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ABSTRACT

In this paper, we present a novel power allocation scheme for am-
plify and forward incremental relaying (IR) systems with the aim to
minimize the overall outage probability at the destination. In our
problem formulation, we take into account the outage-dependent ac-
tivation of the relay when writing the power constraint. We provide a
simple closed-form solution to the IR power allocation problem that
is based on high signal-to-noise (SNR) approximation of the outage
probability assuming maximum ratio combining (MRC) at the des-
tination. We investigate the effectiveness of the proposed solution
by comparing the achieved outage probabilities with those obtained
through global numerical search. We find that the simple closed-
form solution is almost optimal in many situations of interest and
even at low SNR conditions. We observe that power-optimized IR
needs significantly less power than power-optimized fixed relaying
to achieve the same outage probability at the same effective rate. Fi-
nally, we show that our analytical power optimization for IR-MRC
systems is also applicable to IR systems with selection diversity and
results in almost optimal outage probability.

1. INTRODUCTION

Cooperative communication strategies provide distributed spatial di-
versity in wireless networks and enable energy-efficient transmission
of information from remote users (sources) to the desired destination
via intermediate relay nodes [1-3]. There exists a variety of ways in
which relays can be used in the network to provide distributed diver-
sity. One can broadly categorize cooperative diversity techniques by
the type of signal processing performed at the relay for information
transfer or by the relay activation method. Two main types of sig-
nal processing for information transfer are amplify and forward (AF)
and decode and forward (DF) relaying [1]. Examples of relay acti-
vation modes include fixed relaying (FR), in which the relay is acti-
vated in its designated time regardless of the quality of the source-
destination link, and incremental relaying (IR), in which the relay is
activated only if the transmission in the source-destination link is in
outage [3]. IR can be facilitated by the limited binary feedback from
the destination about the success or failure of the transmission in the
source-destination or direct link.

It is interesting to compare various performance measures and
design aspects of incremental relaying and fixed relaying. For ex-
ample, one of practically-useful comparative studies would be to an-
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alyze power requirements of IR and FR to achieve the same outage
probability at the same effective rate. However, for a fair study of
power requirements one must first find the optimum power alloca-
tion scheme to the source and relay nodes that minimizes the out-
age probability in each relay activation scheme. Power allocation
schemes have been proposed in the literature for the fixed relaying
scenario that minimize outage probability or maximize information
capacity (see [2,4-7] and the references therein). Whereas due to
the outage-dependant activation of relay nodes in IR, the problem of
power allocation in IR is more complicated and has not been inves-
tigated so far.

1.1. Approach and Contributions

In this paper, we present a novel framework for the optimization of
the source/relay power allocation in amplify and forward incremen-
tal relaying with the goal to minimize the overall outage probability
at the destination. Our framework takes into account the outage-
dependent activation of the relay when writing the time and en-
ergy constraints. However, solving such power allocation problem
is difficult mainly because the outage potability of the direct link is
present in the power constraint equation, which itself is non-linearly
dependent on the fraction of power allocated to the source. Further-
more and similar to the FR, the overall probability of outage in IR
may not have a closed form for signal combining schemes of inter-
est, such as maximum-ratio combining (MRC). In this context, our
contributions are as follows:

e We first provide a simple closed-form solution to the power
allocation problem in incremental relaying that is based on
high signal-to-noise (SNR) approximation of the outage prob-
ability in the IR-MRC scheme. In this power allocation
scheme, the source power is the solution to a quadratic equa-
tion. We investigate the effectiveness of the proposed solution
by comparing the achieved outage probabilities with those
obtained through global numerical search. We find that the
simple closed-form solution is almost optimal in many situa-
tions of interest and even at low SNR conditions.

e We then investigate the power savings in using IR compared
to FR. We observe that power-optimized IR needs signifi-
cantly less power than power-optimized FR to achieve the
same outage probability at the same effective rate. The power
saving can be as high as 8 dB. We note, however, that the op-
timized power of a relay in IR can be much higher than the
average power in the system, which is due to its sparse out-
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age dependent activation. We have observed power savings
as high as 6 dB in IR even when we limit the relay power to
not go above a certain maximum power.

e Finally, we investigate source/relay power optimization in
IR when the destination uses selection diversity (SD) in-
stead of MRC. Using exponential approximation of the out-
age probability in the source-relay-destination link, we pro-
pose a closed-form suboptimal solution to power allocation
for IR-SD, which turns out to be identical to that in IR-MRC.
In our numerical analysis, we then apply the suggested solu-
tion to actual outage probability of IR-SD and observe that
it is surprisingly very close to the optimal solution found
by global search. Moreover, power-optimized IR-SD is still
more power efficient than power-optimized FR-MRC.

2. SYSTEM MODEL

We consider a wireless amplify and forward relay network with a
source, a relay and a destination. We assume that all channels be-
tween these nodes are Rayleigh block fading channels and there is
perfect CSI available at the relay and destination nodes. We assume
block-by-block transmission of data each with duration of 7" sec-
onds. During each block transmission, the fading channel stays con-
stant and then changes to an independent value in the next bock. The
details of transmission are outlined below.

2.1. Observation Equations and SNR

In the first time block, the source broadcasts the input signal X to
the destination and relay. The respective received signals at these
nodes are given by

Ysa = Hs,aX + Za1, ()
}/S,’V‘ - Hs,'rX + Z’r, (2)

where the signal power at the source is Ps. Zg4; and Z, are inde-
pendent zero-mean complex-valued additive white Gaussian noise
(AWGN) at the destination and relay, respectively, with variance
Ny each. We assume that the channel fading gain H, 4 follows
a complex-valued, zero-mean Gaussian distribution with variance
ot , = 1/(Ds.a)", where Dy 4 is the distance between the source
and the destination and a is the path-loss exponent. H. . is similarly
defined. The instantaneous SNR in the source-destination (direct)
link is given as

Ps|Hy q)?

N, 3)

Ps,d =

In FR with variable gain [3], the relay uses the following channel-

dependent gain
/ Pr
A= —FF—F, 4
PS|Hs,r|2+NO ( )

to relay the data to the destination in the second time block, where

Pr is the relay power. Therefore, the received signal at the destina-
tion is given by

Yra=HraAYs,r + Za2 ©)

= H'r,st,TAX + H’I‘,dAZT' + Zd27 (6)

where Z45 is AWGN at the destination in the second time block with
variance No. H, 4 follows a complex-valued, zero-mean Gaussian
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distribution with variance o3, , = 1/(Dr,a)*, where D, q is the
distance between the relay and the destination. Using (4), the in-
stantaneous SNR due to source-relay-destination transmission can
be written as follows

Ps ,'r'p'r,d (7)

Peird = Ps,r + Pr,d + 17

where p, » and p,. 4 are individual source-relay and relay-destination
SNR'’s, respectively defined as

Ps|Hs,»|? _ Pr|H, 4|

No mid No

Ps,r = ®)
Assuming that the destination uses MRC strategy to combine signals
from the source and relay, the effective SNR in FR is

Pfixed = Ps,d + Ps,r,d- (9)

In IR, the relay transmits the amplified signal to the destina-
tion according to (5) only when the instantaneous SNR in the direct
link pg,q is below a certain threshold i which we will discuss
shortly. Such incremental relaying can be facilitated via broadcast-
ing a simple acknowledgement (ACK) or negative ACK (NAK) from
the destination back to the source and relay depending on whether
Ps,d > P or not. In the case where Ps,d < pih  the destination
performs MRC to combine the two received signals, which is similar
to FR. Therefore, the effective SNR in IR is

Pine = Ps,d if ps,a > pitrl:c: (10)
e Phixed = Ps,d + Ps,r,d Otherwise.
2.2. Information Rates and Qutage Probabilities
In FR, the instantaneous information rate is given by
1
Iﬁxed = ilog(l‘i’pﬁxed), (11)

where the factor of 1/2 accounts for the use of two time blocks for
the transmission of the same data. An outage event in FR occurs
when Igxeq falls below a predefined target rate of Rexeqa. We denote
the outage probability in FR as P5ey,, which can be written as [3]

1
Fitta = P (108014 prsca) < Roxea) (12
= P(pfixea < 22Fixed _ 1), (13)
————
th
Pfixed

In IR, depending on whether relay is used or not, the information
rate is variable and given as follows

log(1 + ps if ps i
o — log( tpsa) i pea> pine, (14)
5 log(1 + prixea) otherwise.

An initial target rate of Rin. can be achieved whenever log(1 +
ps,d) > Rinc O ps,a > 2fine _ 1, However, the target rate re-
duces to Rinc/2 if the relay is activated. An outage event is declared
when neither rates could be sustained. That is [3],

u 1 Rinc
Pi?qct =P (log(l + ps,d) < Rinm 5 1Og(1 + pﬁxed) < 2 )
= P(pfixea < 27me — 1), (15)
———

th
Pinc
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Based on the above, the average rate in IR is given by

Rinc
2

Because the average rate is dependent on the direct link outage prob-
ability, a fair comparison of FR and IR is complicated. We note,
however, that in high SNR conditions P(ps 4 < 2%inc — 1) may
be small and the effective rate can be simply approximated by Rinc.
In the following analysis, we will fix the average rate in FR and
IR to the same value Rinc = Rfxed = Res. Referring to (13)
and (15), one can deduce that pi ; > pih as a result of fixing
Rinc = Rfixea = Res. That is, FR needs to maintain a higher SNR
than IR to achieve the same effective rate. Our aim is to quantify FR
and IR power requirements.

Furthermore, for a fair comparison of the two relaying schemes,
we will fix the average power of each block to P. In the next section,
we will first review the traditional FR power allocation scheme and
then present the power allocation constraint for IR and discuss its
solution for minimizing outage probability.

RE = RineP(ps,a > 25 — 1) 4+ 222 (P(py 0 < 2%ine — 1)),

3. POWER ALLOCATION SCHEMES

3.1. Fixed Relaying

The FR power allocation constraint is relatively simple due to the
fact that the relay is used regardless of the SNR condition in the
direct link. The conservation of time and energy dictates that

TPs+TPr =2TP = Ps+ Pr=2P (16)

Some authors have considered optimal power allocation in FR based
on various system performance criteria. For example, [4] proposed
a closed-form suboptimal power allocation solution based on high-
SNR approximation of the outage probability.

3.2. Incremental Relaying

Due to the probabilistic involvement of the relay in IR, special at-
tention is needed in deriving the power constraint. As we will see
below, the power constraint depends on the outage probability in the
direct link. Let us denote this probability as P’ = P(ps,a <
2fine _ 1) = P(ps.q < pif.). Therefore, we can see that, on aver-
age, the relay is used P percent of the time and is silent in other
times. So we can write the following statistical power constraint
based on the relay activity and conservation of time and energy:

TPs+TP3y'Pr = (14 P&)TP = 17)
Ps + P§i*Pr = (1 + P")P. (18)

From (18), we note the difficulty in trying to derive the optimal
power allocation for the source and relay. This is because the power
constraint depends on the direct link outage probability which, in
turn, depends on the power allocated to the source in a non-linear
manner. This becomes even more complicated if the aim of power
allocation is to minimize the overall outage probability. This is due
to the fact that the distribution of overall SNR pgxeq in (15) is com-
plicated in general. To the best of our knowledge, IR power alloca-
tion under power constraint (18) has not been considered before in
the literature nor compared with that in FR.

In what follows, we will make use of upper bounds on p; ¢ and
high-SNR approximation of the outage probability (15) to propose
a suboptimal solution for power allocation in IR under power con-
straint (18). Later in Section 4 we will show that the proposed power
allocation scheme works very well and the outage probabilities are
very close to those found using global search.
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3.3. High-SNR Closed-Form Solution

First, using the results in [4], we can upper bound the average SNR
in the source-relay-destination link given in (7) as follows

parpra } pusira _ un
Ps,r + Pr,d +1 - ﬁs,r + ﬁr,d sna
(19)

B (perat = 5 {

where ps,r = E{ps,r} and pr.a = E {pr,q} refer to the average
SNR in the source-relay and relay-destination links, respectively.
Shortly, we will use the upper bound ﬁglid in the optimization of
the outage probability.

Comparing the outage probability of IR (15) with that of FR
(13), we find that apart from possibly a different SNR threshold, they
essentially have similar characteristics because of their dependence
on paxed.- Hence, the high-SNR approximation proposed in [3] for
FR also applies to IR. More specifically, at high SNR we have

th \2

P_out ~ ,(pmf) (20)
inc 2ps,dpg},3.,d ’

where ps.q = E {ps,a} refers to the average SNR in the direct or

source-destination link. Therefore, for a fixed pfﬁ‘c, minimization

of outage probability is equivalent to maximization of the product

Ps,d ﬁg,]f, 4- Referring to (3) and (8), we can write this product as

b1 Psbs Pr

—_— 21
b1Ps + b2 PR’ @D

Ps.aPsa = boPs
where for brevity of derivations, we have defined by = a%,s B /No,
— 42 2 .
b1 = o, /No, and bz. = ou, ,/No. NOW using the power con-
straint (18), we can write the relay power in terms of the source
power and direct link outage probability as follows

1 Ps

Pr=(1+ —)P— -5
=0 PP~ P

(22)

Since the instantaneous SNR in the direct link follows an exponential
distribution, it can be easily shown that Pt ~ pf /b Ps at high
SNR. Upon substituting this approximation in (22) we obtain

boPS

th
Pinc

_ boPE  boPs

th " _th
Pinc Pinc

)P

Pr~(1+ (P—Ps). (23)

Now if we use (23) in (21) and take the derivative with respect to
Ps, we can find the optimal source power Ps, which is the solution
to the following quadratic equation

2bob 4bob 2bob
fthg—( 3‘2P+3b1) Ps+ 20, P+ =52 P* =0,

(24)

inc

which can be easily found in closed-form.

3.4. Discussion on Selection Diversity

It is now worth discussing IR power allocation when the destina-
tion employs selection diversity (SD) instead of MRC. SD is clearly
a simple option as it removes the need for co-phasing of the sig-
nals transmitted by the source and relay at the destination, which
can require complicated hardware for channel estimation and phase-
tracking. We note that SD can be a particulary reasonable choice
in IR because the complicated co-phasing hardware would be used

only P24 percent of time when the relay is active. In IR-SD, the
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destination simply discards the signal received directly from source
whenever its SNR falls below the given threshold and only works
with the signal from relay in the next time block.

The question that we would like to answer is what is the IR-SD
power allocation scheme that minimizes outage probability. First,
we note that in IR-SD the outage probability is as follows

ou 1 Rinc
Potse = P (log(l + ps,a) < Rinc, 5 log(1 + ps,r,a) < 3 >

= P (e < phic) P (pera < plic) 25)
where the second equality follows from independence of direct and

source-relay-destination links. Moreover, using the results in [8] for
selection diversity we can write the second term in (25) as

th 2+ th
P(ps,r,d<p§}30) _ 1o, (Pie)® + e

ps,r + [)T‘,d
> > th )2 th
exp (—pfﬁcw) Ko {2/ el Lo ) o
Ps,rPr,d Ps,r + Pr,d

Due to the complicated nature of the above outage probability and
power constraint (18), we have been unable to derive any closed-
form optimal or suboptimal solution that minimizes (25) directly.
However, similar to [9], we use the following argument to approx-
imate p, 4 With an exponential distribution. First we note that at
high SNR, one can write p; 4 as

Ps,r,d ™~ 1, 1 - (27)

Ps,r Pr,d

Then for the case where the SNR in one of the hops is much stronger
than the other (ps,» > pr,a Or vice versa), one can argue that the
distribution of ps,, q is very close to exponential. Therefore, we
simply approximate ps . 4 With an exponential distribution with an
upper bound on its mean given by (19). Using the above argument,
we simply write the overall IR-SD outage probability as

th th
P)icr)xl::tsel ~ (1 — exp (_ einc )) 1- exXp | — 7pinc
’ Ps,d pg,]f’,d

th \2
~ Phe)” 28)
Ps,dPg r.d

Comparing (28) for IR-SD with (20) for IR-MRC, we find that these
outage probabilities only differ in a factor of 2 and hence, minimiza-
tion of (28) is equivalent to the minimization of (20) for which we
have already provided a power allocation solution in (24). In Section
4 we will show that using an approximate formula for IR-SD power
allocation will result in outage probabilities that are very close to the
optimal solution found using global search.

4. NUMERICAL RESULTS

In this section, we study the efficiency of our novel power allocation
scheme in IR in achieving the same outage probability and effective
rate as power-optimized FR systems. We assume that the source, re-
lay and destination are placed on a straight line and affected by the
same shadowing environment [5]. This assumption is only needed
for shadowing effect that has not been considered in this model. In
other words, it does not affect the accuracy of our analysis or per-
formance of the power allocation. The normalized distance between
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Fig. 1. The outage probability of IR with different power allocation
schemes and FR with optimum power vs. average power per block,
D, =0.25,D, 4= 0.75.

the source and the destination is Ds 4 = 1. Fig.1 shows the out-
age probability for the case that the relay is closer to the source,
i.e., the distance between the source and the relay is D, , = 0.25
and the relay-destination distance is D, 4 = 0.75. The path-loss
exponent is @ = 3. Average power per block is P and varies from
0 to 30 dB. Noise variance NNy is normalized to unity and effective
rate is Reg = 0.5 bits/sec/Hz. Similar system parameters have been
used in [4,5, 10]. In this figure (Fig. 1), IR with our power alloca-
tion introduced in Section 3.3 has been compared to FR with op-
timum power allocation (numerical optimization) to minimize out-
age probability under power constraint in Section 3.1. Optimized
power IR substantially outperforms FR with the same effective rate,
i.., Rinc = Rfxea = Reg'. For example, for outage probability
of 1075, there is 8 dB difference between FR and IR systems (the
first and the last curves). In addition, we observe that although some
simplifying high-SNR approximations have been applied to find a
closed-form expression for power allocation, this analytic approach
is successfully matched with numerical optimization.

The power efficiency of optimized IR is remarkable. However,
we notice that at high SNR because of low value of the outage prob-
ability of the direct link that appears at the denominator of (22), the
power of the relay can be much greater than average power (P). Our
numerical results show that for the case that the relay is close to the
source, Pr can be more than 100 times greater than P. Therefore,
we consider the maximum power of Pax, €.8., Pmax = 5P for the
relay. Note that the power of the source can not be greater than P
due to our power constraint solution. If the power of the relay is
greater than Prax, then we clip the power to Prax and compute the
power of the source as follows

Ps+ P3P = (1 + PSS)P,  Pmax 2 LmaxP  (29)

1 th p
=Ps == | P+ P2 — 4(Lmax — 1) 2" (30)
2 bo
As it can be observed in Fig. 1, the performance of the system in
limited power case (Lmax = 5) is worse than unlimited one, how-
ever it still has a very good performance in comparison with equal

1For incremental relaying system, the effective rate is a little bit less than
Reg, however it is negligible especially at high SNR [3].
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Fig. 2. The outage probability of IR with power allocation scheme
given in (24) and FR with optimum power vs. average power per
block, Dy, = 0.75, Dy g = 0.25.

power case and FR system. For example, for the outage probability
of 107, there is still 6 dB difference between FR and IR systems
with limited power. Also, there is about 3 dB difference between the
outage performance of equal power and optimum power schemes.
Note that for reverse condition that the relay is closer to the destina-
tion, the numerical result shows that limiting the power of the relay
does not affect the performance. The reason is that for this case, the
optimum value of Pr derived from (22) is less than Pyax.

Fig.2 shows the outage probabilities for the opposite case,
i.e.,the source-relay distance is D,, = 0.75 and the relay-
destination distance is D, 4 = 0.25. In this case, the difference
between fixed relaying and incremental relaying for outage proba-
bility of 107° is about 2 dB. In other words, the improvement of our
power allocation is less than before. However, it still needs so much
less power (63%) in comparison with FR scheme.

In Fig.3, we have applied our power allocation solution on
the selection diversity receiver and compared it with previously-
considered MRC system. As we have shown in Section 3.4, the
outage probability in SD is twice that in MRC at high SNR. How-
ever, this figure shows that even at low SNR the ratio more or less
holds. Note that the final results of power allocation is applied on
the exact expression of outage probability of the system given in
(25). Therefore, our analytical approach to find optimum power so-
lution for (28) is successfully matched with optimum power from
numerical optimization of (25) using exact exponential distribution
for outage probability of the direct link and (26) for the outage of the
relay link. As a result, our high-SNR solution can be used for both
MRC and SD systems.

5. CONCLUSIONS

We have compared the performance of IR and FR systems using new
power allocation scheme. We have considered the outage-dependent
activation of the relay for our power constraint. It was shown that
power-optimized IR substantially outperforms power-optimized FR
at the same effective rate. In addition, our analytical power opti-
mization for IR-MRC systems is also applicable to IR systems with
selection diversity and results in almost optimal outage probability.
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Fig. 3. The outage probability of IR and FR for MRC and SD
schemes vs. average power per block, D, , = 0.25, D, 4 = 0.75.
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