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Abstract

In this paper, we are concerned with designing feedbackebadaptive network coding schemes with
the aim to minimize decoding delays in packet-based eramtreorks. We study systems where each packet
brings new information to the destination regardless diitier and require the packets to be instantaneously
decodable. We first formulate the decoding delay minimiafroblem as an integer linear program and
then propose efficient algorithms for finding its optimalugmn(s). We show that our problem formulation
is applicable to memoryless erasures, as well as GilbéidtEerasures with memory. We then propose
a number of heuristic algorithms with worst-case linearceien complexity that can be used when an
optimal solution cannot be found in a reasonable time. Wéyére delay and speed performance of our
techniques through numerical analysis. This analysisalevihat by taking channel memory into account

in network coding decisions, one can considerably reducedieg delays.

. INTRODUCTION

In this paper, we are concerned with designing feedbackebadaptive network coding schemes
that can deliver high throughputs and low decoding delaypaoket erasure networks. We first
present some background on existing work and emphasizeéhatotion of delay and the choice

of a suitable network coding strategy are highly entanglé@t the underlying application.
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A. Motivation and Background

Consider a broadcast packet-based transmission from omeestm many destinations where
erasures can occur in the links between the source and afstis. Two mairthroughput optimal
schemes to deal with such erasures are fountain codes [lJraamdbm linear network codes
(RLNC) [2]. In the latter scheme, for example, the source tratssrandom linear mixtures of
all the packets to be delivered. It is well-known that if tldom coefficients are chosen from
a finite field with a sufficiently large size, each coded packidit almost surely become linearly
independent of all previously received coded packets andeéhmnovativefor every destination [2].
The scheme is therefore almost surely throughput optimabti#er benefit of fountain codes and
RLNC is that they do not require feedback about erasures imithal links in order to operate.

However in these schemes, throughput optimality comeseattst of large decoding delays,
as the receiver needs, in general, to collect all coded psdkea block before being able to
decode. Despite this drawback, there are applicationshndrie insensitive to such delays. Consider,
for example, a simple software update (file download). Theatg only starts to work when the
whole file is downloaded. In this case, the main desired pt@seare throughput optimality and
the mean completion time and there is often little or no itigento aim for partial ‘premature’
decoding. The completion time performance of RLNC for ragléle download applications has
been considered in [3]. In [3], the mean completion time of RLN shown to be much shorter
than scheduling. Reference [4] considers time division euglystems with large round-trip link
latencies and proposes solutions for the number of codekepémnsmissions before waiting for
acknowledgement on the received number of degrees of freedo

There are applications where partial decoding can cryciafluence the end user’s experience.
Consider, for example, broadcasting a continuous streamidafovor audio in live or playback
modes. Even though fountain codes and RLNC are throughpumalpthaving to wait for the
entire coded block to arrive can result in unacceptableydeia the application layer. But, we
also note that partial decoding of packets out of their r@ttemporal order does not necessarily
translate into low delivery delays desired by the applaratiayer. The authors in [5], [6] have

proposed feedback-based throughput-optimal schemesalowdth the transmitter queue size, as



well as decoding and delivery delays at the destinations.n/the traffic load approaches system
capacity, their methods are shown to behave ‘gracefullg’ meet the delay performance benchmark
of single-receiver automatic repeat request (ARQ) schemes.

There is yet another set of applications for which partiaadiéng is beneficial and can result in
lower delays irrespective of the order in which packets ai@d) decoded. Consider, for example,
a wireless sensor network in which there is a fusion/commeenter together with numerous
sensors/agents scattered in a region. Each sensor/agenb lexecute or process one or more
complex commands. Each command and its associated datapatched from the center in a
packet. For coordination purposes, each agent needs to ikn@wn and other agents’ commands.
Therefore, commands are broadcast to everyone in the retwothis application, in-order pro-
cessing/execution of commands may not be a real issue. HowRst command execution may
be crucial and therefore, it is imperative that innovatiachkets arrive and get decoded at the
destinations as quickly as possible regardless of theeroAs another example, consider emergency
operations in a large geographical region where emergeziajed updates of the map of the area
need to be dispatched to all emergency crew members. In suetians, too, updates of different
parts of the map can be decoded in any order and still be uiefhlandling the emergency.

Finally, some applications may be designed in such a wayth®t are insensitive to in-order
delivery. This can be particularly useful where the tramspzedium is unreliable. In such a case,
it may be natural to usmultiple-descriptiorsource coding techniques [7], in which every decoded
packet brings new information to the destination, irreigef its order. In light of the emergency
applications described above, one can perform multipsswigtion coding for map updates, so that
updates of different sub-regions can be divided into midtjgackets and each packet can provide

an improved view of one region in a truly order-insensitiastfion.

B. Contributions

In this paper, we are inspired by the last set of order-inteagpacket delivery applications and
hence, focus on designing network coding schemes that, twéhhelp of feedback, can deliver

innovative packets in any order to the destination and alswantee fast decoding of such packets.



As a first step towards such goal, we limit ourselves to brastderasure channels, but emphasize
that the ideas can be extended to other more complicatecrsoenWe also consider the class
of instantaneously decodabieetwork coding schemes, in which each coded transmissintaics

at most one new source packet that a receiver has not decededhe rationale is that in an
order-insensitive application, any innovative packet ttennot be decoded immediately incurs a
unit of delay. Obviously, one other source of delay is wheroded packet does not contain any
new information for a receiver and hence, is not innovativesimilar definition of the decoding
delay was first considered in [8], where the authors predeamteumber of heuristic algorithms to

minimize order-insensitive decoding delay. In this cofitexir main contributions are:

« In Section I-A, we have motivated the problem in light of pbksapplications in sensor and
ad-hoc networks. To the best of our knowledge, such appicatependent classification of
network coding delays did not previously exist in the litara.

« In Section IlI-A, we present a systematic framework for thimimization of decoding delay
subject to the instantaneous decodability constraint. Wvsthat this problem can be cast
into a special integer linear programming (ILP) framewaoslhere instantaneously decodable
packet transmission corresponds teed packingproblem [9] on an appropriately defined set
structure.

« In Section 11I-B, we provide a customized and efficient metiar finding the optimal solution
to the set packing problem (which is in general NP-hard). @Qumerical results in Section VI
show that for reasonably-sized number of receivers, thenojt solution(s) can be found in
a time that is linearly proportional to the total number otlats.

« In Section IV, we discuss decoding delay minimization for iemportant class of erasure
channels with memory, which can occur in wireless commuiunasystems due to deep
fades and shadowing [10]. We show that the general set padkiimework in Section Il
can be easily modified to account for the erasure memory. €sults in Section VI reveal
that by adapting network coding decisions based on chamasuee conditions, significant
improvements in delay are possible compared to when desistwe taken irrespective of

channel states.



« In Section V, we provide a number of heuristic variations lué bptimal search for finding
(possibly suboptimal) solutions faster, if needed. Ouultssin Section VI show that such
heuristics work very well and often provide solutions that &ery close to the optimum.

Moreover, they improve on the proposed random opporteniegthod in [8].

II. NETWORK MODEL

Consider a single source that wants to broadcast some daYaraxeivers, denoted by; for
i=1,---,N. The data to be broadcast is divided iftopackets, denoted by,; for j =1,--- | K.
Time is slotted and the source can transmit one (possiblgdopacket per slot.

A packet erasure linl,; connects the source to each individual receidgrErasures in different
links can be independent or correlated with each othereB#fit erasures in a single link can be
independent (memoryless) or correlated with each othdh (memory) over time.

For memoryless erasures, an erasure in linkan occur with a probability of. ; in each packet
transmission round independent of previous erasures.

For correlated erasures, we consider the well-known GHBBiott channel (GEC) [11], which
is a Markov model with ayjood and abad state. If the channel is in the good state packets can be
successfully received, while in the bad state packets ate(éog. due to deep fades or shadowing
in the channel). The probability of moving from the good st@tto the bad staté3 in link L; is
b, & Pr(C;, = B|C;,—1 = G) and the probability of moving from the bad stabeto the good state
G is g = Pr(Ciy = G|Ciy_1 = B), where/ is the time slot index. Steady-state probabilities are
given by Pg; 2 Pr(C; = G) = g;/(b; + ;) and Pg; 2 Pr(C; = B) = b;/(b; + ¢;). Following [12],
we define the memory content of the GEC in lihkas0 < u; = 1 — b; — g; < 1, which signifies
the persistence of the channel in remaining in the same #gtamall . means a channel with little
memory and a large means a channel with large memory.

Before transmission of the next packet, the source colleots-&ee and delay-free 1-bit feedback
from each destination indicating if the packet was succdlgsfeceived or not. A successful recep-
tion generates an acknowledgement (ACK) and an erasureajesex negative acknowledgement

(NAK). This feedback is used for optimizing network codingcgsions at the source for the next



packet transmission round, as described in future sections

In this work, we consider linear network coding [2] in whichded packets are formed by taking
linear combinations of the original source packets. Packe¢ vectors of fixed size over a finite
field IF,. The coefficient vector used for linear network coding istserthe packet header so that
each destination can at some point recover the original giaciSince in this paper we are only
dealing with instantaneously decodable packet transomssi suffices to consider linear network
coding overF,. That is, coded packets are formed using binary XOR of thgiral source packets.
Thus, network coding is performed in a similar manner as B8j.[1
Definition 1 A transmitted packet is instantaneously decodable foriveceR; if it is a linear
combination of source packets containing at most one squaccket thatR; has not decoded yet. A

scheme is called instantaneously decodable if all transions have this property for all receivers.

Definition 2 At the end of transmission rounél in an instantaneously decodable scheme, the
knowledge of receiveR; is the set consisting of all packets that the receiver ha®ded so far.
The receiver can therefore, compute any linear combinatibthe packets that it has decoded for

decoding future packets.

Definition 3 In an instantaneously decodable scheme, a coded packeliesl ceon-innovative for
receiver R; if it only contains source packets that the receiver has dedoso far. Otherwise, the

packet is innovative.

Definition 4 A scheme is called rate or throughput optimal if all transsiesis are innovative for

the entire set of receivers.

Definition 5 In time slot/, receiver R; experiences one unit of delay if it successfully receives a
packet that is either non-innovative or not instantanepuscodable. If we impose instantaneous

decodability on the scheme, a delay can only occur if theivedepacket is not innovative.

Note that in the last definition, we do not count channel itdticdelays due to erasures. The
delay only counts ‘algorithmic’ overhead delays when we rawe able to provide innovative and

instantaneously decodable packets to a receiver.



As an example, if the knowledge @t is {m,, mq, ms}, receivingm; & ms will cause R, to
experience one unit of delay, whereas ® ms & ms is innovative and instantaneously decodable,
hence does not incur any delay.

A zero-delay scheme would require all packets to be bothvatge and instantaneously de-
codable to all receivers. Thus zero-delay implies ratenagity, but not vice versa. As the authors
show in [8, Theorem 1] for the case 6f = 2 and N = 3 receivers, there exists affline algorithm
that is both rate optimal and delay-free. Rgr> 4 the authors prove that a zero-delay algorithm
does not exist. By offline we mean that the algorithm needs tovikiuture realizations of erasures
in broadcast links. In contrast, amline algorithm decides on what to send in the next time slot

based on the information received in the past and in the usiet.

[1l. OPTIMIZATION FRAMEWORK
A. Problem Formulation Based on Integer Linear Programming

Instantaneous decodability can be naturally cast into thméwork of integer optimization. To
this end, let us fix the packet transmission round #ind consider the knowledge of all receivers,
which is also available at the source because of the feedb&ekstate of the entire system at time
index ¢ (in terms of packets that are still needed by the receiveas)be described by aV x K

binary receiver-packet incidencenatrix A with elements

1 if R; needsm;,
A5 = (1)
0 otherwise

Example 6 Consider N = 2 receivers andK = 3 packets. Before the transmission begins, the
receiver-packet incidence matrit is an all-one2 x 3 matrix. If we send packet:; in the first
transmission round = 1 and assuming that only receivé:, successfully receives it will become

A:
011

If we send packetn, in the next transmission rounél = 2 and assuming that only receivet;



successfully receives i} will then be

A:
011

The condition of instantaneous decodability means thabatransmission round we cannot choose
more than one packet which is still unknown to a receikgrin the example above, dt= 3, we
cannot sendn; & ms because it contains more than one packet unknowR;to

Let x represent a binary decision vector of lendththat determines which packets are being
coded together. The transmitted packet consists of theyX@R of the source packets for which
z; = 1. More formally, we can define the instantaneous decodglmbnstraint for all receivers as
Ax < 1y, wherely represents an all-one vector of lengthand the inequality is examined on an
element-by-element basis. This condition ensures thatresinitted coded packet contains at most
one unknown source packet for each receiver.

Now consider setd\/y,...,Mx C {Ry,..., Ry}, M; being the set of receivers that stiked
source packet:;. Note that these sets can be easily determined by lookirgeatdlumns of matrix
A. The ‘importance’ of packet:,; can, for example, taken to be the size of 3ét which is the
number of receivers that still need,;.

We now formally describe the optimization procedure thaidth be performed at the transmitter.
Maximizing the number of receivers for which a transmissgimnovative, subject to the constraint

of instantaneous decodability, can be posed as the foltpmary-valued) integer linear program

(ILP):
maXWTX (2)
subject to Ax < 1y, x € {0, 1}F,
wherew! = (|M,|,...,|Mg|). This is a standard problem in combinatorial optimizatiogyally

called set packing[9]. Here the universe is the set of all receivers and we neefint disjoint
(due to instantaneous decodability condition) subgéiswith the largest total size. In the (most
desirable) case when equality holds for every receiver, lse speak of aset partition This is

equivalent to a zero-delay transmission.



In Section 1V, we will consider other measures of packet ingorece and discuss the role wfin
tailoring the optimization problem according to the apgiion requirements or channel conditions,

such as memory in erasure links.

B. Efficient Search Methods for Finding the Optimal Solutidn(2)

It is well known that the set packing problem is NP-hard [9¢rél we present an efficient ILP
solver designed to take advantage of the specific problamtste. Later, we will see that for many
practical situations of interest, our method performs \eeipirically. Based on this framework, we
will also present some heuristics in Section V to deal withrencomplicated and time-consuming
problem instances.

We begin presenting our method by first defining constrairethiles.

Definition 7 Two binary-valued variables are said to lm®nstrainedf they cannot be simulta-
neously set td. Or formally, z; and x; are constrained ifr; + z; < 1. We also say that; is

constrained tar; and vice versa.

Definition 8 The set of all variables constrained tq is called theconstrained seodf x; and is

denoted byC;. That is,

Definition 9 A variable z; is said to beunconstrainedf C; = (. The set of all unconstrained

variables is denoted bd/ and is referred to as thenconstrained set

Example 10 Consider the following receiver-packet incidence mattix

0 0 0 1

It is clear thatC1 = {.173}, Cy = {.773}, Cs = {%1,332}, andC4 = (.

To design an efficient search algorithm, one needs to efflgigmune the parameter space and

reduce the problem size. We make the following observationpruning of the parameter space:
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1) Unconstrained variables must be set to 1. In other woreting those variables to 0O does
not contribute to the optimal solution (note that the eletsem w are non-negative). In the
above exampley, must be set to 1 because no other variable is constrained to it

2) If a constrained variable is set to 1 all members of its tramsed set must be set to 0. In
the above example, setting = 1 forcesz; andz, to zero.

3) At a given step, the parameter space can be pruned mossblyirg the variable with the

largest constrained set.

Application of the third observation, in a search algorithesults in greedy pruning of the
parameter space. We note that greedy pruning is only opfona given step of the algorithm and
is not guaranteed to result in the optimal reduction of theraV complexity of the search.

We now make a final remark before presenting the search #igariln particular, we have
observed that finding constrained sets for each variableatoh estep of the algorithm can be
somewhat time consuming. A very effective alternative iditst sort matrix A, column-wise, in
descending order of the number B$ in each column. Setting the ‘most important’ head vagabl
x1 (with the highest|) to 1 is likely to result in the largest constrained set (becatipetentially
overlaps with many other variables) and hence, many vasablll be resolved in the next recursion.
We will refer to the approach based on finding the largest tcaimed set as thgreedy pruning

strategy and to the alterative approach asdbeed pruningsearch strategy.

The greedy pruning search strategy is shown in Fig. 1, whiith &ppropriate modifications can
also represent the sorted pruning variation. Bgtdenote the problem of size whose input is
an N x k receiver-packet incidence matrix, and whose output is a set of feasible solutions of
the form x of length £ which satisfy the instantaneous decodability conditibyx < 1,. The

algorithms can be described as follows:

Algorithm 11 (Recursive Search for the Optimal Solution(s)of (2))

1: Start with the original problem of size = K.

n

if sorted pruning strategy is desiratien
3: Rearrange the variables id; in descending order of packet importance (numbet’sfin each column).

4: end if

9)]

: Solvey):
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6: if k=1 then

7:  Returnz; =1 (since the variable is not constrained).

8: else

9:  if greedy pruning strategy is desir¢den

10: Determine the constrained set for all variables to z;.

11 Denote the index of the variable with the largest constrdiset bys and the cardinality of its constrained
set byks,.

12: ese

13: Determine the constrained set for the head variabjewith cardinality £, and also the set of unconstrained
variables. Sets = 1.

14.  endif

15:  Denote the cardinality of the unconstrained geby k..

16:  Set all the unconstrained variables to 1.

17: Setx; = 1 and the variables in its corresponding constrained Ggto O.

18:  Reduce the problem by removing resolved variables. Redycaccordingly.

19: SolvePr_k, —k.—1)-

20:  Combine the solution with previously resolved variables/eSsolution.

21: Setx, = 0.

22:  Reduce the problem by removing resolved variables. Redycaccordingly.

23: SolvePr_x, 1)

24:  Combine the solution with previously resolved variablestuR solution(s).

25: end if

Once all the feasible solutions are found! x is evaluated and the solution or solutions with the

maximum objective value will be returned. We note that inglthm 11, we can simply remove the

packets received by every receiver from the problem. IfdlaeeX, such variables, we can start step

1) above fromk = K — K instead ofKK. The Matlab code for both the greedy and sorted pruning

algorithms can be found d&it t p: / / user s. r si se. anu. edu. au/ ~par ast oo/ net cod/ .

We conclude this section by a brief note on the computatiooaiplexity of Algorithm 11. Let

us denote the number of recursions required to solve thelgrobf sizek by &,. According to

INote that we have overused index 1 to refer to the head variable in theleeed matrix at each recursion.
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Algorithm 11, this problem is always broken into two smaleoblems of sizé — k, — ks — 1 and
k — k, — 1. Therefore, one can find the number of recursions requiresbltee P, by recursively
computing®, = €4, r.—1 + Cx_r,_1. The recursion stops when one reaches a problem of size 1

(only one packet to transmit) wheg = 1.

IV. ADAPTIVE NETWORK CODING IN THE PRESENCE OFERASURE MEMORY

Here, we present a generalization of the set packing appr@rcoded transmission in erasure
channels with memory. The idea is that the importance of &giag; is no longer determined by
how many receivers need;, but by the probability thatn; will be successfully decoded by the
receivers that need it. In computing this probability, oa® cise the fact that successive channel
erasures in a link are usually correlated with each othertarnte, their history can be used to
make predictions about whether a receiver is going to egpee erasure or not in the next time
slot. To present the idea, we focus on the GEC model for reptewy channel erasures. More
general memory models for erasure can also be incorporatedur framework.

We define the rewargh; of sending a packet to receiveét; as the probability of successful
reception byR; in the next time slotp; = Pr(C;, = G|C; 1), whereC;,_, is the state ofR; in

the previous transmission rouhdrhe total reward or importance of sending packetis then

iGMj

The above weight vector gives higher priority to a packetfor which there is a higher chance
of successful reception, because the receivers that meete more likely to be in good state in
the next time slot. With this newly defined weight vector, aran try to solve the optimization
problem given in (2) under the same instantaneous decdgatmindition.

Remark:We conclude this section by emphasizing that the optinmomaftiamework in (2) is very
flexible in accommodating other possibilities for the weighctor w, which can be appropriately
determined based on the application. For example, instealibocating the same weight to a packet
needed by a subset of receivers, one can allocate differeightg to the same packet (looking

column-wise atd) depending on the priorities or demands of each user. In tqe update example

2Statements like ‘state aR;’ should be interpreted as the state of the physical inkconnecting the source tB;.
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described in the Introduction, different emergency unas @daptively flag to the base station
different parts of the map as more or less important depgndm their distance from a certain
disaster zone. The task of the base station is then to sendkatpeombination that satisfies the
largest total priority. One can also combine user-depenpacket weights with the channel state
prediction outcomes in a GEC. One possibility is to multipghe tprobabilitiesp; by the receiver

priority. It could then turn out that although a receiver isr likely to be in erasure in the next

transmission round, it may be served because of a high fyri@gquest. And so on.

V. HEURISTIC SEARCH ALGORITHMS

In Section 1lI-B, we proposed efficient search algorithms ffading the optimal solution(s) of
(2). However, there may be situations where one would likeltain a (possibly suboptimal)
solution much more quickly. This may be the case, for examplen the total number of packets
to be transmitted is very large. Therefore, designing efficheuristic algorithms to complement

the optimal search is important. In this section, we proppseimber of such heuristics.

A. Heuristic 1- Weight Sorted Heuristic Algorithm

The idea behind this recursive algorithm is very simple. AAlgorithm 11, we start with the
original problem of sizek = K. We then rearrange the columns of the matdixn descending
order of |w;| (starting from the packet with the highest weight). Notet thés is different from the
sorted pruning version of the algorithm 11, in which the ocohs of A were sorted in descending
order of |A/;| to potentially result in large constrained sets. We thenttsethead variable; = 1
and find its corresponding constrained etto resolvek; = |C;| variables that are it€; to be
all zero. We then solve the smaller problem of sRg ;, and continue until the problem cannot
be further reduced. One main difference between Heuristamd Algorithm 11 is that at each
recursion, the head variable is only set to one; the othesilpdisy of z; = 0 is not pursued at
all. In a sense, this heuristic algorithm fingeeedysolutions to the problem at each recursion by
serving the highest priority packet. In this heuristic aitfon, all £, unconstrained variables are
naturally set to 1 in the course of the algorithm. The comgutal complexity of this method is

at worst proportional td<, which can happen when there is no constraint between macket
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B. Heuristic 2- Search Algorithm 11 with Maximum RecursiBteggsed Time

It is possible to terminate the recursive search Algorithin pgtematurely once it reaches a
maximum number of allowed recursions/elapsed time. If tigeréhm reaches this value and the
search is not complete, it performstermination proceduravhereby it heuristically resolves the
remaining unresolved packets in the current incompletatieol. That is, it performs Heuristic 1
on a smaller problem, which is yet to be solved. It then retuire best feasible solution that
has been found so far. We note that due the extra terminatiocegure, the actual number of
recursions/elapsed time can be (slightly) higher than tieespt value.

Two comments are in order here. Firstly, Algorithm 11 is dasd to sort the matrixi based on
the number of receivers that need a packet. It only revers®tting the unresolved variables based
on the vectow in the termination process. Secondly, if the maximum nundéeecursions is set

to one, Algorithm 11 just performs the termination procesd becomes identical to Heuristic 1.

C. Heuristic 3- Dynamic Number of Recursions

This heuristic is based on Heuristic 2, where we dynamicatyease the number of allowed
recursions as needed. At each transmission round, we dtarbmly one allowed recursion (effec-
tively run Heuristic 1). If the throughptits higher than a desired value, there is no need to proceed
any further. Otherwise, we can gradually increase the nurmbeecursions by an appropriate step
size. This heuristic stops when it either reaches the maximilowed recursions or when increasing

the number of recursions does not result in a noticeableawgmnent in the throughput.

VI. NUMERICAL RESULTS AND SECONDARY CODING CONSIDERATIONS

We start this section by presenting some decoding delaytsédsu memoryless erasure channels.
We then specialize to erasure channels with memory. In tluieseocof presenting the results and
based on the observed trends, we will discuss some secocalding techniques and post processing

considerations that can improve the decoding delay. Throuigthe analysis of this section, we

SLet Q C {1,---, N} denote the index of receivers that still need at least one packefRandienote such receivers. The
achieved throughput at time slétis defined asv”x/ f(Ro), wherex is the found solution angi(Ro) is an appropriate function

of receivers’ needs. For memoryless erasyféRo) = [Rg| and for GEC'sf(Re) = >_ o |pq| (refer to Section IV and (4)).



15

assume independent erasures in different links with idehfprobabilities. Hence, we can drop
subscripti when referring to link erasure probabilities.

Fig. 2 shows the median of decoding delay for the transmssidy = 100 packets taV = 3 to
N = 100 receivers. Channel erasures are memoryless and occur witfh gfobability ofp = 0.5
independently in every link. The median of delay is compuerbss all receivers and is, in fact,
also the median across many stochastic runs of the algaitfime first curve from below shows
the delay obtained by performing the search for the optimkit®n®. The middle curve is the delay
obtained by performing Heuristic 1. The top curve shows aadyction of delay results reported
in [8] which are based on eandom opportunistic instantaneous network coding strategyhls t
case, the transmitter first selects a packet needed by atdeaseceiver at random. Then, it goes
over other packets in some order and adds a packet to thenteheice only if their addition still
results in instantaneous decodability. In comparison,ridga 1 performs noticeably better than
that in [8] and more importantly, is not much far away from tpimal solution. This is specially
important since for some number of receivers, Heuristicrl rea considerably faster than search
for the optimum solution, which will be shown in the cominguigs shortly.

Fig. 3 compares the mean delay performance of differentisteas presented in Section V with
the optimum solution which is the bottommost curve. Simtlarprevious figure, mean delay is
computed across all receivers and is, in fact, also the mesyss many stochastic runs of the
algorithms. The next curve is Heuristic 2 with 100 allowedumsions. An interesting observation
is that its delay is almost indistinguishable from the optimsolution. The next curve is Heuristic
3 where the number of recursions is gradually and dynanyicatireased to a maximum of 100
recursions. This heuristic also provides close to optimeint®ns. The top curve is Heuristic 1.

We note that the delays presented here (and also in the foljofigures) are, in factexcess
median or mean delaylseyond the minimum required number of transmissions, wisck'. For
example, a mean delay of 10 slots flesr= 100 packets signifies on averade% overhead, which
is the price for guaranteeing instantaneous decodabifitgther words, one measure of throughput
is thy = K/(K + d), whered is the mean delay across all receivers. From this figure,doines

*Throughout the numerical evaluations, we used the sorted prunisgmesf Algorithm 11.
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clear that with10% throughput loss, Algorithm 11, Heuristics 2 and 3 can suppptto 15 receivers
with the desired property of instantaneous decodability.

It is quite possible that Algorithm 11 returns multiple netk coding solutions all of which have
the same objective value”x. A natural question that arises is whether systematic sefeof a
solution with a particular property is better than othershe presence of erasures in the channel.
Our experiments verify that indeed some secondary postepsing on the optimal solutions can
improve the delay. In particular, we compare two post preiogstechniques: 1) selecting a solution
which involves minimum amount of coding (lowest number of iti the solution vectok) and 2)
selecting a solution with maximum amount of coding (highmshber of 1's in the solution vector
x). Fig.4 shows the effects of such processing on the decaditays. It is clear thamaximum
codingis not a reasonable choice and results in worse delays ceshpath minimum codingWe
attempt to explain this behavior by means of an example atuitive reasoning. Let us assume
that there are{ = 3 packets to be transmitted ¥ = 3 receivers and at the beginning of the third

transmission round, matri¥d is given as follows

It is clear that there are two optimal solutions: we can eitend packetsn; & m, or packet
mg by itself, where the former involves coding and latter is asted. Now let us assume that we
select the maximum coding strategy and send® m.. If in the third transmission round onli;

successfully receivesd will become

and clearly the optimal solution is sending packet If in the fourth transmission round onli;

successfully receivesA will become
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where it is evident that in the fifth transmission round, werta find a packet which is innovative

and instantaneously decodable for all the three recei@mghe other hand, one can verify that if
we adopt a minimum coding strategy and send pagkgetn the third transmission round, we can
always find innovative and instantaneously decodable padke all three receivers in the future

regardless of erasures in the channel. In summary, sotutith less coding tend to cause less
constrains on the problem in the future.

It is noted in Fig. 4 that the first solution returned by Algbm 11 performs almost the same as
the minimum coding solution. The reason for this is that Aidyon 11 first ranks the packets based
on the number of receivers that need them. Therefore, thestitstion picked by the algorithm is
likely to contain packets with largest constrained sets lagnice, many resolved packets are set to
zero, which often translates into small amount of codingotlighout this section, unless otherwise
stated, we have shown the delay results based on the firshedtsolution of Algorithm 11.

It is interesting to analyze the actual number of recursibas the search in Algorithm 11 takes
to find the optimum solution. This is shown in Fig.5 far = 100 packets along with the number
of recursions required in Heuristics 1, 2, and 3. Algorithinshows three modes of behavior: low,
medium, and high number of recursions. When the number ofverseis larger thanV = 20,
Algorithm 11 finds the optimal solution very quickly and thember of recursions is very close to
the number of packet&”. However, when the number of receivers is lower, the comggr#hat each
receiver imposes on the network coding decisions canndt tiva search space enough and hence,
a large number of combinations have to be tested. Obviotfgyristic 1 has the lowest number
of recursions. Compared to Heuristic 2 with 100 fixed recunsjaynamic Heuristic 3 can almost
halve the number of recursions with negligible effect oragigderformance (see Fig. 3). By referring
to Fig. 3, we conclude that for the system under consideratiee excessive number of recursions in
Algorithm 11 is not warranted as it does not result in anygeztble delay improvement compared
to Heuristics 2 or 3.

Fig. 6 shows the effect of increasing the number of packetthercomputational complexity of
Algorithm 11 in terms of number of recursions to complete gskarch. Three different numbers of

receiversN = 20, N = 30, and N = 40 are considered. The complexity remains linear with the
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number of packets for well-sized receiver populations (8@ 40 receivers). This is in agreement
with observations in Fig.5. When the number of receivers isswlarge (V = 20), we see a
sudden growth in complexity beyond ~ 700 packets. In such situations, truncating the number
of recursion to be linear with the number of packets (Helarig} is a good alternative with close
to optimum delay performance.

Fig. 7 shows the impact of number of packets and also erasabalpility on the decoding delay.
The normalized mean delay versus number of packétss plotted for three different erasure
probabilities P, = 0.5, P. = 0.4, and P, = 0.2, which are still high erasure probabilities. The
number of receivers is fixed t& = 20. The delay performance of Heuristics 1 and 3 are shown. A
few observations are made. Firstly, as expected, the dbtathh @bsolute and normalized measures)
decreases as the erasure probability decreases. Sectmllyglifference in delay performance
between Heuristics 1 and 3 decreases as the erasure pitybddireases. This trend has also been
observed for other number of receivers. Moreover, the @difiee between heuristic and optimal
solutions decreases with erasure probability, which isshatvn here for clarity of figure. Finally,
the normalized delay decreases as the number of packetages. We noted, however, that the
absolute delay may increase or decrease depending on theenwireceivers in the system. We
attribute possible decrease in the normalized delay todbethat when there are more packets to
transmit, the transmitter has more options to choose frothremce, encounters delays less often
in a normalized sense.

Now we turn our attention to delay performance of our aldons in channels with memory.
Fig. 8 shows the mean delay of different algorithms for= 100 packets andV = 3 receivers. The
GEC parameters for all links are identical with= ¢g. The horizontal axis shows the memory content
1 = 1—2b. The first curve from above shows the performance of Algoriitl when the transmitter
does not take channel conditions into account in makingngpdecisions. In other wordsy; = |1/
is used in Algorithm 11 as if the channel states were memssyl€or relatively large memory
contents, this method results in the largest mean delayn&kiecurve shows the delay performance
of Heuristic 1. The next two curves, which are almost indgtiishable, show the performance of

Algorithm 11 which takes channel states into account (uépand Heuristic 2 with 100 allowed
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recursions. The last curve shows the best delay that cantbevad by occasionally violating the
instantaneous decodability rule for one receiver in fa¥dhe other two receivers that are predicted
to be in good state in the next transmission round. More ldetan be found in [14].

Fig. 9 shows the delay performance of Algorithm 11 using paekeights according to (4) for
N =3 to N = 15 receivers. Both the mean delay and mean delay plus one sthddaiation of
delay (across 1000 stochastic runs of the transmissiorghen@n. As expected, the delay increases
as the number of receivers increases. Comparing the dekayidard deviation with its mean, we
observe that when the number of receivers is 3-5, the delaglasively more variant than when
the number of receivers is 10-15. For example, #or= 3 and i = 0.984, the ratio of standard
deviation to mean delay is aroursd25/0.8183 = 4, whereas forN = 15 and . = 0.94 this ratio
reduce to only7.35/22.49 = 0.33. One should keep these variations in mind when designing the
transmission system.

We conclude this section with a brief look at the effect oftgm®cessing on the delay perfor-
mance in channels with memory. Fig. 10 shows different defay N = 15 receivers and< = 100
packets. The figure confirms our earlier finding that selgdtie maximum amount of coding among
optimal solutions can result in larger delays. We also nb& serving the maximum number of
receivers can have an adverse effect on the delay in GEC’sxflaie this, consider an example
where there ard< = 2 left packets to be transmitted t§ = 100 receivers. Packet 1 is needed
by R, to Ryy and packet 2 is needed ¥y and R;q. Since both packets are needed Ry, we
can either send packet 1 or 2, but not both. Now assumeRhab R,y are all predicted to be in
good state with probability).01 and R,q is predicted to be in good state with probabiliyds,
so thatw; = wy = 0.99 according to (4). Therefore, transmission of either padesms to be
equally optimal. However, one can easily verify that thebatuaility of at least one receiver among
R, to Ry receiving packet 1 is only — 0.99% = 0.63, whereas the probability of eithetyy or
Ry receiving packet 2 ig — 0.99 % 0.02 = 0.9802. Therefore, it makes sense to satisfy only two

receivers, one of which has a high priority due its good ckaoconditions.
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VIlI. CONCLUSIONS

In this paper, we provided an optimal network coding scheiritie feedback to minimize decoding

delay in erasure broadcast channels. Efficient searchithgm for the optimal network coding

solution, as well as heuristic methods were presented anddélay and computational performance

were tested in several system scenarios. We found thatiadogm optimized approach using as

much information about the channel as possible, such as meteads to a significantly better

decoding delay. An interesting problem for future reseasdb relax the instantaneous decodability

condition to L-step decodability and investigate the delay-throughmade-off.
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Figure 1. A schematic of Algorithm 11 with greedy pruning for finding théirapl network coding solution of (2). Note that the

algorithm is recursive as it call®x_x, —x,—1 and Py_x, —1 Within itself.
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Figure 2. Median of decoding delay for the transmissiorkof= 100 packets toN = 3 to N = 100 receivers. Channel erasures
are memoryless and occur with a high probabilitypof= 0.5 independently in every link. The optimal solution, Heuristic 1 and

random Heuristic [8] are compared with each other.
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Figure 3. Mean decoding delay for the transmissionkof= 100 packets toN = 3 to N = 100 receivers. The optimal solution

is compared with Heuristics 1-3. Both Heuristics 2 and 3 perform veryeblas Algorithm 11.
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Figure 4. The effect of post processing on mean delay. Whenegearithm 11 returns multiple solutions, minimum amount of

coding should be chosen. Heuristic 1 is shown for reference.
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Figure 5. Average number of recursions in Algorithm 11 and Heuristi8s By referring to Fig. 4, we observe that for small

number of receivers, Heuristics 2-3 can provide same decodingsdatea fraction of computational complexity.
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Figure 6. The effect of increasing the number of packets on the catiqual complexity of Algorithm 11 in terms of number

of recursions. The complexity remains linear with the number of packete/éll-sized receiver populations (30 and 40 receivers).



27

0.2 T T
——P = 0.2, Heuristic 1
| N = 20 receivers _._P =0.2, Heuristic 3 |
0.18 Memoryless erasures Pe =04, Heuristic 1
—a— e U
9] o
% 0.16- ——P_=0.4, Heuristic 3 i
IS P _=0.5, Heuristic 1
o e
S 0.14f P_=0.5, Heuristic 3 |
g ~
e
Z 012 S |
s 1™ \\
a8 T S
c 0.1r- ~_ B
IS ~—
o) ~
p= —~_ —
1" T~ T
0.08- —_ — :
T 0.06 o N .
N "{
g A
5 0.04F -
z
0.02- B
0 | | | | | | |
100 150 200 250 300 350 400 450 500

Number of Packets, K

Figure 7. The effect of number of packets and erasure probabiliiekeonormalized delay. As the erasure probability decreases,

the delay decreases as expected. The normalized delay decreasés feitlthis particularN (this is not always the case).
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packet weights accordingly (see (4), one can achieve consideratdy ftelays.
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Delay performance of different algorithms in Gilbert-Elliott mirels. By predicting next channel states and defining
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Figure 9. Delay performance of Algorithm 11 with weights defined usingd# different number of receivers. As expected, the
delay increases with the number of receivers. Both the mean delay ¢aolids) and mean delay plus one standard deviation of

delay (dashed-dotted curves) across 1000 stochastic runs of tkenisaion are shown.
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Figure 10. The effect of post processing on mean delay. As explamée main text, whenever Algorithm 11 returns multiple

solutions, choosing the maximum amount of coding and serving maximumber of receivers can often have adverse effects on

the delay.



