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Abstract

This paper preserts a Newton{lik e algorithm for solving systemsof rank constrained linear matrix inequalities. Though local
quadratic convergenceof the algorithm is not a priori guaranteed or observed in all cases,numerical experiments, including
application to an output feedbad stabilization problem, show the e®ectivenessof the algorithm.
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1 Intro duction

The linear matrix inequality (LMI) problem is a well
known type of corvex feasibility problem that hasfound
many applicationsto cortroller analysisand design.The
rank constrained LMI problem is a natural aswell asim-
portant generalizationof this problem. It is a noncorvex
feasibility problem de ned by LMI constraints together
with an additional matrix rank constraint.

Interestin rank constrainedLMIs arisesasmany impor-
tant output feedbad and robust cortrol problems,that

cannot always be addressedn the standard LMI frame-
work, canbe formulated asspecial casef this problem
[10],[37],[16],[30]. Examplesinclude bilinear matrix in-

equality (BMI) problems, see[16]and [30], that are eas-
ily seento be equivalent to rank one constrained LMI

problems.

In addition to their importance for cortrol, rank con-
strained LMI problems also appear naturally in math-
ematical programming and combinatorial optimization
tasks: all optimization problemswith polynomial objec-
tive and polynomial constraints can be reformulated as

? This is an extended version of [33]. It contains proofs and
other additional material not appearing in [33].
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LMI optimization problemswith a rank one constraint
[31], [5].

In general,if the setof points that satisfy an LMI is non-
empty, then anumerical solution to the LMI problem can
be exciently found using well developed interior point

algorithms, seefor example[40]. Lack of convexity makes
the rank constrainedLMI problem much harderto solve.
Currently available algorithms for the rank constrained
LMI problem are largely heuristic in nature and are not
guaranteed to corvergeto a solution even if one exists.
Solution methods for this problem, or certain specializa-
tions of the problem, include thosebasedon modi ed in-
terior point methods [8], [9]; linearization [11],[22], [25];
alternating projections [18], [4], [17]; trace minimization

methods that try to solve the problem by solving a re-
lated convex problem [34], [29]; augmerted Lagrangian
methods [12], [2]; and sequetial semide nite program-
ming [13]. Aside from [13], these methods do not have
establishedsuperlinear corvergencerates and the chal-
lengeremainsto "nd numerical schemeswith veri able

local quadratic corvergencerates.

In this paper we presert a new heuristic method for solv-
ing the rank constrained LMI problem. The method is
closelyrelated to existing alternating projection meth-
ods but is expectedto have improved corvergenceprop-
erties due to a built-in Newton-type step. In [18] and
[17] alternating projection algorithms are proposedthat
involvetangent-lik e ideas,similar to our approac. How-



ever, the implementation details are di®erert and the
connectionto the Newton method is neither mentioned
nor obvious. In fact, it is this establishedconnectionto
Newton's method that distinguishesour approad from
earlier ones.

Our method is basedon the \tangent and lift" method-
ology [6], a generalization of Newton's method. While
the classicalNewton algorithm canbeusedto nd zeroes
of functions, the tangent and lift method is more gen-
eral and can be usedto nd a point in the intersection
of an atne subspaceand a manifold. We shaw that the
rank constrained LMI problem can be formulated as a
problem of nding a point in the intersectionof an atne
subspaceand another setwhich, though not a manifold,
isa nite union of manifolds. Part of the corntribution of
this paperis ademonstration that tangent and lift meth-
ods can be extendedto this more generalsetting and we
presert an algorithm for solving the rank constrained
LMI problem basedon such an extension.Numerical ex-
periments show the e®ectivenessof this approac.

Since our method is based on a generalization of the
Newton method, local quadratic corvergenceto isolated
solutions is expected. However, complications arise due
to the non-smathnessof the constraints aswell as the
possibility of continua of solutions. This makesa rigor-
ous corvergencetheory ditcult to dewvelop and in fact,
as someof our experiments shaw, local quadratic con-
vergencecannot be expectedin all cases.The challenge
thereforeis to singleout a classof problemsfor which lo-
cal quadratic convergencecan be rigorously established.

The rest of the paper is structured as follows. Section 2
cortains a statemert of the rank constrainedLMI prob-
lem and a reformulation of this problem into an equiv-
alent form. Section 3 contains a discussionof the tan-
gernt and lift method and details of how we extend this
methodology sothat it can be applied to the rank con-
strained LMI problem. Section4 discussesmportant ge-
ometric properties of rank constrained positive semidef-
inite matrices. Our algorithm for solving the rank con-
strained LMI problem is given in Section 5. Section 6
considersvarious numerical implementation issueslt in-
cludes a discussionof how the basic approach extends
to enablethe solution of more generalproblems such as
those with multiple rank constraints. Section 7 reports
on somenumerical experimerts and includes an appli-
cation of the algorithm to an output feedbad& problem.
The paper endswith someconcluding remarks.

2 Problem Form ulation

Let R denotethe setof real numbersand S" denotethe
setof real symmetric n£ n matrices.For A 2 S",let A °
0 denote the property that A is positive semide nite.
The rank constrained LMI problem is the following:

Problem 1 Find x 2 R™ suchthat

xn

F(xX)=Fo+ XxiFi°Q0 D)
i=1

G(X) = Gg+ XiGj ° 0; (2)
i=1

rank G(x) - r: (©)

The problem data are the real symmetric matrices F; 2
S" and G; 2 S"e, and the rank bound r, which is
assumedto be lessthan or equalto ng.

Problem 1 consistsof two LMI constraints, (1) and (2),
and a rank constraint, (3). Whenr = ng constraint (3)
is always satis ed and the problem reducesto a standard
LMI feasibility problem. The more interesting caseis
whenr < ng. In this casethe problem is noncorvex.

Let
S =fX2S"jX° 0g
and, for eadh integers, let

SP(s)=fX 2S"jX ° 0; rank(X) = sg:

De ne
r
Sye(s)

5=0 (4)
f(X;Y)2 S" £ S"ej

X©°0 Y° 0 rank(Y)- rg

<
I

S'F £

and

L=f(X;Y)2S" £8"¢]
(X;Y) = (F(x); G(x)) for somex 2 R™g:

Problem 1 canbestated in the following equivalent form.
Problem 2

Find (X;Y)2 M\ L:

Wewill seethat, for eadh s, S (s) isamanifold and hence
that the rank constrained LMI problem is equivalernt to

“nding a point in the intersection of an atne subspace
and another setwhich isa nite union of manifolds. This

structure will enableusto usethe tangernt and lift ideas
that are discussedn the next section.



3 Tangent and Lift

In this sectionwe discussthe tangert and lift methodol-
ogy and presern an extensionthat can be applied to the
rank constrained LMI problem.

Before proceedingwith the main discussion,a brief note
on projections is required. Let x be an elemen in a
Hilb ert spaceH and let C be a closed(possibly noncon-
vex) subsetofH . Any ¢y 2 C suchthat kxj cok - kxj ck
for all ¢ 2 C will be called a projection of x onto C. In
the casesof interest here, namely that H is a "nite di-
mensionalHilb ert space there is always at leastonesuch
point for ea x. If C is convexaswell asclosedthen eat
X has exactly one such minimum distance point [27]. A
function Pc : H ! H will be called a projection opera-
tor (for C) if for eah x 2 H,

Pc(x) 2 C and kxij Pc(X)k- kxj ckforallc2 C:

The tangent and lift method is a generalization of New-
ton's method and can be usedto 'nd a point in the in-
tersection of an atne subspaceand a manifold. It orig-
inated in [6] and is basedon a geometric interpretation
of an algorithm appearingin [15].

Recallthat Newton's method for "nding a zeroof afunc-

tion f : R! Risiterativein nature and is given by the
recursion
f (Xn)
Xn+1 = Xn i fO(Xr;):

Geometrically speaking, Xn+1 is the x-axis intercept of
the line which istangert to the graph of f at (xn;f (Xn)).
In tangent and lift, the role of the x-axis is replacedby
an atne subspaceand the role of the graph of f is re-
placedby a manifold. More precisely the method works
as follows. Let H be a real nite dimensional Hilb ert
spaceand supposelL is an atne subspaceof H and that
M is a submanifold of H. Givenx,, 2 L, and assuming
it is possibleto calculate projections onto M , let y, be
a projection of x, onto M . As M is amanifold, it hasa
tangent spaceT at the point y,. T hasa canonicalrep-
resenation as a linear subspaceof H and y, + T can
be thought of asan atne subspaceof H that is tangent
to the manifold at y,,. Assumingy, + T and L intersect
uniquely, x,+1 is taken to be the intersection point of
Yo+ TandL.AsXxn+1 2 L, the schemecanbeiterated.

A graphical represenation of the algorithm is givenin
Figure 1(a). Here the Hilb ert spaceH is R?, L is the x-
axis,andM isthe graphofafunctionf : R! R.In this
case, nding a point in M \ L is equivalert to "nding
a zero of f . Newton's method can also be employed to
solve this problem and for purp osesof comparisonis also
illustrated in Figure 1.

Yn

Yn

Xne1 X
@ ()

Xne1 Xn

Fig. 1. Two di®erert methods for nding a zero of a function:
(@)Tangert and lift; (b)Newton's method.

Somepoints to note. For tangent and lift to work it must
be possibleto calculate projections onto M . This step
replacesthe processof lifting' x to (x; f (x)) in New-
ton's method. In addition, at least for all points near a
solution, ead y, + T must intersect L uniquely. This
essetially placesa rather strong requiremert on the di-
mensionsof L and M :

dimL + dimM = dimH: (5)

The reasoningis as follows. Firstly, note that if y 2
M and T is its tangent spacethen dmM = dimT =
dim(y+ T). Hence(5) canbeinterpreted in terms of the
dimensions of the atne subspaces. and y + T. Now
if the dimensions of two atne subspacessum to less
than the dimensionof the ambient spacethen we would
not expect them to intersect; think of two lines in R3.
Alternativ ely, if the dimensionsof two atne subspaces
sum to more than the dimension of the ambient space
then we would expect them to have multiple intersection
points; think of two planesin R3. It is only when the
dimensionsof two atne subspacesumto the dimension
of the ambient spacethat we would expect the atne
subspacedo intersect uniquely; think of a plane and a
line in R3.

Supposenow that (5) is satis ed and that x is an in-
tersection point of M and L. If T is the tangert plane
of M at x, and x + T and L intersect uniquely (this
will generically be the caseand in the Newton scheme
is equivalert to the requiremert that f qx) 6 0), then,
omitting the details, the tangent planesfor all points in
M near x will have this property. Henceif x, “closeto
X" implies x,+1 is alsocloseto x then the algorithm will
be well de ned locally near x.

Though the dimensionconstraint (5) is not explicitly dis-
cussedn [6],it is satis ed by the problem studied in that
paper and application of the tangent and lift method to
that problem resultsin a (locally) quadratically conver-
gert algorithm. Other applications of tangent and lift
are given in [7]. As far as we are aware, tangent and
lift methods have only beenemployed for problemsthat
satisfy (5).

In Problem 2, M | is not a manifold but rather a nite



union of pairwise disjoint manifolds, seeSection4. This
meansthat ead point in M , lies in a manifold with a
well de ned tangert space.However, as will be shown,
these manifolds are of varying dimensions. Depending
ony 2 M ,, it may thereforehappenthat y+ T doesnot
intersect L uniquely. The intersection may be empty or
it may contain more than one point. This may happen
even arbitrarily closeto a solution point.

In order to apply tangent and lift ideasto Problem 2,
the approach must be extendedto deal with thesein-
tersectionissues.Our method of doing this is asfollows.
We consider all points in L that are of minimum dis-
tanceto y, + T and from these points chooseXn+1 to
be the point closestto y,. As we will seein Section 5,
Xn+1 canbefound by solving alinearly constrainedleast
squaresproblem. Numerical experiments demonstrate
this methodology leadsto alocally corvergert algorithm
which, though it not always the case,often exhibits local
quadratic corvergence.

Regarding rigorous corvergence results, though our
method is based on a generalization of the Newton
method, analysis of corvergenceis complicated due to
the non-smaothness of the constraints as well as the
possibility of continua of solutions. We currently have
only partial results and the dewelopmen of a rigorous
convergencetheory preseris a challengefor the future.
(The presenceof the Newton step meansthat even in
the absenceof rank constraints it is not a priori clear
whether or not the algorithm will converge. This com-
plication seemsinevitable if onelooks for an algorithm
with the potential of local quadratic cornvergence.In
the absenceof rank constraints, corvergence would
certainly hold if a standard alternating projection strat-
egy were used but such a schemewould only corverge
linearly, evenin the caseof isolated solutions.)

4 The Geometry of Rank Constrained Positiv e
Semide nite Matrices

Before proceedingto describe our algorithm for solving
the rank constrained LMI problem in greater detail, in
this sectionwe collect together somegeometric proper-
ties of rank constrained positive semide nite matrices.
In particular, we shav that M , is a union of manifolds
and describe the tangent spacesof these manifolds.

Theorem 3 SP(s) is a connected smaoth manifold of
dimension %S(Zn i s+ 1). The tangentspace of S (s) at
an elementX is

TxSM(s)=f-X + X-Tj- 2R"E"g:

Pro of. Seefor exampleProposition 1.1in Chapter 5 of
[19]. ]

Corollary 4 M, is a nite union of manifolds.

Pro of. From (4) it followsthat M | is a nite union of
terms of the form S]* (s) £ S}¢ (t). Theorem 3 implies
both S.'F (s) and S}¢ (t) are manifolds and the result
follows as a product of manifolds is itself a manifold. ®

As the next theorem shows, after applying an appropri-
ate transformation, Tyx S (s) hasa rather simple form.

Theorem 5 Given X 2 S{(s), let
X =£XET; = ;

where £ 2 R"£" is orthogonaland o 2 SS is a positive
de nite diagonal matrix. Then

£TTx SN (s)E

= Ty S (s
% ()#

( )

T
172 —1285;-22R(nis)£S
0

-2

Pro of. Taking the spaceTx S! (s) and pre-multiplying
by £7 and post-multiplying £ gives

£TTx S (s)E

= £Tf-X + X-Tj- 2R"E"gE

=fET-E)E "XE)+ ETXEE T-TE)j- 2RE"g
=fIX +X2Tjr 2R"ENg

Ty S} (s):

Herewe have usedthe fact that £ is orthogonal and that
£TRn£n£ - Rn£n_

In order to shaw the secondequality of the theorem, for
an arbitrary matrix - 2 R""  considerthe following
partition into sub-matrices:
" 4
T11 T 12

-21 - 22

Here - 11 2 RSt S and the remaining matrices are of the
appropriate sizes.Using this partition we nd

" #

T T
- 118 + Q- 11 a- 21

-)%+)t-T:

- 218 0

Clearly - 110 + a- T, 2 S and - ;0 2 R("i $)£S_Con-
versely givenany - ; 2 SS and - , 2 R(Mi 9)£s tak-
ing - 11 = 2-@itand-, = - .0 ! implies - 130 +
D--{lz-land-zj_n:-z_ |



Note that Theorem 5 provides an alternate proof of the
dimension of S (s): dim S° + dim R("i 9£s = XD 4
(ni s)s= 3s(2nj s+ 1).

The following usefulfact is obvious from either Theorem
3 or Theorem 5.

Lemma 6 X 2 Ty S} (s) for eachX 2 S} (s).

5 Algorithm

This sectionpreseris our algorithm for solving the rank
constrained LMI problem. It corntains a description of
the algorithm at a conceptuallevel followed by details of
the various componerts of the algorithm, including the
required projections and initialization. The algorithm
describedherehasbeenmadeinto afreely available Mat-
lab toolbox titled LMIRank [32]. LMIRank canbe used
either directly or via YALMIP [26].

In order to do projections, we needto de ne an appro-
priate Hilb ert space.From now on S" will be regarded
asa Hilb ert spacewith inner product

hA; Bi = tr(AB) =
i5j

ajj hj :

The assaiated norm is the Frobenius norm kAk =
hA; Ai z. In addition, S"F £ S"s will be regardedas a
Hilb ert spacewith the usual inner product for a space
that is a product of Hilb ert spaces.

We will have needto refer to the atne tangernt spaceof
SF (s)£ S]e (t) at apoint (X;Y) asana+ne subspaceof
S"F £ S"e . For this purposewe intro ducethe following
de nition.
De nition 7 For (X;Y) 2 SIF (s) £ ST¢ (t), dene

Axvy = (X;Y) + Ty ) (SEF (s) £ STe (t)):

Lemma 6 implies that (X;Y) 2 Tx.v)(Si7(s) £
S (1). Hence,A(x vy = Tix ) (ST (s) £ SI° (1)) and
A (x.y) isin fact alinear subspaceand not just an atne
subspace.

De nition 8 The distance between two non-empty
subsetsV and W of a vector spacewith norm k¢kis

dist(V; W) = inffkvj wkjv2 Vw2 Wg:

Similarly, the distancebetweena point v and non-empty
subsetW is

dist(v; W) = inffkvi wkjw2 Wg:

At a conceptual level the algorithm can be stated as
follows.

Algorithm

ProblemData. Fq;:::;Fn 2 S"F, Gg;:::;Gy 2 S"e,
andO- r - ng.

Initialization. Either chooseany (X1;Y1) 2 S"F £ S"e |

oruse(Xy; Y1) = (F(x); G(x)) wherex isthe solution
of the semide nite de nite program (6).
rep eat
(1) Project (X1;Y;) onto M to give a new point
(X2;Y2).
(2) Dene B = f(X;Y)2Ljdist((X;Y);Ax,:v,)) =
diSt(L;A(xz;Yz))g.
(3) (X3;Y3) = argmin x .y )2 K(X;Y) i (X2;Y2)k.
(4) Set(X1;Y1) = (X3;Y3).
until (X 1; Y1) convergesto asolution of Problem 2. (See
Section 6.1 for a precisetermination criteria.)

Here are somecommerts regarding the above algorithm.

Step 1 is readily calculated via eigervalue-eigewector
decompositions of X ; and Y;. This will be shovn in Sec-
tion 5.2 below. In Step 2, B is the setof points in L that

are of minimum distanceto A x,.v,). Step 3 is the pro-

jection of (X2;Y2) onto B. Note that asL and A (x,.v,)

are closedatne subspacesthe distance betweenthem

is zeroif and only if they intersect. Whether the setsin-

tersector not, B itself will always be either a singlepoint

or an atne subspaceln the casethat B is a singlepoint,

Step 3istrivial. In the casethat B is an atne subspace,
Step 3 is equivalent to solving a linearly constrained
least squaresproblem. Details of how to solve this step
are given in Section 5.3 below. Finally, note that eat

new (X1;Y1) isin L as(Xq1;Y1) = (X3;Y3) 2 B % L.

Hencethe termination criterion of the algorithm canbe
replacedby “until (X1;Y1)2 M "

5.1 Initialization

There is no guarantee that the algorithm will corverge
from an arbitrary initial condition (X 1;Y1). While aran-
dom choice for the initial condition does often work,
an alternativ e choiceis to use(X1;Y:) = (F(x); G(x))
where x is the solution the following semide nite pro-
gramming (SDP) problem:

min - tr(G(x))

subjectto F(x)° O (6)
G(x)° O

This is basedon the heuristic that minimizing the trace
of a matrix subject to LMI constraints often leadsto a
low rank solution. Applied to a special caseof Problem
1, the sameinitialization scemeis usedin both [17]
and [23]. This trace minimization heuristic alsoappears



in [34] and [29], and nice insights into why it might be
e®ective can be found in [14].

As we will seein the results section, in somecasesthe
solution of (6) will satisfy rank G(x) - r, in which case
the overall problem is solved. In general, howeer, the
solution of the SDP givesa singular matrix G(x) which
doesnot satisfy this rank constraint.

5.2 Projecting onto M

Step 1 of the algorithm is the projection of a point
(X1;Y1) onto the set M ;. This projection is equiva-
nt to componertwise pr§jection of X1 onto S{F =
oo SiF(s)and Yy onto  (_, SI'° ().
The projection of X 2 S" onto S;:O SP(s) is given by
Theorem 9 below. Mage precisely Theorem 9 gives a
projection of X onto ;:O SP(s) as, for r strictly less
than n, the set ., SP(s) is noncorvex and projections
onto this set are not always guararnteed to be unique.
While Theorem 9 is not new (see[28] and [39], and [20]
for the r = n case),asfar aswe are aware, our proof is
new.

Theorem 9 Given X 2 S"andO - r - n, let X =

i i, ,nand£ areal

orthogonal matrix. De ne P, : S" ! S" asfollows,

P, (X) = £ diag(maxf, 1;0q;::; maxf , ;0g;0;::;0)E T:
S

Then P, (X) is a best approximant in rs:O S(s) to X

in the Frokenius norm.

Pro of. Seealso[19], Chapter 5, Theorem 1.3. In order
to prove the result, we will considerthe function

r
f:  SP(s)!
s=0

R; Y 7V kX i YK

f isboundedbelow, radially unbounded,and its domain
is a closedsubset of the symmetric matrices. Henceit
achievesa minimum value at somepoint Y 2 S" (s) with
s- r.If fg : SP(s) ! R denotesf restricted to the
set S?(s), then necessarilyY will be a critical point of

fs. The derivative of f5 at Y in the tangert direction
-Y+Y-Tis

Dfs(Y)- Y+ Y-T)=21tr((- Y+Y-T)Yi X))

4tr(Y(Yi X)) :

The above derivative must be zeroin all tangent direc-
tions. Hence,Y(Y i X)=0andY2= YX.

Both X and Y are symmetric and hence XY =
(YX)T = (Y)T = Y2 = ¥YX.As X and Y commute

and are symmetric, it follows they are simultaneously
diagonalizable,that is, that there exists a real orthogo-
nal S, and D and E diagonal, such that

X = SDS" and Y = SES' (7)

[21, Theorem 2.5.15]. Without lossof generality we can

The orthogonal invariance of the Frobenius norm to-
getherwith (7) implieskX | Yk = kD i Ek. The quan-
tity kD j Ek asa function of E is minimal (over the set
of real diagonal positive semide nite matrixes of rank
- r)if

E = diag(maxf, 1;0g;:::;maxf, ;0g;0;:::;0):

The sameminimum distance is achieved by P, (X) and
this completesthe proof. n

Wenote without proofthat if X haseitherr or fewer pos-
itiv e eigervalues,or , g> , r+1, then P, (X) isthe unique
best approximant in g:O S](s) to X in the Frobenius
norm. Otherwise, P; (X) is a non-unique best approxi-

mant.
5.3 Projecting onto B

In this subsection, we will make use of the following
notation. Given X 2 R"™" and0 - s - n, let X5 2
R(i S)£(ni ) denote the matrix consisting of the last
nj srowsandcolumnsof X. That is, de ne X5 via
" 4
? 2
X = ;
? Xs

X2 R(Ni S)£(ni s).

Theorem 10 Supmwse (X;Y) 2 M, and dene
s = rank(X) andt = rank(Y). Then X and Y have
eigenvalue-eigenwvetor decompositions

. 4
0

X = VDV p= X7, (8)
00
.00
ay 0

Y = WEWT: E= ' (9)
00

whee V 2 R"FEMF and W 2 R"e£Ne are orthogonal,
andoy 2 SSanday 2 S! are positive de nite diagonal
matrices.

Using the Fi's and G;'s of (1) and (2), and V and W
from (8) and (9), dehe b2 R("Fi 9°+(nci H gnd B 2



R(nei $)*+(nei HMEM py
" #

vec((VTFoV)s)

vec(W T GoW))

vec((VTF1V)s) ::: vec((VT FnV)s)

vec(WTG{W),) ::: vec(WT G W),)

B =

If F(9 and G(9 are the functions de ned in (1) and (2),
and k¢k denotesthe standard vector 2-norm, then the
projection of (X;Y) onto B equals(F (x); G(x)) where x
is a minimizing solution of

min
XZRE‘" # " #Z
o vedF;) ::: vec(Fm) veqFoi X) ¢
° vedGy) ::: vecGm) vecGoi Y) °2
(10)
subjectto BTBx = j BTh: (11)

X is unique.

Pro of. B isthe setof points in L that are of minimum
distanceto A (x .y ). In order to characterizethesepoints,
the following transformation is employed. Using V and
W from (8) and (9), de ne

f:SMF£She 1 S" £ Sne;

(QR) 7! (VTQV;WTRW):

f is alinear isometry. As B is de ned solelyin terms of
distances,it follows that its points can be characterized
by usingf (L) and f (A(x.y)) to characterizef (B).

Theorem 5 implies

f (AY%Y)) = o

-1-5

)

-128% -2 RIMINES £
0

¢ e )
3 (:, —_stt;_42R(nGit)£t

Hence,(Q; R) 2 f (L) is a point in f (B) if and only if it
is a solution of

@ity MQeiRuk

If k¢k denotesthe standard vector 2-norm, then

K(Qs; Rk = (kQsk? + ggtkz)%

o o

° vec@Qs) ° |

o o il
vecRy)

and hence (Q;R) 2 f(B) if and only if (Q;R) =
(VTF(X)V; WT G(x)W) wherex is a solution of

Xryéernl kBx + bks: (12)

The minimum solutions of (12) are exactly the points
that satisfy the normal equation (11). Aside from show-
ing uniquenessthe proof is now complete.

plies the costin (10) is a strictly corvex function of x.
Uniguenesdollows by noting that a strictly corvexfunc-
tion is still strictly convex if it is restricted to an atne
subspace. ]

Henceprojecting onto B is equivalert to solving the lin-
early constrainedleast squaresproblem (10), (11). Such
problems can be solved in a number of ways, seefor
example [24]. A basic solution approac is as follows.
First parameterizethe points in the constraint set(using
any particular solution and a basisfor the null spaceof
BT B). Using this parametrization, transform the origi-
nal constrained problem into a (lower dimensional) un-
constrainedleast squaresproblem. Finally, usethe solu-
tion of this new problem and the parametrization map-
ping to obtain a solution of the original problem.

6 Numerical Implemen tation Issues

In this sectionwe mention somenumerical implementa-
tion issues.

6.1 Convemgene Criteria

Let 2,4 > O be a user chosenalgorithm tolerance. The
cornvergencecriteria is that the constraints (1), (2) and
(3) are “satis ed to a tolerance of 2,4', by which we
meanthe following conditions are meet: F (x) © j 2ag4],
G(x) ° j 2ag! and G(x) hasng j r eigervaluesof abso-
lute value - 254. While choosing?yy small guarartees
that the constraints (1), (2) and (3) will be almost ex-
actly satis ed, such a choice will lead to longer corver-
gencetimes. The choiceof tolerance?,4 will bedictated

by the problem being consideredand it may be possible
to choosearelatively large value. An exampleof this will

be givenin Section7 when consideringoutput feedbadk
stabilization problems.



6.2 Additional LMI Constraints and Multiple Rank
Constraints

Constraint (1) in Problem 1 can of course be usedto
specify multiple LMI constraints by using appropriate
block diagonal matrices for the F;'s. Numerically, how-
ever, it is better to consider multiple LMI constraints
individually rather than asa single LMI.

The methodsdescribedin this paper canbereadily mod-
i ed to dealwith multiple LMI constraints. Indeed, it is
even possibleto have multiple rank constraints. In the
rest of this subsectionwe brie°y outline how the algo-
rithm can be modi ed to incorporate both additional
LMI constraints and multiple rank constraints. These
extensionsare incorporated into our software package
LMIRank [32].

If there are q LMI constraints in total, and the ith LMI
contains matrices of sizen; £ n;, the optimization space
isS" £ ;. £ SNa,

When projecting onto "M ', q(rather than 2) individual
projections must be carried out. As before,ead projec-
tion is given by Theorem 9. Note that whether or not
the ith LMI is rank constrained in®uencesthe ith (and
only the ith) projection. The main computational com-
ponert of the ith projection is an eigervalue-eigewector
decomposition of a n; £ n; symmetric matrix.

Projecting onto 'B' is very similar to before. The only
di®erenceis that, in Theorem 10, rather than consider-
ing (X;Y), we now have to considera g-tuple of sym-
metric matrices. As a result, ead column of band B in
the theorem now consistsof g (rather than 2) stadked
vectors. Similarly, ead column of the block matrix and
block vector in (10) consistsof g stacked vectors. Each
of theseterms are calculated in an analogousmanner to
the onesappearingin Theorem 10.

6.3 Linear Programming Inequality Constraints

Linear programming inequalities constraints in x of the
form

a'x+b, 00 a2R™; b2R;
arejust 1£ 1 LMIs and hence,by the prior subsection,
can alsobe readily incorporated.

7 Numerical Exp erimen ts

This sectioncortains somenumerical experiments. Algo-
rithm performanceis investigated using both randomly
generatedproblems and by applying the algorithm to a
particular output feedbad problem.

All computational results were obtained using a 3 GHz
Pertium 4 madine. Our algorithm wascodedusing Mat-
lab 7.0. For eat problem, the initial condition wasfound

by solving the semide nite programming problem (6)
using SeDuMi [38].

7.1 RandomProblems

All results in this subsection are for randomly gener-
ated problems.Each problemis generatedasfollows. Let
N (0; 1) denote the normal distribution with zero mean

and Gp;:::;Gpy isdrawn from N (0; 1). To engurefeasi-
bility, Fo and Go are sgtto Fo = Vr D¢ Ve i o oF
andGo = VgDV i ™, »G;, whereead » isdrawn
from N (0; 1); VF and Vg arerandomly generatedorthog-
onal matrices; and D¢ and D are randomly generated
diagonal matrices: eat diagonal entry in Dg is drawn
from N (0; 1) and setto zeroif it is negative, while r di-
agonalertries in Dg are drawn from the uniform distri-
bution on the interval [0; 1] and the others setto zero.

For the problems in this subsection,the algorithm tol-
erancewas setto 2,4 = 10' 2. (For the problems con-
sidered, typical non-zero eigervalues have magnitudes
between10! and 10 2.)

Table1 contains resultsfor ng = 10,ng = 10,r = 5and
various valuesof m. For ead value of m in the table, the
algorithm is given1000random problemsto solwe. Listed
are a distribution of the number of iterations taken for
the algorithm to corverge,the averagenumber of itera-
tions, and the averageCPU time. Iteration 1 is the ini-
tialization step basedon the trace minimization heuris-
tic.

Table 1

Experiments for random F and G with ng = 10, ng = 10
and r = 5.i denotesthe averagenumber of iterations and T
denotesaverageCPU time in seconds.i and T do not include
the problems that had not converged after 1000 iterations.
The number of such problems for each m is givenin the "NC'
;)r ‘nonl-(c);ppzlergenceafter 1000iterations' column. Tolerance
alg — ' .

m iterations i T
1 | 2; 10] 115 20 21; 1000 | NC

10 | 965 | 35 0 0 0 | 11016

20 | 333 | 448 84 112 23 | 21 | 0.36

30 | 279 | 559 70 71 21 | 21 | 048

40 | 756 | 214 19 9 2 | 32046

50 | 967 | 26 6 1 0 | 15| 054

For m = 10and m = 50, solutions for all 1000problems
were found. In both these casesthe trace minimization
heuristic was very e®ective, nding solutions for almost
all the problems.Most of the few problemsthat werenot
solved in this rst iteration, were solved using a small
number of additional iterations. For both m = 20 and
m = 30, the trace minimization heuristic was no longer



quite as successfulthough it did still manageto nd a
solution in about 30% of cases.Overall, 95% of prob-
lems were solved in 20 iterations or lesswhile lessthan
1% had not convergedafter 1000iterations. Averageso-
lution times were very small.

The results indicate that on averagethe problems that
are easiestto solve are those with either a rather small
number of variablesor thoseproblemswith arather large
number of variables. This situation is rather puzzling.
However, aswe will now explain, theoretical rank bound
results do suggestwhy at least problems with a rather
large number of variables may be easierto solve.

Wewill usethe notation 4  to denotethe kth triangular
number, 4  := (k+ 1)k=2. Considera SDP of the form
(6) where the cost is replaced by a generallinear cost
c"x. It follows from the results in [1] that for a generic
choiceof ¢, Fi's and G;'s, a solution x of such a problem
satis es

4 rank F (x) +4 rank G(x) ° 4 ng +4 neg i M (13)

Hence, for a given rank bound r, if m is large enough,
the solution will satisfy rank G(x) - r. The rank bound
(13) is certainly interesting howewer its practical value
as a means of ensuring low rank may be limited: for
our largest value of m, m = 50, (13) only guaran-
teesrank G(x) - 10 (in the worst casescenario that
rank F (x) = 0) and hencedoesnot even guararntee that
G(x) will not have full rank. Related rank bounds that
apply to all SDPsand not just a genericsubsetcan be
found in [35] and [3]. (Seealso Section 6 of [36].)

Results for somelarger problems are given in Table 2.
Hereagain, for eat value of m, the algorithm wasgiven
1000 random problems to solwe. For all values of m,
performancewas again very good. While averageCPU
times understandably increaseddue to the larger prob-
lem sizes,in all casesthey were about 2 secondsor less.
Also, as for the “rst set of results, the results in Ta-
ble 2 seemto indicate that on averageproblemswith a
medium numbers of variables are the hardestto solve.
Table 2

Experiments for random F and G with ng = 20, ng = 15
and r = 10. Tolerance2,4 = 10 2

m iterations i

1 |2i 10]11; 20 | 217 1000 | NC
20 | 939 | 48 4 8 1 |18/ 037
40 | 412 | 278 62 177 71 | 52 | 1.3
60 | 343 | 488 67 52 50 | 17 | 16
80 | 758 | 182 29 21 10 | 40| 1.8
100 | 957 | 32 6 2 3 |16/ 21

Lastly note that in both tables, averagesolution time T
tends to increasewith m.

7.2 Reduced Order Output Feedback

Considera continuoustime, linear time invariant (LTI)
system

X = AX + Bu; y = Cx; (14)
wherex 2 R" is the state, u 2 R™ is the cortrol, and
y 2 RP is the output.

A dynamic output feedbad cortroller of order n¢, O -
ne - n, will beunderstood to be a controller of the form

L "oy

x
X
3]

where K 2 R(MetME(ne+p) j5 3 constart matrix and
Xc 2 RMe,

The problem that interests us in this subsectionis the
following reduced order output feedbak stabilization
problem.

Problem 11 Given a system(14) and a salar ® > 0,
nd a dynamic output feedback controller of order - n¢
that placesthe closel loop polesof the systemin the set

fz2 CjRe(2) - | ®g: (15)

Recallthat a systemwith its polesin (15) is saidto have
stability degree(of at least) ®.

De ne
" # " # " #
A O 0O B 0 In,
A= B = ; C=
0 On, ln, O C o

As is well known, K is an order n. solution of Problem
11if and only if the augmerted closedloop system ma-
trix A+ BK C hasits eigervaluesin (15). In addition,
Problem 11 is solvable if and only if Problem 12, given
below, is solvable (seefor example[17]).

Problem 12 Given a system(14) and a salar ® > 0,
nd X;Y 2 S" suchthat

i B?(AX + XAT + 2@X)B?T° 0 (16)
i CT7(YA+ATY + 2®\QCT?T#° 0 (17)
X |
° 0 (18)
| Y
n #
rank n+ng  (19)



HereB? is a matrix of maximal rank such that its rows
areorthonormal andB? B = 0. Similar commerts apply
for CT7.

A solution of Problem 12 can be usedto construct a
solution of Problem 11 (and vice versa). As discussedn
Section 6.1, our algorithm computessolutions to a user
speci ed tolerance 254. Hence,an algorithm computed
solution to Problem 12 will not in general satisfy the
constraints exactly. We take this fact into accourt in
our method of cortroller synthesis. The rst step of our
method is to use the algorithm to solve the following
perturb ed problem.

Problem 13 Given a system(14), a salar ® > 0, and
atolerance2> 0, nd X;Y 2 S" suchthat

i B?(AX + XAT +20X)B?Tj 2 °0
i CT7(YA+ATY + 2®Y")CT?;i 21°0
X |
i 2| (o] 0
oLy
A" # !
X |
rank i@ n+ ng:
Y

By choosing 2,4 equalto the 2 of Problem 13, an algo-
rithm calculated solution to Problem 13 will satisfy (16),
(17) and (18). In addition, the constraint (19) will be
satis ed to atoleranceof 22, that is, at least2nj (n+ n.)
eigervaluesof the matrix in (19) will have magnitude 22
or less.

By the Schur complement result, (18) holds if and only
if Y A 0 (Y is positive de'nite) and X j Yilo 0.If
X i Yi 1 haseigenvalue-eigewector decomposition

X i Yil=vdag(, 1;::0, 0V (20)
with |1, :::, ,n,dene
R=V(;1:n)diag(, Z;:::;,3.)
and " #
X R
X =
RT |

Notice that X A 0. The output feedbak matrix K is
reconstructed via the following SDP,

max °
°2R; K

subjectto (A+ BKC)X + X(A+ BKC)T + 22X 1 0O

(21)
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Remark 14 Note that the optimal ° of the SDP (21)
givesa lower bound for the stability degreeof the result-
ing closedloop system. Furthermore, a lower bound for
this °© can be derived. Indeed, let 2, , 0 be the small-

estscalarsuchthat X j Yi1j RRT 1 251 (2, isjust
. no+1 from (20)). Consideringthe equality

" B A = #
XivYilo LiYil X | | 0

0 Y 0 | LY jYil]

wewould expectX j Yi !to haveat mostn, eigernvalues
that are not closeto zero and hencethat 2, will be
small. By usingthe sametype of reasoningusedto prove
Theorem2.3in [11](we omit the details), it canbeshawn
that

kAk2 + ® .
rof min (B? X B?T)'

Here k¢k is the maximum singular value norm and
. min (® denotesthe minimum eigervalue. Hence,roughly
speaking, if 2, is suxciently small, the stability degree
of the closedloop systemwill be at least nearly aslarge
as®. 2

o ®|2

B

(22)

We now considera particular reducedorder output feed-
badk problem from [4] (seealso [18], [37, Chapter 10]
and [17]). The system consideredis a two-mass-spring
systemwith state spacerepresetation given by

2 3 23 2 37
0 010 0 0
0 001 0 1

A= ;B = ; C=
il 100 1 0
1100 0 0

Given ® > 0, we wish to 'nd an order 2 dynamic con-
troller that placesthe closedloop polesin (15).

The problem was solved for two of the same values of
® givenin [4], ® = 0:2 and ® = 0:42, and also an addi-
tional value,® = 0:46. For eadh value of ®, the algorithm
wasapplied to Problem 13with tolerances? = 10 4 and
2= 10 °. In eact casethe cortroller matrix K wascon-
structed via (21). The results are listed in Table 3.

Table 3

Results for the two-mass-spring system. ® denotes the de-
sired stabilit y degree,® the stabilit y degreeachieved, i the
number of iterations, and T the CPU time in seconds.

2=10* 2=10°
© | o] i [T ® | i [T
0.2 |[020| 59 | 055 021 195 | 1.4
042 || 0.42 | 644 | 4.2 || 0.42 | 1536 | 95
0.46 || 0.46 | 1187 | 8.0 || 0.46 | 2846 | 19




The rst main point to note from theseresultsis that it
took more than twice asmany iterations and more than
twice aslong to solve the problemsusing2 = 10 ® com-
paredto 2 = 10' 4. Hence,taking relatively large values
of 2 such as2 = 10 * may in generalbe a good solution
strategy for thesetypesof problems. The secondmain
point to note is that, for both valuesof 2, corvergence
time increaseswith ®. Hence,speedof corvergenceseems
to be in°uenced by the sizeof the feasibleset.

While ® = 0:46 was the best stability degreethat we
were able to achieve, it turns out this value is still not
the best possible. The secondorder cortroller

432 . 54" 15 27
5° | 7125 125

s
2+ 8155+ 7

Si

K (s) = (23)

achieves a stability degreeof ® = P 15=5 ¥4 0:77. This
cortroller can be found by consideringsystemand con-
troller transfer functions and requiring that the denomi-
nator of the closedloop transfer function equalthe poly-
nomial (s+ ®)8. For comparisonpurposeswe alsotried
the conecomplemernarit y linearization algorithm of [11]
on the sameproblem. Our experienceis that this algo-
rithm works quite well in generalthough for this partic-
ular problem the greatest stability degreewe were able
to achieve using this algorithm was® = 0:20.

Finally we note that for the ® = 0:46,2 = 10 ° solution,
the lower bound in (22) was found to di®er from ® by
lessthan 10' 7 and hencewas very tight. For the ® =
0:46,2 = 10 “ solution, the bound was found to be
approximately 0:4548.This bound s still quite tight but,
asis to be expected from using a larger 2, it is looser
than the 2 = 10" ° solution bound.

8 Conclusions

In this paper we have presered an algorithm for solving
the rank constrained LMI problem, aswell asmore gen-
eral LMI problemssud asthosewith multiple rank con-
straints. Like all other algorithms that attempt to solve
the rank constrained LMI problem, corvergencefrom
an arbitrary initial condition is not guaranteed. Though
the corvergenceproperties of the algorithm are not yet
completely understood, as demonstrated by the experi-
mens, the algorithm can be quite e®ectie. Given that
the algorithm is basedon a Newton like methodology,
it is not completely apparert why the algorithm is not
always locally quadratically convergert and further in-
vestigations needto be madein this regard.
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