the CSI upper bound. Finally, we have shown

Yo = Z hixo_; + e, (25) a (non-optimized) lower bound on FFC information rate using
i=0 an FSMC model with 8 phase states, 1 amplitude state, and

where =, y, n, h are the channel input, channel outMémory order 2.
put, adgitive white Gaussialj noise, and channel coefficient V. CONCLUSIONS
respectively. In our analysis we usedg, hq, ha, hs)

[40.5, +0.5, —0.5, —0.5], which is also known as the EPR4 In this paper we optimized the parameters of auxiliary

FSMC models in [3], [7] to tighten information rate upper
A5As noted earlier, the lower bound is invariant to the mulégtion of and .Iower bQL{nds fgr general .Chla.nnels with memory. We
W (y|b) by a positive function ofy. provided explicit solutions for optimizing the upper bouertl
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the difference between the upper and the lower bound and a
heuristic method for the optimization of the lower bound for
data-controllable channels. We confirmed theory by progdi
numerical results and showed that optimization of the beund
results in noticeably tighter upper and lower bounds, cartba

to the case where auxiliary FSMC parameters are chosen
heuristically. The optimized channel law for the lower bdun
also provides a tighter GMI lower bound for the mismatched
ML decoding at the receiver using the auxiliary FSMC model.
Optimization of the lower bound for non-controllable chan-
nels such as FFCs and a better understanding of the globa
properties of (W), I(W), and A(W) is proposed for future
research.

APPENDIX |

In this Appendix we prove Lemma 1. The expression th
we would like to minimize is

Fig. 2.
g{he SNR is defined as in [3].)

T
N auxiliary channel: memory order 2
1t & 1
&
R e oGPl Sy W Ny Ny NV N
- auxiliary channel: memory order 3,
=[0.7791, 0.5834,

~0.1948, -0.1169]

o
)
T

~
original channel: memory order 3,EPR4 SNR =6 dB

*vavvvvvwwv***%***

o
)
T

¥ v -auxiliary channel: memory order 2

o
IS

rv auxiliary channel: memory order 1 q

information rate, bits/ch use

I e R SR NE S

uper bound, trunc method

auxiliary channel: memory order 3 v lower bound, trunc method

0.2- v
\ initialization method: the auxiliary = upper bound, opt diff method
channel law is the mean of the *lower bound, opt diff method
channel law over all branches —information rate
o in mg original channel ) ; ;
0 5 10 15 20 25
iteration number

Optimizing the upper and the lower bounds for the EPRahnel.

—(N) 5, 2
T (WL, W) (26) ]
™ i .y P(bly) ool [ oo | e e |
I Z R Z P(b |y) log = ~ . _ - - perfect CSI upper bound gﬂgi%‘ﬁénpm
/ @ L 4
b P(b |Y) g o7
» 0.6F B
= MW W) _723 )log (R(y)) N ]
1 gO.4*AAAAAAAAAAAAAAAAAAAZ&
N P(H/ Dt/ S a4 |
2N ZR(y) ZP(b |Y) log (P(b ‘Y)) =0 voveovovevvv VvV VvV YV VY
y b’ 0.2 4
N 1 — . i |
= VW) = 2= ST RY) Y P y) log (P(B,y))
E’/ 00 é “1 é éileralior%‘onumbe%‘2 1‘4 1‘6 lé 2
wherec{™) (W, W) is a function of W and W only. Using
Fig. 3. Optimizing the upper bound for a flat-fading channehfr0.42 to

P(b',y) = Q(x) - ( | A EE)

) (11 o)
LETN LeIn
simplifies the surrogate function further to

[4]

TNV W, W) = N (w, W) (27)
_ Zlog (W(g/lgp, ) oN Z ZR(y)ZP b’ ly) [ ] [5]
b’ LETIN Y
27N 1)
,Zzlog( |b>) 3 SR ZP ) [0 =] e =, [6]
y /eIN y
27N (57 ), [7]
wherec2 (W W) is a function of W andW only. Applying

the Lagrange method for m|n|m|2|n\g )(W, W) under the

constraints (16)-(17) gives Lemma 1.

(8]
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