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Abstract

In this paper, we consider a wireless communication sce-
nario in which the channel output is marginally Gaussian,
but not jointly Gaussian. In particular, we study the joint
probability distribution of channel outputs in correlated
Rayleigh fading channels in response to constant power sig-
naling, such as M -ary phase shift keying (MPSK). We show
that the distribution of the channel output at any given sam-
pling time is marginally Gaussian. However, the joint dis-
tribution of a sequence of channel outputs cannot be jointly
Gaussian. A consequence of this result is that the informa-
tion rates stated to be exact in two recent contributions, are
strict upper bounds to the achievable data rates. We exam-
ine the tightness of these upper bounds by comparing them
with the MPSK upper bound under perfect channel state
information (CSI) assumption. We find that the CSI upper
bound is considerably tighter in slow fading channels, high
signal-to-noise ratios, and low-dimension (such as binary)
PSK signaling.

1. Introduction

1.1. Motivation and Background

Constant power signaling, such as M-ary phase shift
keying (MPSK) [9] is one of the most widely-used sig-
naling schemes among modern digital modulation tech-
niques. This is mainly due to its relative robustness to
noise and ease of implementation with inexpensive non-
linear power amplifiers [10]. In wireless communication
systems, transmitted signals experience random and time-
varying multipath fading effects, which can be character-
ized by frequency-flat and time-correlated Rayleigh fad-
ing [9]. It is of information-theoretic interest to deter-
mine the maximum rate at which information can be trans-
ferred reliably over a Rayleigh fading channel using con-
stant power inputs.
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The information capacity of the fading channels strongly
depends on the availability of the channel state information
(CSI) at the transmitter and the receiver sides. In many
practical situations, the exact state of the fading channel is
not available at either side, due to the random and time-
varying nature of the channel. The capacity problem with-
out CSI has been studied for some simplified channel mod-
els e.g., memoryless Rayleigh fading channel [1], block-
fading Rayleigh channels [5,8], and finite-state Markov
channels [4, 12].

In another approach, upper and lower bounds to the
achievable information rates were derived in [3] under no
CSI assumption for independent and identically distributed
(i.i.d.) constant power and Gaussian inputs. The upper
bound provided in [3] is correctly based on the premise that
the entropy of any random process with a fixed covariance
matrix is maximized when the process is jointly Gaussian.
However, the marginal Gaussian distribution property of the
channel output in constant power signaling has further led
some authors [13, 14] to tacitly conclude that the channel
output sequence is also jointly Gaussian and hence, to report
an exact information rate for orthogonal frequency division
multiplexing (OFDM) systems.

1.2. Contributions

Motivated to further clarify rather mixed results in the
literature, we propose to rigorously study the marginal and
joint probability distributions of the channel outputs in re-
sponse to constant power signaling in correlated Rayleigh
fading channels. This is carried out through mathemati-
cal analysis and computer simulations. We show that the
system model under consideration is a clear example of the
case where marginal Gaussianity does not imply joint Gaus-
sianity. As a result, we show that the information rates re-
ported in [13, 14] are, in fact, strict upper bounds. We then
examine the tightness of these bounds by comparing them
with the perfect CSI upper bound for MPSK inputs. Inter-
estingly, the comparison reveals that the perfect CSI upper
bound can provide tighter bounds than those in [3, 13] in
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slow fading channels and high signal-to-noise ratio (SNR)
conditions, especially when the MPSK dimension is low
(such as binary signaling).

Throughout the paper, the following notations will be
used: Bold lower (upper) letters denote vectors (matrices).
Superscripts * and 7 denote the conjugate transpose and
transpose, respectively. The subscript of the form (), rep-
resents the modulo-x operation. In all mathematical equa-
tions, log(+) function is the natural logarithm. However, in
figures the information rates are plotted in bits per chan-
nel use for easier reference. The notation E {-} denotes the
mathematical expectation and the matrix I is the N x N
identity matrix. The operators $(z) and (z) represent re-
spectively the real and imaginary parts of a complex num-
ber z. The symbol N (m, ®) is used to represent an N-
dimensional complex Gaussian distribution with mean m
and covariance matrix ®.

2. System Model

The channel between the transmitter and the mobile re-
ceiver is modelled as a time-varying and strictly bandlim-
ited flat-fading process. Here, we consider only a single
carrier system. However, the results extend naturally to
the case of OFDM [13, 14], where the received signal can
be made free of intersymbol and intercarrier interference
through the use of cyclic prefix. The received N X 1 vector
y at the output of the matched filter' is given in complex
low-pass form as

y=Xh+w

=S+ Ww,

D
€5

where X is a diagonal matrix with the transmitted sym-
bol vector X = [x1,22,- - -,zn]T along its main diago-
nal. Vector h = [hy, ha,- - -, hy]T represents the samples
of a zero-mean complex Gaussian channel fading process.
We assume that each element of the vector h is normalized
to have unit variance with independent real and imaginary
parts. We also assume that the actual realization of the ran-
dom channel h is not known a priori at the transmitter or
the receiver. However, the statistics of the Gaussian chan-
nel are known at both sides. This is a reasonable assumption
even in relatively fast fading conditions, whenever the mo-
bile unit is moving at constant or (close to constant) veloc-
ity. For Gaussian fading process, channel statistics are fully
determined by the Toeplitz positive semidefinite covariance
matrix Cy,. Under constant mobile velocity assumption, the
covariance matrix C;, does not change rapidly and hence,
can be measured accurately. In the bandlimited Clarke’s

"'We focus on the matched filter, because of its widespread use in many
practical systems, even though it is not the optimal detection scheme for
the system considered here.
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fading model [9], the element of matrix C;, at row k and
column j is given by

[Culr,j = E {hih}} = Jo@nfpTlk—j]),  (3)
where Jy is the zeroth-order Bessel function of the first
kind, fp is the maximum Doppler frequency shift, and T'
is the transmitted symbol period.

In (2), the N x 1 vector w = [wy,wa, -+, wy]|T consists
of samples from a zero-mean complex additive white Gaus-
sian noise (AWGN) process. The noise samples wy are in-
dependent of each other and have unit variance (the covari-
ance matrix is I). Equation (2) is normalized in such a way
that the average transmitted signal power is E {|z;[*} = €.
The average received SNR is then given by SNR = £.

3. Marginal Distribution of Output

For deriving the marginal distribution of the channel out-
put, we need to consider an arbitrary sample of the channel
output at discrete time index ¢, which is given as

Yo = xohy +wyp = \/Eewqhﬂeim + wy, 4)
~

Se

where fading amplitude |h¢| is Rayleigh-distributed and
fading phase ¢, is uniformly-distributed over [—m,).
VEet is the transmitted constant power signal. For M-
ary phase shift keying, the signal phase can be one of the M
possible phases as 0y = 2em/M form € {0,--- , M —1}.
Since the transmitted signal has constant modulus, the dis-
tribution of |s¢| = \/£|hy| remains Rayleigh. To prove
the Gaussianity of s, (and hence marginal Gaussianity of
yr¢), we only need to prove that the phase of sy (which is
(8¢ + d¢)2r) is uniformly distributed over [—, 7). If the in-
put phase was continuously uniform between —7 and 7, one
could show that (6 + ¢¢)2, remains uniform over [—, )
by invoking standard arguments in probability theory [7].
Intuitively, one expects that the distribution of (6 + ¢¢)2r
remains uniform for MPSK signals with discrete distribu-
tions at 6, = 2wm/M. This intuitive reasoning has been
used in [13] to show marginal Gaussianity of the output.

In fact, the following theorem from [15] provides even a
stronger result.

Theorem 3.1 Iftwo processes a(t) and 3(t) have the prob-
ability density functions p1(«, t) and pa2(0,t), respectively,
such that a(t), modulo q, is statistically independent of 3(t)
and uniformly distributed, i.e.,

pi(agt) = é {u(a) - u(a - )},

where u(x) is the unit step function, then the probabil-

ity density function of (aq(t) £ 3(t)) , modulo g, is also



uniformly distributed, regardless of the probability density
function of B(t). That is, if y(t) = o (t) £ B(¢), then

p(vg:1) = i {u(y) —uly —q)}-

By directly applying the above theorem to the problem at
hand, we formulate the following result:

Theorem 3.2 The distribution of {1) = (¢ + 0),,.}, where
¢ and 0 are statistically independent channel and input
phase processes, is uniform over [0,2w) (or equivalently
over |[—m, 7)) and is independent of the distribution of the
input phase, 6.

An immediate consequence of the second part of the theo-
rem 3.2 is the following corollary.

Corollary 3.3 The channel output y, in a time-selective
Rayleigh fading channel is marginally Gaussian with zero-
mean for any MPSK input distribution.

4. Joint Distribution of the Output Sequence
4.1 Mathematical Analysis

In Section 3, we proved that each element s, of the vector
s in (2) is zero-mean Gaussian. While joint Gaussianity
implies marginal Gaussianity, the reverse is not necessarily
true [11]. Therefore, s is not guaranteed to be multivariate
Gaussian, although it is marginally Gaussian.

In the following, with the help of analytical arguments
and numerical simulations we show that s is indeed jointly
non-Gaussian and, hence, the output vector y, which is the
sum of independent non-Gaussian vector s and Gaussian
vector w, is non-Gaussian.

Firstly, we know that Gaussianity is preserved under in-
vertible linear transformation [9]. Notice that if X were
known and given, then s = Xh would represent an invert-
ible linear transformation of the Gaussian random vector
h and hence, would be jointly Gaussian. For example, in
a pilot-aided data transmission scheme [16], X is known
during the pilot transmission phase and the distribution of
s and, hence, the output vector y in (2) is N-dimensional
complex Gaussian. However, in the current scenario, X is
the transmitted data, which is not known. The product Xh
therefore represents a linear, but random and hence, non-
invertible transformation. Thus, the output y can not be
guaranteed to be Gaussian.

We construct the distribution of y using conditional
distribution of y given x. It can be noticed from (2)
that the conditional distribution of y given x, f(y|x), is
N (0,Cyx), where Cyx = XCLXH" 4 1 is the condi-
tional covariance of y given x. The distribution of y, f(y),
is then given by

fy)= Y flylx) px),

pS XN
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(MmN = |Cyx

XE X

[ P [—y*C;‘Ly}, Q)

where x!V represents the N-dimensional probability space
for x, p(x) is the probability mass function for discrete con-
stant power input and M is the number of points in the
MPSK constellation. Equiprobable i.i.d. MPSK inputs have
been assumed to arrive at the second equality. Equation (5)
shows that f(y) is a summation of Gaussians and is, there-
fore, non-Gaussian. In the next subsection, we shall verify
the non-Gaussianity of the output sequence with the help of
numerical simulations.

4.2 Numerical Analysis

In order to prove that the output y is non-Gaussian, it is
sufficient to show that s in (2) is non-Gaussian for N = 2
consecutive times. We proceed step-by-step as follows:

First, we generate a long sequence of channel fading pro-
cess h according to the Clarke’s model. This can be easily
implemented using the L-th order autoregressive (AR) ap-
proximation of the process [2] with some high AR order
such as L = 500. For notational simplicity, let us denote
two consecutive channel realizations as hy and hy. Since
the fading process is marginally circularly symmetric com-
plex Gaussian, the contour plot (2D-histogram) of $(h1)
and (h1) consists of concentric circles. This is not shown
here for the sake of brevity. However, h; is correlated with
ho. Therefore, the contour plot of the joint distribution of
R(h1) and R(hs) consists of concentric ellipses (the same
statement applies to imaginary parts). Figure 1 shows one
such contour plot for a fading channel with the normalized
Doppler frequency shift of fpI" = 0.2 and verifies the joint
Gaussian distribution of ®(h;) and (k). The number of
samples generated is P = 10° and the number of bins for
each element is 62.

Second, we generate a long sequence of s = Xh by
multiplying h with i.i.d. realizations of input X from the
MPSK constellation. For notational simplicity, let us denote
two consecutive realizations of s as s; and ss, given as

S/ = [8182] = [eielhl erhQ}T.

Note that s and s5 are jointly Gaussian if and only if

(6)

S = [R™ i) R ha) S ) S hQ)]T,
(N
is jointly Gaussian [6]. Since any subset of a Gaussian vec-
tor is also jointly Gaussian, to prove that s’ is not Gaussian,
we only need to show that at least two elements of s” are
jointly non-Gaussian. For example, it is sufficient to show
that [R(e™ hy) R(e™2 hg)}T are jointly non-Gaussian.
Figure 2 shows a contour plot of the joint distribution of
[R(e* hy) R(e' hg)]T for M = 2 binary MPSK sig-
naling and confirms its non-Gaussian joint distribution.



@& no input

n w B o (o2}
o o o o o
T T T T

Bin index for the real part of h2

-
o
T

20 30 40 50 60
Bin index for the real part of h1

10

Figure 1. A contour plot of joint distribution
of ®(h1) and R(ha): fpT =0.2.

Figure 3 shows a contour plot of the joint distribution
of [R(e" hy) R(e2 hg)]T for 16-PSK signaling. Com-
pared with Figure 3, the contour plot is somewhat more
‘rounded’. Nevertheless, it is still not quite circular.

5. Discussion on Information Rates

In Section 4, we showed that a sequence of channel out-
puts of length NV in response to MPSK signaling is jointly
non-Gaussian. To see the consequence of this result on in-
formation rates, we first write an element of channel output
covariance matrix at row k and column j as

[Cylkj = E{yyy; } = E{hah}} E{zpa}} + 0y, (8)

which is a consequence of the independence between the
input and channel processes. £ {hyh}} was defined in (3).
In (8), 01 = 0 for j # k. Therefore, we can upper bound
the entropy rate of channel output sequence as follows

1
<w log det(meCy)

1 N
< Ltog T welCynn

n=1

= logme(€ + 1),

1
Fh) ©)

where the first inequality holds because the entropy of
any random vector is upper bounded by the entropy of a
Gaussian random vector with the same covariance matrix.
The seconds inequality follows from Hadamard’s inequal-
ity, with equality if and only if [Cy],; = 0, k # j, ie.,
if the input symbols are uncorrelated. The above proce-
dure is correctly followed in [3]. We note from (8) that
the output process becomes uncorrelated for i.i.d MPSK in-
puts, but since the output is not jointly Gaussian, one cannot
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Figure 2. A contour plot of joint distribution
of [R(¢”* hy) R(e hy)]”: BPSK signaling.

conclude independence. The point of view of [13, 14] that
1.i.d. constant power signaling whitens the channel process
(makes it independent) is not justified.

The mutual information rate /(y; x) between the output
y and the input x with no CSI is given by

1

I(yi%) = 5 (h(y) = h(y[x)). (10)
Using (9), one can upper bound the information rate as
1
I(y;x) < logme(E+1) — Nh(y|x). (11)

Therefore, the use of “capacity” in [13, 14] for the RHS
of (11) is misleading and should be considered as a strict
upper bound to the information rates achievable with M-
PSK signaling.

It is reasonable to ask how tight the information rate
upper bounds on the RHS of (11) are for practical MPSK
schemes. We know trivially that log, (M) bits per channel
use is an upper bound for MPSK information rates. With
this in mind, we compare (11) with the perfect CSI upper
bound I(y;x|h) = 1/N[h(ylh) — h(y|x,h)]. To com-
pute the RHS of (11), we use a closed-form expression for
1/Nh(y|x) provided in [3]. Figure 4 shows two informa-
tion upper bounds using (11) for normalized Doppler fre-
quency shifts of fpT = 0.05 and fpT = 0.2. Relatively,
we refer to the former as slow fading and to the latter as fast
fading. It is clear that for low MPSK dimensions (such as
M = 2 or BPSK), (11) goes rapidly above the trivial upper
bound of log, (M) = 1 bits per channel use. For slow fad-
ing channels, BPSK and 16-PSK CSI upper bounds provide
tighter results for almost all SNRs. For the faster fading
conditions, (11) provides relatively tighter bounds than the
CSI upper bound for 16-PSK signaling for a wide range of
SNR, but is still loose for BPSK signaling unless for very
low SNR.
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6. Conclusions

We investigated the statistical properties of the channel
output in response to constant power signaling in Rayleigh
fading channels. We showed that although the channel out-
put at any given time is marginally Gaussian, a sequence
of channel outputs are not jointly Gaussian. Therefore, one
can only obtain upper bounds on the achievable informa-
tion rates using standard entropy inequalities. We then com-
pared these information rate upper bounds with the perfect
CSTI upper bound. The comparison showed that the obtained
upper bounds from (11) become loose for high SNR and
slow fading channels, especially for low-dimension MPSK
signalling, such as BPSK.
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