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Overview

What you will get from this lecture:
What is Constraint Programming
What it's good for

What is [Arc | Generalized-Arc | Path | Bound ]
Consistency, and how they’re useful

What drives efficient searches with constraints
How to play Sudokul!




Introduction

Constraints

Specifies what you can/can’t do!
Find a solution that conform to all the rules

Search with constraints
Yes, you still have to search!

Once a variable assignment is made, your other
choices are limited.

You can limit your search space.




Search with Constraints

Most typical example:

SEND

+ MORE
MONEY




Holy Grall

Dream of A.l. and declarative programming
- Freuder, Walsh

User describes a problem
Computer comes up with a solution




Constraints and Culture

Prevalent in many
East-Asian cultures
Think via constraints

You can't do this, can't
do that...

Heavy punishments for
social constraint
violation

Compare versions of
hell:

EIGHTH COURT OF HELL - YAMA:
KiNQ DUSHI

Crime

Lack!of flal obadience
Causing trouble for, parants
of hamily membera

‘Chealing during examinations

Harming others to benefit

Punishment

Intestines and organs
pulled oul

Body dismembered




Real-world applications

They are everywhere!
Delivery before 10am
Within 4km radius of Civic
Achieve a grade of at least 80

Car-assembly lines
No more than 2 cars in every 5 are red




Constraint Satisfaction

In Constraint Satisfaction Problem (CSP), we have:
A set of variables (V)

Each variable has a set of values (D)

Usually finite
{true,false}, {red,green,blue}, {0,1,2,3,...}

Set of constraints (C)
Describe the relationship between the variables

Goal:

Find assignment of each variable to a value such that all
constraints are satisfied




CSP Examples

K HEEG
— BOEN
Variables BEEB

Each entry in the table X, ., =E=E

Domain BEEE

Each variable between (1..9) ==E=

Constraints 4] | |9]
Row: AlIDifferent(X, 1,-..,Xy ncol)

Column: AlIDifferent(X, ,,...,X
Square: AllDifferent(X, ,,...,X; 5), €etc.
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CSP Examples

Olympic games scheduling

Variables for each event

50mFreeStyleMen, 100mFreeStyleWomen, 10mDivingMen,
etc...

Domain is the time for the event
Monday9am, Tuesday3pm, etc...
Constraints:

50mFreeStyleMen != Monday9am

Venue: AllDifferent([50mFreeStyleMen,
100mFreeStyleWomen, ... ])

Capacity: AtMost(3, [50mFreeStyleMen,
100mFreeStyleWomen, ...], Tuesdayl2pm)




Constraints

A constraint consists of
A list of n variables
A relation with n columns
Example:a*b =6
(a, b)
Relations: see table:




Binary/Non-Binary Constraints

Binary

Scope over 2 variables
Not Equal: a!=Db
Ordering: a<b
Topological: a is disconnected to b

Non-Binary

More than 2 variables
AllDifferent(x1,x2,x3,...)
X2+ 2y2-22=0




Non-Binary Constraints

Most non-binary constraints can be reduced
to binary constraints

AllDifferent(a,b,c) al=Db, bl=c, al=c
Advantages of non-binary constraints:

Polynomial algorithms — efficient solving
More on this later on!




Arc-Consistency

A binary constraint rel(X1,X2) is arc-consistent
(AC) iff
For every value v for X1, there is a consistent value v’
for X2, and vice versa

In this case, V' Is called the support of v

Example:
Both x, y are prime numbers, x is less than 10

For GreaterThan(x, y):

2,3,5 are all supports of x =7
But 7 is NOT!




Enforcing Arc-Consistency

\We enforce arc-consistency by deleting
domain values that cannot have support

As they cannot participate in the solution
It may remove support for other values
Complexity: O(nD?)

Nn: number of constraints

D: domain size




Enforcing Arc-Consistency

Example:
X:{1,2,3,45,6,7,8,9,10 }
Y:{3,45,6,7}

AR N
Constraints:

X<Y
Y>=/




Enforcing Arc-Consistency

Example: (Enforcing Y >= Z)
X:{1,2,3,4,5,6,7,8,9,10 )
Y:{ 6,7 }
AR N
Constraints:

X<Y
Y>=/




Enforcing Arc-Consistency

Example: (Enforcing X <Y)
}
Y:{ 6,7 }
AR N
Constraints:

X<Y
Y>=/




Generalized Arc-Consistency

For CSP with non-binary constraints, it is
Generalised Arc-Consistent (GAC) Iff:

For every variable x in V
For every constraint C(x, v1, ... , yn)

For every value d in D(x)

There are values di, ... , dnin D(yl), ..., D(yn)
Such that C(d, d1, ..., dn) Is true.

GAC = AC for binary constraints




GAC In Action...

Look at Col 1:

Enforce: AllDifferent(col 1)
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

18}

{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row_1)
{i.2,3,5/.7.9}
{1,2,3,5,6,7,9}

18}

{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row_2)
{i.2,3,5/.7.9}
{1,”.3,5,6,7,9}

18}

{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(sq_1)
{73579}
{1.2.3,5,6,/.9}

18}

{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row 4)
{15.72.3,5, 9}
{1.7.3,5,6,/.9}

18}

{1,7.3,5,6,7.9}
{1,2,3,5,6,7,9)
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row 5)
1152:3,9,6. 7.9}
{i.~2.3,5,6,7.9}

18}

{1,7.3,5,6,7.9}
{1,2,2.5,6,7.9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row _6)
1152:3,9,6. 7.9}
{i.~2.3,5,6,7.9}

18}

{1,7.3,5,6,7.9}
{1,2,2.5,6,7.9}
{1.2,2.5,6.7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(sq_4)
{ 3,5, 9}
{1.7.3,5,6,/.9}

18}

{1,7.2,5,6,7.9)
{1,2,2,5,6,7.9}
{1.2,2,56,7,9}
{1,2,3,5,6,7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row 7)
{15.72.3,5, 9}
{1.7.3,5,6,/.9}

18}

{1,2.2,5,6,7.9}
{1,2,3.5,6,7.9)
{1.2,3,5,.7,9}
{1,2,3,5.6.7,9}
{1,2,3,5,6,7,9}

{4}

Sudokul!
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GAC In Action...

Look at Col 1:

Enforce: AllDifferent(row _8)
1152:3,9,6. 7.9}
{i.~2.3,5,6,7.9}

18}

{1,7.2.5,6,7.9}
{1,2,2.5,6,7.9}
{1.2,2.5,6.7,9}
{1,2,3,5.6.7,9}
{1.2,3,5,6,/.9}

{4}

Sudokul!
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Path-Consistency

Problem: sometimes arc-consistency Is not
sufficient

Usually involves transitivity of relations

Example (Arc-consistent problem):
Al=B,B!=C,C!=A
A: {1,2}, B: {2,3}, C: {2,3}

For A=2, there’s no solution, but domains are
arc consistent

Hence, we need path-consistency
Also known as (2,1)-consistency




Path-Consistency

A binary CSP s Path-Consistent Iff:

For every pair of variable x, y in V
with constraint C(X,y)

And every other variable z in V
With constraint C(x,z), C(y,z)

For every pair d1 in D(x), d2 in D(y)
Such that C(d1,d2) is true

There Is a value d in D(z)
Such that C(d1,d) C(d2, d) is true.




Path-Consistency in Action!

Consider the problem again:
Al=B,B!I=C,CI=A
A:{1,2}, B: {2,3}, C: {2,3}
Arc-Consistency:
A=2 gets support: B=3, C=3
However, this violates path-consistency!




Path-Consistency

Path-consistency enforces every constraint
work with every other constraint

May work with binary constraint network with
Infinite domains (spatial-temporal reasoning)

It may still be insufficient, where sometimes
3 constraints must be checked together

l,]-consistency




Path Consistency in Action!

A different perspective:

{1.2}




Path-Consistency in Action!

A different perspective:




Infinite Domains

Path-consistency can also work with
constraint networks with infinite domains
(Montanari 78, Van Beek, 92)

Reason about relations between the entities
Complexity is O(n3), if path-consistency implies
consistency

Any path-consistent CSP has a realization




Path-Consistency

A confusion of relationships:

Mother-in-law
or

Father-in-law
Mother

Wife
or
Daughter




Path-Consistency

Applying path-consistency:

Mother-in-law
or

Father-in-law
Mother




Path-Consistency

Applying path-consistency one more time:




Bound-Consistency



Bound-Consistency



Bound-Consistency in Action!



4,5,6,7,8,9,10



4,5,6,7,8,9,10
3,4,5,6,7,8,9,10



Maintaining local-consistency



What makes constraints fast



Trade offs



Trade offs



In Summary



In Summary



Search with Constraints



Overview



Global Constraints



Golomb Ruler



Golomb Ruler



Golomb Ruler as CSP



AllDifferent Constraint



AllDifferent Constraint



Bound Consistency with AllDifferent



Marriage Theorem



Following Hall’'s (Marriage) Theorem



Bound-Consistency in Action!



Puget’'s Algorithm



Further problem in Golomb Ruler



Symmetry



Breaking Symmetry



= ol

= ol

5.6




= ol

= ol

123 M5 6

123 M5 6



Breaking Symmetry



Breaking Symmetry



Summary



Get your hands dirty!



