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Abstract

This thesisinvestigatesthe theory and designof recording the spherical harmonic componerts

of an arbitrary three-dimensionalsound eld. The approad taken is basedon capturing the

spherical harmonic componerts using a spherical microphone. This choice led to the investi-
gation of various designissuesincluding the inherent limitations of the spherical microphone,
discretization of the theoretical cortin uous spherical microphone into a microphone array and
assiated spatial aliasing problems, calibration errors of thesemicrophonesand signal process-
ing issues. A fourth order microphone designwas presened and analysed, which allowed the

veri cation, integration and evaluation of the designissuesmentioned earlier, in the context of
this design. Overall, the designwas capable of recording a frequency range of [340 3400]Hz,
thus nding applications in future teleconferencingsystems. The design can also be directly

applied to beamforming applications.






Glossary of De nitions

R real numbers

i the imaginary unit, denoted P 1

(X;y;2) point in right-handed Cartesian coordinate system

(r; ;) point in spherical coordinate system, with distance r from
the origin, elewation angle and azimuth angle

X vector notation of a point in R® space

R unit vector in the direction of x

O) complex conjugation

rst derivative

()

i absolute value

k k Euclidean distance

nm Kronecker delta function: ,n = Oforn6 m, m = 1 for
n=m

sgn() signum function: sgn(x) = 0 for x = 0, sgn(x) = x=jxj for
x6 0

Z N(; ) random variable Z is Gaussiandistributed with mean and
standard deviation

PDF probability density function

DFT discrete Fourier transform
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Chapter 1

Intro duction

In real life, sound is perceived to originate from all directions and distances. For example,
in a quiet park setting, our auditory systemis able to accurately determine the location of
a sound source in three-dimensional space, sudh as the whistling of a bird (this is referred
to as localisation). As another example, consider a live musical performance. Being able to
perceiwe the positions of individual instruments preser at a live performancecontributes to the
enjoymert of the performance. Other aspectsthat cortribute to enjoyment comesfrom sound
that does not directly originate from sound sources. These include sound that is re ected
from objects and surfaces, as well as reverberation (sound not perceived to originate from
any particular direction), both of which depend on the characteristics of the verue [1]. These
contribute a senseof spaceand envelopmert to the listener. Therefore, both direct and indirect
soundsare important acoustic aspectsthat capture the evert.

In order to reproduce the auditory sensationof being at an event, for example, one would
require surround sound technology, which exhibits certain characteristics. Most importantly
is the ability to record and reproduce sound such that sourcesare perceived to be localised.
Another is the ability to presene the indirect and reverberart e ects of the event. One way
is to capture the sound pressureat ead point in a given three-dimensional space,known as
a sound eld. If one can record and reproduce the sound eld, one or more listeners will be
able to experiencethe recordedevert asif they were actually presen. This thesis shall explore
the recording problem and will not addressthe reproduction of sound elds. Suc a recording
systemis referred to as a three-dimensionalaudio recording system [2].

There are many applications of three-dimensional audio recording systems. We have al-
ready described one above, that is, to capture an acoustic evernt. To someextent, they could
also be applied to the recording of movie sound tracks, broadcast drama and virtual reality
situations [1]. Perhapsthe most promising future application, howewer, is its potential usein
telepresene. This is the ideathat interaction betweenparties at remote locations can be made
more e ective and e cien t if it makes use of as much perceptual information as possible[3].
That is, to emulate real interaction that occurs between people in the physical world. An
artist's impression of its application to teleconferencingin the future is given in Figure 1.1
(reproducedfrom [4]). Three-dimensionalaudio is one suc tool which could be usedto record
and reproduce voicesof remote parties so that their voicesappear to originate from particu-
lar locations in a room [3]. Alternativ ely, it is possibleto \steer" the three-dimensionalaudio
recording systemtowards a desiredsound source,suc asa personspeaking, whilst attenuating
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undesired soundsand ambient noise. This technology is known as beamforming.

Figure 1.1: An artist's impressionof a futuristic teleconference.

1.1 Background and Motiv ation

Existing surround sound recording and reproduction technology has room for improvemert in
terms of providing a senseof realism, in the way we described above. The well known two-
channel stereo sound technology in popular usetoday, makesit possibleto record information
about sound sourcesand reproduce this information so that these sourcescan be localised
within a range of anglesabout a horizontal plane from the listener's perspective [5]. This was
rst introducedby Alan Dower Blumlein, who was issueda patent for his work in 1931 (Refer
to [6]). Howewer, stereohasthe limitation that it cannot be usedas a surround sound system
simply becauseit cannot ervelope the listener with two speakers.

Dolby attempted to x this problem with Dolby Surround technology®. Although this
is a sound reproduction technology, we discussit here becauseits de ciencies are partly the
motivations for technologiesto be described in this thesis. In Dolby Surround systems,the
front left, front right and front certre speakers are usedto create a highly localised sound
image, whilst two rear surround spealers are usedto create an ambient sound eld [8,9]. This
turns out to be especially e ective in a cinema setting where the idea is to direct dialogue
towards the front in order to coordinate well with the picture. Rewverberant sound is directed
to the rear surround channelsto envelope the audiencein sound, asif one was actually at the
ewvert, such ason the sidelinesof a football stadium, for example[1,9]. However, becauseDolby
Surround systemsare targeted for use primarily in the cinema, it wasintentionally designedso
that localisation of sound sourcesis imprecise. This meansthat it is not suitable for accurate
reproduction of an acoustic evert.

The technologiesthat attempt to solve this problem is basedon the recording and repro-
duction of the original sound eld. One is called wave eld synthesis, where work has been
published in [10]. We will not pursue this technology further in this thesis. Instead, we will
discussanother called ambisonics, which is basedon the work by a group of British researters
at the Mathematical Institute of Oxford [11], most notably, the work in [12] by Michael Ger-

YFor a brief coverage of the developmert of Dolby Surround technology, the reader is referred to [7].
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zon. Work by Bamford in [8] suggeststhat the rst order ambisonic reproduction systemis
superior to both Dolby Surround and stereoin terms of localisation. The theory usesa math-
ematical represenation of a sound eld basedon spherical harmonic componerts. Once the
spherical harmonic componerts have beenrecorded, these sere as an interface to the repro-
duction problem. The more spherical harmonic componerts (or said another way, the higher
the order) of the sound eld that are recorded,the greater the directional e ects and more pre-
cise localisation of sound sources[1]. Howewer, the recording would require a greater number
of channels[8]. A commercial microphone exists called the SoundField microphone, which is
capable of recording the rst order spherical harmonic componerts [13].

Howewer, a drawbadk of ambisonicsis that it is inherertly limited by the way the spherical
harmonic componerts of the sound eld are recorded. This is becausethe theory requiresthat
the sound eld is captured by microphonescoincidert at a single point in space. In practice,
placing discrete microphonescoincidertly at a single point is not possible,sothey are placedin
aregular geometricarrangemer and the sphericalharmonic componerts are obtained by taking
linear combinations of the signalsfrom these microphones. The requiremert of having to use
regular geometric arrangemens makes design of higher order microphonesdi cult, especially
becauseregular polyhedra are few. For example, microphonesare placed at the vertices of
a regular dodecahedronarrangemert (the regular polyhedron with the greatest number of
vertices [14]) in the designof a secondorder sound eld microphone, as preserted in [1].

An alternative approad, also basedon recording the spherical harmonic componerts of
a sound eld, was taken by Abhayapala and Ward in [2] and Elko and Meyer in [15]. At a
given radius (as opposedto recording at a single point in ambisonics), they useda theoretical
continuoussphericalmicrophone(that is, a microphonecapableof picking up the soundpressure
at any point on a spherical surface)to capture the spherical harmonic componerts via signal
processing. The advantage of this approad is that it is not limited by the needto use xed
geometrical arrangemens. Instead, it requires a discrete approximation to the cortinuous
spherical microphonein a practical design[2]. Both papersdemonstrateda microphone design
capableof capturing up to and including third order sphericalharmonic componerts of a sound
eld. Abhayapala and Ward were able to demonstrate that their designwas able to capture
a frequency range of [340,3400]Hz. Elko and Meyer have commercialisedtheir third order
microphone called the EigenMike [16]. More recenly, there has beenwork done by Laborie,
Bruno and Montoya [17], which also usesthis alternative approac. A third order systemwas
also consideredand in addition, their designdid not restrict microphonesto be placed in a
spherical arrangemern. The main drawbadk of these systemsis that they have beenlimited to
third order designs.

1.2 Problem Statemen't

In this thesis, we extend the work already done using this alternativ e approad by investigating
design issuesof recording higher order spherical harmonic componerts of a sound eld and
by designing a higher order microphone that presenes the frequency range of [340,3400]Hz
achieved in [2]. We will present an analysisof this designto provide better insight in relation to
its performance(more details provided in the next section). Beamforming hasbeeninvestigated
in a number of sources,most relevant being [18] and [15]. Thus, this topic will only be lightly
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mertioned in this thesis. Sound eld reproduction will not be covered and for information
regarding this, work has beenpublished in [19] and further investigated in [20].

1.3 Contributions

The work presenied in this thesis has made the following main cortributions to sound eld
recording:

Analysis of the role of rigid spheresin improving microphone design.

Analysis of various microphone arrangemens, which are applicable to microphone array
design.

A model for analysing the error due to inexact positioning of microphonesin an array
was presened.

A set of error measureswas proposedfor error analysis of spherical microphones.

Design and analysis of a fourth order spherical microphone.

1.4 Outline of Thesis

This thesisshall take on a structure which is roughly divided into three phases,namely, theory,
designand simulation. The content of a chapter tends to rely on the previous chapters and so
to get the most out of this thesis, we recommendthat it be read in a chapter-by-chapter basis.
The content shall be described below.

Chapter 2: provides an overview of the theory. It gives a brief presenation of the
solution to the wave equation in spherical coordinates and the resulting modal analysis
tools that shall be usedto represen arbitrary sound elds. Spherical scattering theory is
introduced. It consolidatesthe theory preseried in this chapter and setsout the recording
problem that is to be investigatedin the rest of this thesis.

Chapter 3: identi es the various issuesrelating to the designof a practical microphone
array. It coversthe inherent limitations, modal aliasing, discretization of the cortinuous
spherical microphone into a microphone array, calibration errors and signal processing
issues.

Chapter 4: appliesthe material addressedin Chapter 3 to produce a practical design
and presens error measuresand simulation results to assesghe design's performance,
both quartitativ ely and qualitativ ely.

All items in this thesisthat were produced via numerical calculations are documerted in Ap-
pendix H. This givesan index to the software item, which is located on the attached CD-ROM.



Chapter 2

Theory of Spherical Harmonic
Representation of Sound Field

2.1 Intro duction

An arbitrary sound eld can be modelled as a three-dimensionalscalar eld. This eld quan-
ties the sound pressureat every point in an arbitrary coordinate system. All homogeneous
sound elds (ie. no sound sourcesinside the region of interest) satisfy the well-known classical
wave equationt given by

r?s= 312%
wherer 2 is the Laplacian operator, which can be expandedaccordingto the desiredcoordinate
system and c is the speed of wave propagation in the medium of interest. The sound eld is
denotedass = s(x;t) at point x 2 R® and at time t [18].

2.1)

We choseto usethe spherical coordinate systemto exploit spherical symmetry. We shall
usethe corvention where the elewation angle (from the vertical axis) is represerted by and
the azimuth angleis represened by . The radial coordinate shall be represerted by r. This
is shown in Figure 2.1.

1The derivation of this is accessiblein many sourcesincluding [18,21{23].
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x or (X,Y,2)

or (r, , )

Figure 2.1: The relationship between the spherical coordinate system and the right-handed
Cartesian coordinate system.

The sphericalcoordinate (r; ; ) hasanequivalert right-handed Cartesian coordinate (x; y; z)
and they are related by:
X = rsin cos
y = rsin sin
Z=1rcCOS:

The direction implied by ( ; ) canberepreserted by %, where® = x=kxKk.

2.2 General Solution to the Wave Equation in Spherical Coor-
dinates

In this section, we give a concretebadkground to the mathematics usedto represer an arbitrary
sound eld in a region of space. As will be discussedbelow, the form of this solution is too
generalfor our purposesbut it will give insight to the represertation of a homogeneoussound
eld givenin the next section, which we will usein the remaining part of this thesis.
Referring bad to the wave equation, (2.1), we choseto expandthe Laplacian operator into
spherical coordinates. This was shown in [24] as
2. 10 ,@ 1 e @, 1 @,

= + ———— sin

@ @ r?sin @ @ rZsin? @2
By substituting this bad into (2.1), we obtain the wave equation in spherical coordinates as

le,6, 1 ©@,06, 1 @s _ l@: (2.2)

2@ ' @ r2sin @ @ rzsinf @2 2 @2

This equation is a partial dierential equation in four independen variables (namely the spa-
tial coordinates, r, , and temporal coordinate, t) and can be solved using the method of
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separation of variables [25]. This is done by assumingthe solution of (2.2) to be of the form

s(ri s: ) =R()( ) HT®): (2.3)

Sinceliterature is widely available on its solution in spherical coordinates, rather than showing
all the working, the separated di erential equations and their solutions shall be explained
below. Firstly, the separateddi erential equation for the temporal variable, t, is given by

1 10d°T(t) _

TOE a - k?: (2.4)

The assumption has been made that the separation of variables constart, k2, is negative
becausethis leadsto the desiredtime solutions corresponding to propagating and standing
waves, whereasdeca/ing exponertials would be modelled if a positive constart was assumed
[23]. Equation (2.4) hasthe generalsolution

T(t)=Tie" '+ Te " (2.5)

where
I = kc: (2.6)
Note that | = 2 f is the temporal frequency In this thesis, we assumethat the medium of

propagation is homogeneousand therefore c is constart. Sincek is proportional to ! , we shall
alsorefer to k asthe temporal frequency? We choseto set T, to zerosincee " ! represetts a
wave propagating badkwards in time and so has no physical meaning [26]. Thus

T(t) = T 2.7)

By substituting the time solution of (2.7) into (2.3), and then substituting the expressioninto
(2.1), we obtain
r2u+ k?u= 0 (2.8)

whereu = u(r; ; )= R(r)( )( ). Equation (2.8) is known asthe Helmholtz equation. This
equation describesthe spatial solution of the wave equation. A similar method of separation
of variables is usedto solve it, wherewe use m? asthe separation of variables constart. The
di erential equation relating to the azimuth angle is

1 d?
&) d(z): m?; (2.9)
which hasthe generalsolution,
()= €™ + e ™ (2.10)

Both solutions are kept. In both casesthe constart, m, must be an integerto ensurecontin uity
and periodicity of () [27, p.185]. The di erential equation relating to the radial coordinate

2In this thesis, we will usethe variables! , f and k interchangeably, where appropriate.
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r is given by
d r2dR(f)
dr dr
Here, the separation of variables constart has beenwritten asn(n + 1) since(2.11) has con-
tinuous solutions only if n is an integer [23, p.380]. This equation is known as the spherical
Besseldi erential equation, which hastwo typesof solutions, namely, j ,(x) (called the spher-
ical Besselfunction of the rst kind) and y,(x) (called the spherical Besselfunction of the

secondkind). The generalsolution to the spherical Besseldi erential equation is

+ k?r2 n(n+ 1) R(r) = 0: (2.12)

R(r) = Rajn(kr) + Rayn(kr): (2.12)

The di erential equation relating to the elewvation angle is

d( )
d

d .
sin - sin + n(n+ L)sinP  m?2 ( )=0: (2.13)
This equation is known asthe assiated Legendredi erential equation and has two types of
solutions, namely, P"(x) (called the assaiated Legendrefunction of the rst kind) and Q' (x)
(called the assaiated Legendre function of the secondkind).® The general solution to the
assaiated Legendredi erential equation is

( )= 1PM(cos )+ ,Qp(cos ); (2.14)

where n is a non-negative integerand n m n. Howewer, we are interested in solutions
which model sound phenomena,and so we require solutions which are unique, cortinuous and
nite for 1 cos 1. Since Q)'(x) are not nite at cos = 1, we choseto set ; to
zero[23, p.384].

The angle functions of (2.10) and (2.14) are combined into single functions called spherial

harmonics and are de ned as
S

Yom (%) =

2n+ 1(n jmj)!

& (ne jmpy Cnmi(©0s )em (2.15)

wheren is a non-negative integerand n m n. Here, n is referred to asthe order and m
is referred to asthe mode of the spherical harmonic [2]. These functions are orthonormal and
satis es Z

Yom (%) Ypomo(R)A& = nno mmo; (2.16)

where n and n®index the order, and m and m®%index the mode of the corresponding spherical
harmonic functions. Note that the integration is performed over the unit sphere? This is
referred to asthe orthonormality property [2].

Any solution to the wave equation of (2.1) can therefore be written as

R
S(x;k) = X Anm (K)j n (KkxK) + B nm (K)yn (KkxK) Yom (R); (2.17)

n=0 m= n

3For more information about Legendre polynomials, refer to [24,27,28].
“That is, d& = d(cos )d = sin d d and the limits arefor , from Oto andfor ,from Oto 2 .
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where the coe cien ts, Anm (k) and B (K), are generally complex valued. Note that we have
taken the frequencydomain represenation of s(x;t), wherethe temporal dependences implied
by the frequency dependenceof these coe cien ts [27, p.186].

2.3 A Homogeneous Sound Field

The form of (2.17) is too generalfor our purposes.Considera sound eld in aregion 2 RS,
where all sourcesare outside this region, as showvn in Figure 2.2.

¢ point source o

Figure 2.2: The sound eld of interest , with respectto the point sources.

This is known asa homogeneousound eld. Supposethere are Q point sourceslocated at
YqgZ , q= 1,:::;Q, and let the g™ sourceradiate a signal Vg(t). Then, the sound eld at a
point x 2 is given by

X 1 ¢ Kyq xk |

s(x;t) = e Xk Vg S

(2.18)

g=1
Here, we assumefree spacewave propagation. Taking the temporal Fourier transform of (2.18)
and using the time-shift property yields

X g ik(kyq xKk)
S(x;k) = Kyq Xk Vq(K); (2.19)

=1
where Vq(K) is the Fourier transform of v4(t), S(x;k) is the Fourier transform of s(x;t) and

k=2 f=c We usethe identity

e k(kyq xK)

x X
_ : ©) ; )
oo i = 4 ik h (kky k) Yom (90)in(kxk)Yom (8); (2.20)
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for kyqk > kxk, where hﬁz) (X) = jan(X) inp(x) (called the spherical Hankel function of the
secondkind) [29, p.30], to write

XX X
S(x;k) = 4 ( i)kh@ (KKyqK)Yom (9q)Va(K)  jn(KkxK)Ynm (%)
n=0 m= n, g=1
| {z }
.
S(x;k) = am (K)J n (KkXK) Yom (%); (2.21)
n=0 m= n

where the under-bracedterm ., (K) is constart with respect to the position x. We represent
thesefrequency dependert expressionsas

N
am(K) = 4 (i)kh@ (Kkyqk) Yom (979) Va(K); (2.22)
g=1

which are the corresponding coe cien ts of the terms, j ,(kkxK)Ynm (%), called modes or madal
components® These terms are indexed by ead order n which has corresponding modes

n m n.° Therefore, we call these coe cien ts, the modal coe cients . Equation (2.21)
is referred to asthe synthesisequation and this represenation is only valid for homogeneous
sound elds. From here onwards, all sound elds that we considerwill be assumedto be ho-
mogeneous.Note that (2.21) implies that a homogeneoussound eld is represerted using an
in nite number of modal componerts and corresponding modal coe cien ts.

If we now multiply both sidesof (2.21) by Y, 4,0(%) and integrate both sidesover the unit
sphere,we obtain
S(x: k) Ypano(&)d& = om (K n (KKxK)  Yom (%) Yomo(R)d&:

n=0 m= n

Then, using the orthonormality property of (2.16), the modal coe cien ts can be written as
z

m (K) = S(x; K) Yo (R)0K; (2.23)

i n(kkxk)
provided that j,(kkxk) 6 0. Equation (2.23) is referred to as the analysis equation. The
material outlined in this sectionis referred to as modal analysis [18].

2.4 Scattering from a Rigid Sphere

In spherical microphone design, there are advantagesof using a rigid spherical scatterer (which
senesas an obstruction), aswill be discussedin Section 3.3. When a rigid spherical scatterer
is placed inside the sound eld, the sound eld obsened will dier with the situation where
there is no scatterer. Hence,we needto model this phenomenon. This is a scattering problem

SNote that the term mode has been overloaded and refers also to the index, m. Therefore, in this thesis, we
will usethe term modal componerts for this context.
8From here onwards, when we refer to modal componerts of order n, we implicitly refer to all the modes for
n m n.
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and involves splitting the total pressure eld S into a sum of two parts. That is,
S(r; 5 k)= Si(r; ; k) + Sscat(r; 5 ;K) (2.24)

where S; is the incident eld (the eld that would be measuredhad the scatterer not been
preser) and Sgc represett the scattered eld, which is a new quartity that measuresthe
changein the incident eld asa result of the presenceof the scatterer.

To obtain a boundary condition for this situation, we note that the total radial velocity
must vanish on the surface of a rigid sphere. Therefore, the boundary condition for a rigid
spherescatterer of radius R, can be expressedas

o Si(r; 5 3K) + Ssca(r; 5 ;K) =0 (2.25)
@ _
r=R
as shawn in [27, p.228]. Now, from Section 2.3, the incident sound eld can be represened by
(2.21) and explicitly in terms of spherical coordinates,

XX _
Si(r; ;5 k) = nm (K)in(Kr)Yom (5 ): (2.26)
n=0 m= n
The scattered eld, howewer, is di erent becauseit consistsof outgoing waves. This can be
generally represenied as

X X
Sscat(r; ; 1K) = am (K)hE (kr) Yom (5 ); (2.27)

n=0 m= n

wherehﬁl) = jn(X) + inh(x) (called the spherical Hankel function of the rst kind) [27]. nm (k)
represetts the modal coe cien ts for the scattered eld. Now, by taking the derivative of (2.26)
and (2.27) with respect to r, evaluating the derivativesat r = R and then substituting them
into the boundary condition of (2.25), we obtain the relationship,

in(kR)

nm (k) = nm (k)(l)oi; (2.28)

hn” (kR)
where ()%indicates the rst derivative. By substituting (2.26) and (2.27) into (2.24), and using
(2.28), the sound eld, when obstructed by a rigid spherical scatterer is given by

)é_ X’] .0
S ;1K) = () In(kr) 3R h0) v (1) @229)
n°(kR)

In this thesis, we shall denote the radial term in (2.29) as

.0
b (kkxK) , jn(kkxk) J(;)(oﬂhgl)(kkxk); (2.30)
hn” (kR)
where the expressionhave beenrewritten in terms of kxk, which is the corverntion we have
adopted. Note that (2.30) is implicitly a function of the radius of the rigid spherical scatterer,
R.
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2.5 Analysis and Synthesis of a Sound Field

Analogousto the Fourier seriescoe cien ts for a periodic temporal signal, the modal coe cien ts
am (K) in (2.21) cortain all the information about an arbitrary sound eld. Therefore, if we
can record them, it is theoretically possibleto reconstruct the acoustic ervironment.

We turn our attention to recording thesecoe cien ts by consideringthe form of the analysis
equation (2.23). It is possibleto capture the modal coe cien ts of a sound eld by ewaluating
this integral over an arbitrary surface,for eaca n and n m n desired. This meansthat
it is only necessaryto evaluate the sound eld over this surfacerather than at ead and every
point in the sound eld.

Alternativ ely, if we decideto evaluate the modal coe cien ts over a spherical surface (by
constraining kxk = r, wherer 6 0 is an arbitrary constart radius), which has within it a
rigid spherical scatterer of radius 0 R r, the resultant sound eld is now given by (2.29).
Therefore, the analysis equation becomes

VA

om (K) = S(x; K) Yo (R)dR: (2.31)

b (KkxK)

Thus from this equation, we are similarly able to extract the modal coe cien ts (k).

2.6 Problem Form ulation

In this thesis, we speci cally choseto examine the recording of the modal coe cien ts over a
sphericalsurface,using (2.23) and (2.31). Sphericalgeometrywaschosenbecauset is relatively
easierto analyseand we can considerissuesdealingwith the radial and angular represenations ’
of the sound eld separately Theseissuesare the focus of the next chapter.

"Refer to Section 2.2 for information about these.



Chapter 3

Theory and Design of Spherical
Microphone

3.1 Intro duction

In the previous chapter, we have decidedto capture the modal coe cien ts using a spherical
surface. Therefore, we turn our attention to the designissuesrelated to this decisionin this

chapter. Firstly, before we embark on analysing intimate details of the microphone itself,

we preseri the implications of our inability to capture an in nite set of modal coe cien ts.

Then, we move on to analysethe inherent limitations of recording from a cortinuous spherical
microphone. Becausesuc a microphone cannot be practically implemented, we look at issues
of discretizing it by using a microphone array, which introduces problems assaiated with

insu cien t spatial sampling. In practice, these discrete microphonescannot be placed exactly
in the location on the sphere as desired, and the calibration errors assaiated with inexact
positioning are examined. Finally, we look at the signal processinghat is requiredin a practical

system.

3.2 Finite Order Design

The synthesis equation of (2.21) is of the form of an in nite  sum, which meansan in nite
number of orders of modal componerts. With a cortinuous spherical microphone, it is possible
to extract all thesecomponerts exactly (Refer to Section 3.4) but in terms of practicality, the
fact that sudch a microphone cannot be implemented and that the signal processingpower we
have at our disposalis nite, meansthat we can only considerrecording a nite number of
orders of modal coe cien ts.

Fortunately, this fact doesnot halt us from cortinuing further. One interesting point to
note about the synthesis equation is that it was found in [18, pp.46-7] that the lower orders
are most signi cant while the higher orders give the ner details to a sound eld. This is
analogousto frequency domain analysis of temporal signals since the lower frequenciestend
to be the most signi cant while the higher frequenciesadd detail to the signal. This means
that order truncation (limiting to a nite number of orders) of an arbitrary sound eld can
be performed to approximate the in nite sum represenation of (2.21). To demonstrate the
increasedaccuracyof the approximation when more ordersare consideredin the represetation

13
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of a plane wave sound eld, considerFigure 3.1.
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Figure 3.1: Truncation error of a plane wave sound eld when only the modal componerts of
ordersO0 n < N are considered,for various valuesof N..

This gure shaws the decreasingerror due to order truncation (we refer to this error as
truncation error) as more orders of modal componerts are considered. At lower values of the
argumert, kkxk (that is, for the plane wave sound eld of frequencyk, at a given radius from
the origin, kxk) the decreasein truncation error is apparert. Nevertheless,the error increases
rapidly to 100% as kkxk is increasedand this limits the size of the region where high spatial
accuracy can be adiieved. In other words, the spatial accuracy decreasesapidly as kkxk
increases. Fortunately, the temporal content of the sound eld is independert of truncation
error and this meansthat the temporal content can still be intelligible even when this error
is large. This is analogousto listening to a stereorecording far from the speakers placedin a
standard stereoset up, suc that one perceiweslittle spatial content (like a mono recording).
For details of the processof producing Figure 3.1, the reader is referred to Sections4.2 and
4.3.

3.3 Nature of Spherical Microphone

As intro ducedearlier in Section1.1, we idealisethe microphoneasa cortin uous sphericalsensor,
which we call a cortinuous spherical microphone. This idealisation allows us to evaluate the
integral of (2.23) exactly for modal coe cien ts of any order. We retain this idealisation within

this section. Consider the situation where we usea cortin uous spherical microphone of radius
kxk = r to record the sound eld. We assumethat the cortinuous spherical microphone is
transparent with respectto the sound eld, sudc that it doesnot disturb the sound eld in any
way. We shall call this an open spherical con guration.
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Now, obsene the radial solution j,(kkxk) in the expressionof (2.21). This is plotted in
Figure 3.2. Notice that for small valuesof frequencyk, the valuesof j,(kr) forn 2 are small.
In addition, j,(kr) has zerosfor all n 0. At the corresponding frequenciesk, the modal
componerts of the corresponding orders n, will be \p erceived" by the continuous spherical
microphone to be small or equal to zero, respectively. Therefore, they will be dicult to
record at those frequencies.We would like to record over a band of frequenciessay for modal
componerts of orders0 n < N. Howewer, the presenceof these zerosin the radial solution
meansthat we are greatly restricted in the range of frequenciesfor which an accuraterecording
can be made.
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Figure 3.2: Plots of spherical Besselfunctions, j ,(kkxk), for various ordersn.

Fortunately, the restriction by the zerosof the spherical Besselfunctions can be alleviated if
we decideto usearigid sphericalcon guration, which meansthat the surfaceof the corntin uous
spherical microphone of radius kxk = r coincideswith a rigid spherical scatterer (ie. a rigid
sphere). In this case,the rigid sphericalscattererinteracts and alters the sound eld. As shown
in Section 2.4, the radial solutions are represerted by (2.30). Theseare plotted in Figure 3.3.

Notice that there are no zerosin the functions, b, (kkxk). The other noticeable advantage
of these functions is that at lower values of k and for n > 0, b,(kr) is approximately 3dB
greater than j,(kr), as demonstrated in Figure 3.4. This is due to diraction over the rigid
sphere[15]. At higher valuesof frequencyk, the scattering e ects will becomemore prominent
comparedto diractional e ects.
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Figure 3.3: Plots of b, (kkxk) for various ordersn.
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Figure 3.4: Comparison betweenj ,(kkxKk) (in red) and b, (kkxKk) (in blue).

There is a relationship betweenthe open and rigid spherical con gurations, which is ex-
pected since a rigid spherical scatterer of zero radius is e ectively having an open spherical
con guration. Firstly, in order to determine this relationship, we needto considerthe function
b, (kkxk) in (2.30). In addition, we also needto considerthe recurrencerelationship for the
spherical Besselfunctions,

.0 . n+ 1.
in(KR) = jn 1(kR) an(kR): (3.1)
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and the small argument approximation,

hO°kR) LD +(kl;()2nr12 LY, (3.2)
both of which are given in [27, p.197]. Using these, we obtain
0
Fzl!mo hjg’l‘)(oilzllz_i) = (3.3)
From this result and (2.30), we have
FI{i!rnobn(kkxk) = jn(kkxK): (3.4)

To demonstratethis relationship, the radius of the cortin uous sphericalmicrophoner was xed
while the radius of the rigid sphereR, wasgradually reduced. The responseof b, (kr) is plotted
in Figure 3.5 for di erent valuesof R.

T
— R=0.3m
R=0.2m
0.9 — R=0.1m {
— R=0.0m

0.8~ nl

0.7 al

0.6 ‘ : : -

0.5 : . 4

[b(KlIxIDI

0.3 al

0.2~ nl

0.1 n

0 I I I I I I I I I I
0.5 1 15 2 25 3 3.5 4 4.5 5 55 6

Argument, K||x||

Figure 3.5: Radial response by(kjxk) for a xed continuous spherical microphone at radius
kxk = r = 0:3m, for various radii of the rigid sphereR.

Notice that in the presenceof a rigid spherical scatterer, whether the cortinuous spherical
microphone coincideswith it or not, the rst zeroof the radial responsebg(kjxKk), is shifted to
a larger value of kkxk than in the caseof an open spherical con guration. In terms of design,
this meansthat a larger range of frequenciescan be accurately recordedwhen either a rigid or
an intermediate spherical con guration is used,comparedto an open spherical con guration.
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3.4 Mo dal Aliasing

Modal aliasing occurswhenthe higher order modal componerts of the sound eld arerecognised
as lower order modal componerts. This is analogousto temporal aliasing of signals, where
higher frequency componerts are recognisedas lower frequency componerts. Modal aliasing
occursdueto insu cien t spatial samplingwhenthe theoretical cortin uoussphericalmicrophone
is approximated with a discrete microphone array [2,15]. The analysis we presen in this
sectionis independent of whether we usethe open or rigid spherical con gurations, described
in Section 3.3.

To seehow the e ects of aliasing are introduced, consider (2.23). The integral can be
evaluated with a contin uous sphericalmicrophonebut sinceit is not possibleto implemert one,
this can be approximated by a discrete microphone array, say with Q ideal omni-directional
point sensormicrophoneswith real weights wq, distributed over the surfaceof a sphereof radius
R, using the trap ezoidal integration method [30]. In Section 3.5, we will shov examplesthat
demonstratethat a nite value of Q canonly resole a nite number of modal componerts of a
sound eld. For now, assumethat Q is su cien tly large and that the microphonesare arranged
in a way, suc that this approximation is exact for resolving the modal coe cien ts of a sound
eld for ordersO n < N. We denotethis order truncated sound eld that cortains only these
modal componerts as Sg,y 1)(X; k). Then, the modal coe cien ts for ordersO n < N are
1 Z

x
nm (K) = ——=+ S0:(N l)(qu; K)Ynm (Rq)Wq =

in(kR) So:n 1) (RR;K) Yy (R)dR:
o1

1
in(kR)
(3.5)
wherej,(kR) is replacedwith b, (kR) if arigid spherical con guration is considered. Howeer,
when the microphone array is exposedto the total sound eld S(%;k), the modal coe cien ts
we are concernedwith are corrupted by the sound eld dueto higher order modal componerts,
which we denote as Sy.1 (X; k). Now, the recordedmodal coe cien ts will be

X

“am(K) = J(%F\’) S0:(N 1)(qu;k) + SNt (qu;k) Yom (ﬁq)Wq (3.6)
n =1

= nm (K) + nm (K); (3.7)

where, nm (k) represens the error due to modal aliasing [2]. This is given by

1 R
nm (K) = (kR) Sn:1 (RRq; K) Yom (Rg)Wa: (3.8)
n =1

By substituting the expandedform of Sy.1 (R%q; k) of (2.21) into (3.8), we have

1 b3 x° _ X
nm (K) = (kR nomo(K)j no(kR) Ynomo(Rg) Ynm (Rq)Wq: (3.9)
n no=N mo= no g=1

Thus far, we can seethat modal aliasing is intro duced when we use an approximation to the
continuous spherical microphone. To obsene the caseof the cortinuous spherical microphone,
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this is equivalert to taking

1 XX _ z
in(kR) ano(K)ino(kR)  Yaano(&)Yom (R)d& = 0, (3.10)
n%=N

lim  nm(k) =
Q1 o= 10
where the orthonormality property of (2.16) was used. Therefore, there will be no error due to
modal aliasing for all ordersn. This is to say that the contin uous spherical microphoneis able
to resole all ordersexactly. Sincepractical situations require a nite number microphones,we
can concludethat aliasing is inevitable.

By consideringthe form of (3.9), it can be obsened that it is di cult to quartify the e ect
of modal aliasing. We can, howewer, restrict the amount of modal aliasing that occurs. Firstly,
Figures3.2and 3.3show that for ead) incremertal increasein n, the magnitudesin the baseband
regionsof j, (kkxk) and b, (kkxk), respectively, are signi cantly smaller. Secondly (3.9) shows
that the error due to modal aliasing comesfrom higher order modes, speci cally the modal
componerts of ordern  N. Sincethe modal componerts are of the form j, (kkxk)Ynm (%) or
b (kkxk)Ynm (%) (depending on the spherical con guration used, refer to Section 3.3), we can
control the magnitude of thesefor ordersn N by restricting the magnitudesof j , (kkxk) and
b, (kkxk) for n N, respectively.

We can specify an upper bound (kkxk),, sud that in the interval kkxk = [0; (kkxk),], the
modal componerts forn N are at leastDdB smallerin magnitude comparedto the (N 1)™
modal componert. Table 3.1 givesargumert valuesfor D = 10dB for a range of N. Note that
for the caseof by, (kr), we assumethat R = r (the caseof a spherical microphone coincidert
with a spherical scatterer). Any intermediate con guration have a value that lies betweenthe
values of the two con gurations.® In terms of design, increasingD generally decreasesnodal
aliasing but reducesthe value of (kkxKk),,.

N | Value of (kkxk), for j,(kkxk) | Value of (kkxk), for b, (kkxKk)
1 0.89 0.55
2 1.47 1.22
3 2.05 1.91
4 2.63 2.59
5 3.21 3.25
6 3.78 3.87
7 4.36 4.46
8 4.94 5.03
9 551 5.59
10 6.09 6.16

Table 3.1: Value of (kkxk),, sud that the magnitude of j ,(kkxk) and b, (kkxk) forn N are
at least 10dB smaller than j 1(kkxk) and by 1(kkxk), respectively.

Now, let usreview our assumptionwhereQ wassu cien tly large enoughto support (3.5) for
0 n < N. This can now be speci ed asa constraint on the positions of the omni-directional
point sensormicrophonesand their weights. This is called the orthonormality constraint and

1This follows from the relationship betweenthe two con gurations, (3.4), as shown in Section 3.3.
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is given by [15] as

Ynomo(Rq) Yom Rg)Wq = an® mmo; (3.11)
g=1
for 0 n < N. This constraint ensuresthat the Q microphonesare able to resole all 1, (k)
exactly for this range of n, hencethe useof the term, orthonormality. The analysisof (3.11) is
not straightforward, and has not beenpresered in the literature. The approad that shall be
taken is to analysethe degreethat a given arrangemen of microphonessatis es (3.11). This
will be deferredto the next section.

3.5 Microphone Arrangemen ts and Weights

As was stated earlier, the orthonormality constraint of (3.11) is dicult to analyse and to
directly derive a set of suitable points and weights on a spherewould not be straightforward.
Howeer, the form of (2.23) suggeststhat intuitiv ely, the goalis to nd an integration approx-
imation method for a function over a unit sphere,sothat we can resolwe the modal coe cien ts
of orders0 n < N as accurate as possible using Q microphones. Fortunately, there are
numerousways to arrange a nite number of microphonesin a spherical array to provide ap-
proximations to the cortinuous spherical microphone for this purpose. The extent to which
these arrangemerts satisfy (3.11) gives an indication asto the level of accuracyin which the
modal coe cien ts for theseorders can be resohed.

We will look at specic con gurations in detail, namely, the Gaussianand trigonometric
guadrature arrangemens as well as the truncated icosahedronarrangemen, then lightly in-
troduce cubature arrangemens. The merits of ead dier and in terms of design, we would
chosethe onewhich best ts our needs. Someof these merits include, for example, scalability,
physical realisability and e ciency, aswill be covered below. In analysing thesearrangemerts,
we assumethat the microphonesare ideal omni-directional point sensors.The positions of the
microphonesare intrinsically characteristic of the arrangemer under consideration, but since
we are approximating an integration over the unit sphere,the weights of any arrangemen must
sum to the surfacearea of the unit sphere,ie.

x
Wg=4: (3.12)

=1

In order to evaluate the performance of an arrangemert of microphones, (3.11) shall be
numerically analysedwith respect to the arrangemen. That is, we shall evaluate

X
Chm:n omo = Ynomo(Xq) Yom Rq)Wq; (3.13)
=1
where we consider Ypono(R®) as input spherical harmonic componerts to be tested against
Y,m (&), the spherical harmonic componerts which we would like to resolve The ideal is
to adhieve

Cnm;n MmO = nn® mm?o (3.14)

for 0 n;n%< N sincethis correspndsto the right-hand side of orthonormality constraint of
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(3.11). As an error measure,we evaluate the upper bound of the deviation from this ideal as
Cmax » max Cnm;n 0mo nn® mmo ; (3-15)

for 0 n;n°< N. Essetially, this givesan indication of the extent of integration approxima-
tion error.

Equation (3.13) will be preseried as a plot of Cymnano as a function of n%m%and n; m.
The n® m%and n; m axeswill be labelled according to the ascendingorder of modes as shovn
in Table 3.2. Colour will be arbitrarily usedin thesetypesof plots for easeof reading only.

mode || 1 2 3 4 5 6 T 9 |::: |16 |::: | 25
n; m 00(1-1|110(11|2,-2|2,-1|:::(22)|:::(133]|::: 14,4

Table 3.2: The ascendingorder of modes.

3.5.1 Gaussian and Trigonometric Quadrature Arrangemen t

The Gaussianand trigonometric quadrature arrangemers are basedon optimal methods of
ewvaluating de nite integrals. Firstly, considera sound eld Sp.n 1)(X;k), that hasbeenorder
truncated to include modal componerts of orders0 n < N. Then, by the de nition of
sphericalharmonicsin (2.15), the highest order of all the modal componerts in Sg.y 1)(X;K)
is N 1. This meansthat the highest degreeof the assaiated Legendrefunction of the rst
kind that we would be concernedwith isN 1, in terms of the variable x = cos . To ewaluate
the integral of (2.23), it is necessaryto be able to evaluate a de nite integral of the form
Z,
Inm = . Pnm (X)Pnomo(X)dx

forall 0 n;n°< N. The integrand is a polynomial of degreeat most 2N 2 in x. For
sudh an integral, it is possibleto evaluate this exactly with N samplepoints locatedin [ 1;1],
using the Gaussian-Legendrequadrature [31,32]2 The points and corresponding weights for
somevaluesof N can be found in Table A.1. Translating bad to the variable, we obtain
corresponding samplepoints in [0; ].
As for the variable, it is necessaryto be able to approximate an integral of the form
Z,
Im = h( )é™ d
0

foral N < m< N, giventhat h( ) is of the form
X .
h( )= ame™ ;
jmj<N

where a,, are generally complex coe cien ts. This can be done by using trigopnometric quadra-
tures®, whereK = 2(N 1) + 1 points are equally spacedin [0;2 ] with equal weights of Ki

2Refer to Appendix A.1 for a more detailed treatment.
3Refer to Appendix A.2 for a more detailed treatment.
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Therefore, the total number of points required for this arrangemen is 2N2 N, to satisfy
(3.11) for the spherical harmonic componerts of orders0 n < N. The main advantage of
Gaussianand trigonometric quadratures is its scalability sincean arrangemert can be derived
for any value of N 2.4 One drawbadk to this arrangemer is that for higher order designs,
the increasedpadking near the polesmay becomea practical issue. Fortunately, Mohlenkamp
has suggestedan approximation termed, \thinning the grid", where it is possibleto neglect
somepoints which are very closeto the pole [32].

As a way of demonstrating the design process,we choseto obtain a speci c arrangemen
sudh that the orthonormality constraint of (3.11) holds for all 0 n < 5. This implies that
N = 5and sothe number of points required onthe coordinate is 5, while the number of points
required on the coordinate is 9, a total of 45 points. Figure 3.6(a) shows this arrangemen
of microphoneson the unit sphere. To approximate the integral over the unit spherewith this
arrangemern, the weights, wg, were assignedto the products of the weights of the and the
coordinates and then scaledsuc that (3.12) holds.

(&) K = 9 with no poles. (b) K = 10 with two poles.

Figure 3.6: Positions of microphoneson the unit sphere(shown in green)for the Gaussianand
trigonometric quadratures with N = 5.

Equation (3.13) was evaluated and plotted in Figure 3.7(a) asa function of n® m®and n; m.
The characteristic diagonal row at unity height for spherical harmonic componerts of orders
0 n < 5suggestshat thesecan beresoled at a high level of accuracy This meansthat the
corresponding modal componerts can also be resohed to a high level of accuracy® In fact,
for this case, Cmax Wasfound to be lessthan 0.001. One interesting obsenation is that very
few 51 order spherical harmonic componerts (ie. Ynano(%) for n°= 5) alias into componerts
of ordersO n < 5that we areinterestedin. In fact, only the spherical harmonic componert
inputs Ynpomo(®) for n"m®= 5:5and n®m®= 5; 5 causesuc modal aliasing.

“Note that the nature of Gaussian quadratures requiresthat N 2 (Refer to App endix A.1).
SRecall that each modal componert is a spherical harmonic componert multiplied by a radially dependert
factor. Here, we assumethat the radially dependert factor is su cien tly large (refer to Section 3.3).
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(@ K = 2(N 1)+ 1 microphones along the  coordinate.

(b) K = 2N microphones along the coordinate.

Figure 3.7: Plot of Comnamo given by (3.13) for n® < 7 and n < 6, for the Gaussian and
trigonometric quadrature arrangemen with N = 5 and no poles.
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The above obsenation motivatesthe investigation of improving the spatial sampling of the
microphone arrangemen so that we can obtain no modal aliasing due to spherical harmonic
componerts of order n = 5. The advantage of this improvemern is that the sphericalharmonic
componerts that causemodal aliasing are those of ordern 6. This allows usto chosea larger
value of (kkxk), when cortrolling the magnitudesof the corresponding modal componerts that
causemodal aliasing (refer to Section3.4). The coordinate shall be left unchangedsincethe
guadrature is exact, but along the coordinate, instead of 9 microphones, the e ectiveness
of 10 microphonesshall be investigated. The positions of this arrangemer of microphonesis
characteristically the sameas Figure 3.6(a) and therefore, will not be plotted. Figure 3.7(b) is
a plot of Cpm:nomo asa function of n®mP%and n; m, for this new arrangemen. Notice that the
modal aliasing causedby the spherical harmonic componerts n®m°= 5:5and n®m®=5; 5
are now removed. Cnax Was also found to be lessthan 0.001. In general, this improvemert
canbeadhievedfor any order designN, by adding an additional microphoneto the coordinate
sothat K = 2N.

The next challengeis to maintain the performanceachieved thus far and to improve e -
ciency by using lessmicrophones. To do this, we proposethat onthe coordinate, we choosea
Gaussianquadrature that must include astwo of its sample points, the two end points, x = 1
and x = 1. These points are cornveniertly located at the poles of the sphere(ie. x = 1
corresppndsto = 0, and x = 1 corresppndsto = ).® It can be numerically shovn
that polynomials of degreeup to 2N 1 require N + 1 points if the two end points are used.
Therefore, following from our previous designof N = 5, we now require 6 samplepoints on the

coordinate. In general, this arrangemen requires2N? 3N + 3 points in order to be able
to resolwe all the spherical harmonic componerts of ordersO n < N. The reduction in the
number of sample points required is due to spherical geometry where only one samplepoint is
required at ead pole. Each pole is weighted K times more than if it were not an end point,
which is as if there were K separate sensorsat the same point. This arrangemen requires
38 sample points. Again, to obtain no modal aliasing due to spherical harmonic componerts
of order n = 5, an additional microphone shall be added to the coordinate, which brings
the total number of sample points for this arrangemen to 42. This arrangemen is shawvn in
Figure 3.6(b).

Visually, the plot of Cnn:nomo for this arrangemen is characteristically identical to Fig-
ure 3.7(b) and will not be reproduced. It wasfound that Cpax = 0:018, which is more than
a magnitude larger than for the arrangemerns consideredpreviously. Therefore, we can ob-
sene atradeo betweenadieving better performance(lower Cnax) and improving e ciency
(smaller number of microphones). This can be explained as the result of changing the level of
spatial sampling used. A summary of the number of points required under di erent conditions
is given in Table 3.3. No advantageswas found when only one pole was usedand shall not be
further investigated. Overall, the total number of points required in Gaussianand trigonomet-
ric quadrature arrangemers is approximately one half of the number of points required for the
equiangular arrangemernts suggestedin [2].

®Refer to Appendix A.1.
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| Condition | Points required |
coordinate K=2N 1)+1
coordinate with no aliasing due to N™ order spherical K = 2N
harmonic componerts
coordinate with no end points N
coordinate with two end points N+ 1
Arrangemert with no poles 2N° N
Arrangemert with no poles, with no aliasing due to N™ 2N 2
order spherical harmonic componerts
Arrangement with two poles 2N? 3N + 3
Arrangemert with two poles, with no aliasing due to N T 2N? 2N + 2
order spherical harmonic componerts

Table 3.3: Number of points required for the Gaussianand trigonometric quadrature under
various conditions. In ead case,the aim is to be able to resolwe all the spherical harmonic
componerts of orders0 n < N.

3.5.2 Truncated Icosahedron Arrangemen t

Originally suggestedby Elko and Meyer in [15], the position of microphonesare placedin the
certre of the facesof a truncated icosahedron,or better known informally as the soccer ball.
This is showvn in Figure 3.8.

Figure 3.8: Positions of microphoneson the unit sphere(shown in green) for the truncated
icosahedronarrangemer.

Notice that the microphonesare more equally spacedon the surface of the sphere than
those proposedin Section 3.5.1. In fact, as shall be showvn below, this arrangemen is more
ecient for an N = 5 design. Howewer, unlike the Gaussianand trigonometric quadrature,
this arrangemert lacks scalability and thus cannot be adapted for higher order designs. Having
obtained the points corresponding to the truncated icosahedronarrangemen, a set of weights
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would needto be determined to approximate an integral over the unit sphere. Elko and Meyer
did not addressthis issuein [15] so one could only assumethat equal weights that satis ed
(3.12) wereusedin their work. Evaluating (3.15) for this case,gave Cpax = 0:028. This turns
out to be about two magnitudes higher than for the Gaussianand trigonometric arrangemerns.
This is largely a result of using inappropriate weights, as shall be shovn below.

Instead of equal weights, a set of weights shall be derived based on the schemethat the
weight for a point is proportional to the averageof the distancesto all the neighbouring points.
In our calculation, we shall deal with distancesalong the surface of a truncated icosahedron
rather than the actual Euclidean distances for easeof calculation. The symmetry of this
arrangemen allows for this simpli cation. Firstly considera pentagonal and a hexagonalface
laid out in a plane, asshown in Figure 3.9. This shavs two samplepoints located at the certre
of eadth face.

Figure 3.9: Layout of a hexagonaland perntagonal face connectedby a common edge.

Let h denotethe length from the certre of the hexagonalfaceto the perpendicular intercept
at the edge. Similarly, let p be the length from the certre of the pentagonal face to the
perpendicular intercept at the edge. Therefore, the length betweenany two points is either:

(h + p), when one point lies in the certre of a hexagonalface and the other lies in the
centre of a pentagonal face, or

2h, when both points lie in the certre of a hexagonalfaces.

Now note that ead of the v e neighbouring points, of a point located at the certre of a pen-
tagonal face, are located at the certres of hexagonalfaces. Also, three of the six neighbouring
points, of a point located at the certre of a hexagonalface, are located at the certres of hexag-
onal faces,while the rest are located at the certres of pentagonal faces. With this information,
if we denote d,, as the average distance to neighbouring points from a point located at the
certre of a hexagonalface,and dy asthe averagedistanceto neighbouring points from a point
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located at the certre of a pentagonal face, the ratio

[5(h +
b __sBOEPl 45 (3.16)
dv  F[3(h+ p)+ 3(2h)]
The expressionsh = t2-L and p = 2L, whereL is the edgelength are derived from

basictrigonometry, and were substituted into (3.16). The nal stepisto normalisethe weights
such that (3.12) holds, to approximate integrals over the unit sphere. Basedon the weighting
scheme adopted, the weights wy, and wp for points located at the certre of a hexagonaland
pentagonal faces,respectively, are given by

dn
= ——4 = 0:4008 3.17

and g
=P 4 = (03791 3.18

where (3.16) was usedand given that there are 20 hexagonalfacesand 12 pentagonal faceson
a truncated icosahedron.

The plot of Cpm.namo for the truncated icosahedronarrangemer using the weights given
in (3.17) and (3.18), is showvn in Figure 3.10. For this arrangemen  Cpax = 0:008, which is
around one-third smallerthan the value obtained with equalweights. By comparing Figure 3.10
with Figure 3.7(b), we nd that the performancein terms of orthogonality and modal aliasing
are similar. Howewer, the truncated icosahedronarrangemern requires only 32 sample points,
comparedwith 42 and 50 for the Gaussianand trigonometric arrangemeris (N = 5, K = 10)
with two polesand no poles, respectively.

Related to this arrangemen are uniform discretizations, which place the points on the
vertices of a platonic solid. However, there are only a few of these solids and none can support
more than 30 points [32]. Therefore, they are only suitable for lower order designs.

3.5.3 Cubature Arrangemen t

Sample points and corresponding weights were produced by Fliege in [33] for integration over
a spherebasedon cubature formulae. However, in the ewvaluation of Cym:nomo, the e ciency
was found to be signi cantly poorer that the arrangemens discussedabove. Therefore, fur-
ther analysis of thesearrangemerts shall not be performed. However, when designingfor high
orders, the Gaussianand trigonometric quadrature method posespractical problems of micro-
phone pacing near the poles, while the truncated icosahedronarrangemert is not extensible.
Cubature arrangemerts can be usedin this situation and would be a topic for further researa.

3.5.4 Sphere Packing

Setsof points basedon maximising the minimal distance betweenthe points on a spherewere
proposedin [34], but no attempt was made to provide weights for integration over a sphere.
Thesewill not be further investigatedin this thesis, but could be the topic of future work.
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Figure 3.10: Plot of Com:namo given by (3.13) for n® < 7 and n < 6 for the icosahedron
arrangemert.

3.6 Calibration Errors

The microphone arrangemerns preserted in Section 3.5 adhieved their speci ed performance
when the microphonesare positioned exactly. Howewer, in practice this is not possible. In this
section, we analysethe e ect of calibration errors due to inexact microphone positioning.

Although we do not expect the Q microphonesto lie in their actual positions x4 for q =
a speci ed distance L max Units along the surface of the unit spherefrom their actual positions.
Consider the g microphone position, x4. We can parameterise a relative o set from x4 by
using a distance variable L 4 units along the surfaceof the unit sphereat an angle A, relative
to Xg.’

For this single microphone position, we would like to model calibration error by assigning
Lq and A4 to random variables. For the caseof L 4, we rstly considerthe Gaussiandistributed
random variable, Z N (0; ), wherethe meanis zero and standard deviation is . Let f z(2)
be the corresponding probability density function (PDF) of Z. Then, we assign

L= o(2) = jZj; (3.19)

"Figure C.1 in Appendix C indicates the referencefor Aq.
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sincewe are only concernedwith non-negative valuesfor L 4. Therefore, the PDF of L is

2%, (lg); iflg O

fL(ly) = :
Lalla) 0; otherwise

(3.20)
The proof is showvn in Appendix B. Now, it is possibleto be speci ¢ about the meaning of
the phrase,\v ery likely", as usedabove. As an example of a speci cation, we would like to
have approximately 99.7% of the area under the PDF of L to lie in [0; L max], and therefore,
we assign = Lmax=3.28 As for Ag, we simply want to assignit to a uniformly distributed
random variable in [0;2 ). In order to \randomise" our microphone position in preparation
for calibration error calculations, xq was o set by a distance L 4 units along the surfaceof the
unit sphereat anglesAq. Appendix C shavs how this was performed. This was repeated for
q=1::5;Q.

To assesshe e ect of calibration errors, for the microphone arrangemerns described in
Section 3.5, we consideredvarious values of L nax betweenO and 0:01 . For ead L ax, we
evaluated 40 samplesof Cpax in (3.15) and obtained from these, the mean and standard
deviation of Cpnax. The means(and standard deviations in parentheses)are plotted in Fig-
ures3.11(a)to 3.11(c)for ead arrangemen. The setsof Cpax canbemodelled by the gamma
distribution, asshown Appendix D.

0.045 0.045 0.045
(0.0068;
0.04- N 0.04- N 0.04- 8
(0.0075;
0.035- N 0.035- 0.035-

(0.0066;

0.03- 0.03- 0.03-

0.025- 0.025- 0.025-

ax
ax

ax

£ £ . £
8 0.02- 8 0.02*(0_0000) (0.0008) 8 0.02-
[} [} [}
j=2) j=2) j=
g g g
20015 20015 20015
0.01-
0.005-0.0000) (©:992%)
0  0.002p 0.004p 0.006p 0.008p 0.01p 0  0.002p 0.004p 0.006p 0.008p 0.01p 0  0.002p 0.004p 0.006p 0.008p 0.01p
Lmax (units) Lmax (units) Lmax (units)
(@) Gaussian and trigonomet- (b) Gaussian and trigonomet- (c) Truncated Icosahedron.
ric, with no poles. ric, with two poles.

Figure 3.11: Plots of meansof Cax for various values of L max (and standard deviation in
parertheses), for three microphone arrangemens. (N = 5, K = 10 for the two Gaussianand
trigonometric arrangemens).

We can obsene that both the mean and standard deviation of Cpax increasessteadily

899.7% of the areaunder a Gaussiandistribution correspondsto three standard deviations [35]. Conveniertly,
this also holds for (3.20).
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with Lnax for all arrangemens until a large increaseoccursat L max = 0:01 . This obsenation
suggeststhat to keep calibration error under a narrow allowable range, it is important to
specify small values for L nax. These results can be generalisedto be applied to positioning
of microphoneson a sphereof any radius r. That is, if we decide on a value of L nhax that
correspondsto our desiredperformanceof Chax, then we needto specify

0

L max = Lmaxf; (3.21)

for our spherical microphone array of radius r. The relationship, s = r , wasusedwhere is
the angle subtendedby an arc of length s in a sector of side length r.

3.7 Signal Pro cessing

Thus far, we have consideredthe various issuesrelated to recording the modal coe cien ts of a
sound eld. Speci cally, it wasshown in Sections3.4 and 3.5 that the cortin uous spherical mi-
crophonecould be approximated by a discrete microphone array sothat the modal coe cien ts
could be approximately recordedaccordingto the equation,

1

Anm k
RSO

S(R&q; K)Yom (Rq)Wg: (3.22)

Now, we shall presert this equation in a block diagram form, as shavn in Figure 3.12,to allow
the reader to appreciate the signal processinginvolved in recording these modal coe cien ts.
In the processof translating (3.22) into Figure 3.12, the equation should be viewed as a fre-
guencydomain represetation. For example, frequencydependert terms are viewed astransfer

dependert and so appear as constart gains, but the terms 1=h, (kR), are frequencydependen
and sothey are transfer functions of temporal lters.

The modal coe cien t outputs, “nm (k), are functions of frequencysothey canalsobe viewed
as generally complex signalsin the time domain. Therefore, we can apply temporal low pass
or band pass lters to thesesignalssoto selectively lter out unwanted frequency componerts.
This is useful because,as shavn in Section 3.3, the recorded coe cien ts becomeinaccurate
at the lower frequencies. These temporal lters can be used to select dierent frequency
bands from microphone arrays of di erent radii, to obtain an accurate recording over a larger
frequency band.

3.8 Directional Beamformer

Having obtained the modal coe cien ts, “nm (K), we can use these directly in beamforming
applications. We specify a beampattern, which is much like a spatial Iter that can be de ned

to amplify or attenuate the signal as a function of and . The beampattern can be fully

encapsulatedby a set of weights, which are applied to the modal coe cients. In essence,
beamforming involvestaking a weighted sum of the modal coe cien ts to steerthe microphone
array towards a particular direction. Further details of beamforming are abundart in the

literature and a few have beenmertioned earlier in Section 1.2.
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S(Rkl;k) o— W,

S(sz; k) o——= W>

S(R&q; k) o—# Wq

signals from
microphone array

— "oo(k)

—= "o 1(k)

— N3Ny (K)

Figure 3.12: Block diagram showing the signal processingrequired to resolwe the modal coef-
cients. If the coe cien ts for orders0 n < N are desired,then wesetN; = (N 1).

3.9 Summary

We have presered the main designissuesthat would needto be consideredin spherical mi-
crophone design. Howewer, we are yet to usethem in a meaningful corntext, sud as applying
them together in a speci ¢ design. This will be the focus of the next chapter.



Chapter 4

Simulation of a Fourth Order
Microphone Design

4.1 Intro duction

Chapter 3 dealt with design issuesbased around spherical microphone design. In order to
verify, integrate and evaluate them as a whole, we produce a speci ¢ design and simulate it
in Mathworks MATLAB in this chapter. Before we can move forward in assessinga design's
performance,we begin by proposing somequartitativ e error measuresas well as a standard in
which to apply them. In terms of the designitself, we will take on an iterativ e process,which
meansthat the details of its performancewill be preseried along the way. Finally, further
guartitativ e and qualitativ e analysiswill be preserted.

4.2 Error Measures

There are a few sourcesof error in which we would be interested in assessing design. These
are listed below and are explained in the indicated sections:

1. Truncation error (Section 4.2.1)
2. Error of recording (Section 4.2.2)
3. Aliasing error (Section 4.2.3)

All these errors characterise the spatial quality of the sound eld as opposedto temporal
quality and therefore, do not a ect the intelligibilit y of the sound. The rst error measure,the
truncation error, di ers from the other two errors becauseit is a generalassessmenof order
truncation of sound elds. The last two measuresasses<haracteristics which are intrinsic to
the microphone designitself. Both ignorethe e ects of order truncation in order to asses®ther
sourcesof error. Notice that all these error measuresvary with the frequency componert k of
the sound eld and the distancefrom the origin, kxk. All plots of theseerrors will be displayed
in percertages.

Speci cally, the last two measuresemploy the conceptof arecordedsound eld, S(x;k). The
tilde in this expressiondenotesthat the sound eld was perfectly reconstructed from recorded
modal coe cients. This meansthat no limitations relating to sound eld reproduction are

32
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consideredand so this allows us to concerirate on the issuesrelating to recording only.* The
subscriptin an expressionof the form Sy.(y 1)(X; k) denotesasound eld that is order truncated
to include modal componerts of ordersO  n < N of the original sound eld only. This notation
is also applied to recorded sound elds to indicate the ordersthat were recorded.

4.2.1 Truncation Error

Truncation error is an inherert limitation in any practical designand was described earlier in

Section3.2. The fact that a designis speci ed to record modal coe cien ts of orders0 n< N

meansthat the lossof information regarding the ordersn N will introduceerrors. This error

was usedin [19] and is intuitiv ely de ned as

z 2
S(x; 5) Son 1)(X;K) d

trunc (KXK; K) = , (4.1)

2
S(x;k) d&

where S(x; k) is the original sound eld and Sy, 1)(X;Kk) is the original sound eld order
truncated to include modal componerts of ordersO0 n < N. Equation (4.1) can be simpli ed

to
nm (K)J n (KjXxk)

wune (kxkik) = 1 LT = (42)
om (K)jn (KjxK)

n=0 m= n
where nm (k) are the modal coe cien ts of the original sound eld, S(x;k). The proof of (4.2)
is shovn in Appendix E.3.

4.2.2 Error of Recording

The error of recording includes two sourcesof error. These are the error due to the inherent
limitations of the useof a singlesphericalmicrophonearray? and the error dueto the integration
approximation of the contin uous spherical microphone. This is de ned as
z 2
Son 1(X;K) - Son p(x;k) dR
rec(kxk; k) = Z ; (4.3)

2
Son 1(x;K) dR

where Sy, 1)(X; K) is the original sound eld order truncated to include modal componerts
of orders0 n < N, and Sy 1)(X;K) is the perfectly reconstructed sound eld from the
modal coe cien ts recordedfrom Sq.(y 1)(X;K). Equation (4.3) can be simplied to

X 1 X _ 2
nm (K)  ~nm (K) jn(KkxK)
. _ n=0 m= n .
rec(KXK; K) = X 1 0 | ) ; (4.4)
nm (K)j n (kKkxk)

n=0 m= n

1 As stated in Chapter 1, sound eld reproduction shall not be investigated in this thesis.
2Refer to Section 3.3.
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where nm (k) are the modal coe cien ts corresponding to So.n  1)(X; k) and ~nm (k) are the
recorded modal coe cien ts corresponding to Sp.ny 1)(X;K). The proof of (4.4) is shavn in
Appendix E.1. The order truncation of the original sound eld is necessaryoto avoid including
truncation errors.

4.2.3 Aliasing Error

Aliasing error is a measureof the extent of modal aliasing (Refer to Section 3.4). This error
has beendescribed theoretically in (3.8) but is not a practical measure. Hencewe de ne this
new error measureas
VA
2
Son p0GK)  Son 1y(x;k) d&
alias(kxk; k) = Z > ; (4.5)
Son 1y(X; k) d&

where So.(y 1)(X;K) is the original sound eld order truncated to include modal componerts
of ordersO n < N, Son 1)(X;K) is the perfectly reconstructed sound eld from the modal
coe cien ts recordedfrom Sy 1y(X; k) and éo:(N 1)(X; k) is the perfectly reconstructed sound
eld from the modal coe cien ts recordedfrom the original sound eld, S(x;k). Equation (4.5)

can be simpli ed to
X 1 x _ 2

“hm (k) am (k) J n(kak)
as(kxk: k) = 2=2m= 10 ; 4.6
allas( ) N 1 X . ) ( )

nm (K)J n (KkxK)

n=0 m= n

where nm (k) arethe modal coe cien ts correspondingto So.(y  1)(X; k), ~nm (k) arethe recorded
modal coe cien ts corresponding to Sp.(y  1)(X; k) and *ym (k) are the recorded modal coe -
cients corresponding to éo:(N 1y(X; k). The proof of (4.6) is shown in Appendix E.2.

4.3 Test Sound Field

All the error measuresin Section 4.2 are dependert on the input sound eld S(x;k). In order
to comparedesigns,thesewill be calculated with respectto a prede ned standard input sound
eld. We assign S(x;k) to be an arbitrary plane wave. A reason for this choice is so to
ensurethat the temporal frequency content of the sound eld is known. Sincethe microphone
arrangemens are designedto approximate (2.23) for 0 n < N, which is an integral over a
sphere,we assumethat a plane wave travelling in a particular direction would be represerativ e
of a plane wave from any direction. We expectthat this is true for the error of recording but not
for the aliasing error becausehigher order modal componerts are introducedin the calculation
of aliasing error. Therefore, the characteristics obsenable from the aliasing error results are
represenmativ e but the numerical valuesshould be taken as indicativ e only.

The plane wave can be approximated using a point source,y q, at a large distance from the
origin, whilst the angular location of the point sourcecan be arbitrarily chosen. Speci cally,
we arbitrarily assignyqto (r; ; )= (100G =2; =3). The sound eld is mathematically given
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by (2.20).

The modal coe cien ts of the original plane wave sound eld, .m(k), canbe obtained from
(2.22), and the recording of the modal coe cien ts ~ny, (k) from this plane wave can be obtained
by performing a simulation on Mathworks MATLAB using the designunder consideration. The
frequencyk of the plane wave is a parameter which can be varied to assesshe design'sresponse
to frequency

4.4 Initial Design

We begin by outlining a speci cation for our design. Firstly, we would like to extend beyond
the capabilities of existing designs (refer to Section 1.1) by choosing to record the modal
componerts of the sound eld for orders0 n < 5. That is, we would like to design a
fourth order microphone. The portion of the sound eld which we would like to restrict our
attention to is a spherical region of radius 0.5m. A rigid spherical con guration shall be used
where the cortinuous spherical microphone coincideswith the rigid spherical scatterer (Refer
to Section 3.3). We would like to record a 10: 1 frequencyrange of f = [340 3400]Hz.

In order to approximate the continuous spherical microphone, we choseto use the trun-
cated icosahedronarrangemen sincethis arrangemen satis es the orthonormality constraint
of (3.11) for N = 5 and possesseshe ability to prevert aliasing from 5" order modal com-
ponerts. Furthermore, it is the most e cien t of the options described previously, requiring
only 32 microphones(refer to Section 3.5.2). We assumethat there are no calibration errors
(Section 3.6) in our design. This will be analysedseparatelyin Section4.6.4.

To specify the level of accuracydesired,we will settwo constraints. For a given microphone
radius r, these constraints limit the range of frequenciesk which are recorded. The subscript
u shall denote the upper bound and the subscript | shall denote the lower bound of a quartit y.
The constraints are

1. (kr), is assignedthe value given in Table 3.1 for N = 6 to minimise modal aliasing
(N = 6 was chosenbecauseno 5" order modal componerts causemodal aliasing into
modal componerts of orders0 n < 5).3

2. (kr), is assignedthe minimum value of kr such that ec(kxk; k) rec,max holds, to limit
the error of recording* For argumert sale, let rec max =5%.

Theseconstraints imply a level of accuracyof recording the modal coe cien ts for the frequency
range, [ki,ku] or equivalertly, [f,f,].°

The analysisofthe rst constraint directly a ects the designof the radius of the microphone.
To minimise modal aliasing from ordersn 6, we chose (kr), = 3:87 (which corresponds to

3For further explanation for the requirement of this constraint, refer to Section 3.4.
4For further explanation for the requirement of this constraint, refer to Section 3.3.
5k and f are related by (2.6).
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N = 6). Therefore,

kot = 387 (4.7)
3.87
r =
Ky
3.87c
= : 4,
r 2T, (4.8)

where (2.6) was used. Substituting f, = 3400Hzinto (4.8) givesa radius of r = 6:2cm.® The
application of this constraint meansthat an upper bound has beenplacedon the aliasing error
within the frequenciesin [0; f ,]. The actual level of modal aliasing that occursis quanti ed in
Section4.6.3.

We now addressthe secondconstraint. We no longer have the freedomto vary r since we
have already chosena value above. Therefore, this constraint will specify a value of f|. The
error of recording givenin (4.4), wascalculated for this designasa function of f , and is plotted
in Figure 4.1 at various radii from the origin.’
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Figure 4.1: Error of recording at various radii, for microphone array at r = 6:2cm with coin-
cidert rigid spherical scatterer. The dotted black line indicates the upper bound to error for
0 kxk 05m.

The peaking behaviour of the curvescan be explained by the fact that aswe move towards
lower frequencies,the magnitude of b,(kkxk) for n 2 becomessmall. This means that
the error increasesdue to the absenceof modal componerts at these orders. Howewer, the
lowering of frequency meansthat the variation in spacewithin a given area s slover and at
zero frequency there would be no variation in space. This causesa reduction in error and the
peaking behaviour can be explained asthe interaction betweenthe two. Howewer, this peaking

5We assumethe speed of propagation through air is ¢ = 342ms 1.
The frequency variable f was used instead of k becauseit is more intuitiv e and meaningful.
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behaviour is characteristic of the truncated icosahedronarrangemern and only when there are
no calibration errors, aswill be shovn in Section4.6.4.

Note that in Figure 4.1,only 0 kxk 0:5m were considered. Howewer, the obvious trend
is that when we look towards the lower frequenciesand move further away from the origin, the
error of recording rises rapidly. By considering this trend and the fact that only a spherical
region of radius 0.5m is considered,this allows us to assigna frequencyf, in which to ensure
that the secondconstraint is satis ed. By obsenation, we chosef| = 1100Hz.

Therefore, the microphone designsatis es the speci cations and constraints outlined above
for the frequenciesin the rangef = [f;f ] = [110Q 3400]Hz.

4.5 Finalisation of Design

Thus far, the designdoes not satisfy the intended frequency range. The approac to solving
this problem is to employ a secondmicrophone array at a larger radius in order to capture the
lower frequenciesin f = [340Q 1100]Hz. This time, the only option is to usean open spherical
microphone, which encaseghe inner microphone array. This is an intermediate con guration
as described in Section 3.3. Again, the truncated icosahedronarrangemen is chosenfor its
e ciency in recording modal coe cient of orders0 n < 5.

To determine a suitable radius, we look at the rst constraint to determine a suitable value
of (k%9,. The value suggestedin Table 3.1 corresponding to b, (kkxk) is no longer suitable
for this con guration. Knowing the relationship between j,(kkxk) and b, (kkxk) (refer to
Figure 3.5), we choseto be consenative by assigningthe value of (k% 9, that correspondsto
in(kkxk). Howewer, thereis a zeroin the function jo(kkxk) at kkxk = 3:14 (refer to Figure 3.2),
soinstead, we must assign(k%9, to a smaller value of 3.14. Thus, we require

Kor® = 314 (4.9)
0 = 3:14
kg
3.14c
0 _ .
= : 4.1
r 270 (4.10)

Substituting f 2= 1100Hzinto (4.10) givesa radius of r°= 155cm.

The error of recording for this microphone array is shown in Figure 4.2. In a similar way
to the procedureemployed in Section 4.4, a value of (k% 9, can be found. Basedon the second
constraint and the small magnitudes displayed in Figure 4.2, it is possibleto assign (k%9
to zero. Therefore, the microphone design satis es the speci cations and the two constraints
described above, for the frequenciesin the rangef = [340 1100]Hz8 Although it is possibleto
include the basebandfrequenciesto give a total frequencyrange of f = [f %f ] = [0; 1100]Hz,
Section4.6.4 will show that this is not possiblewhen there are calibration errors.

8Note that this holds only when a spherical region of radius 0.5m is considered.
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Figure 4.2: Error of recording at various radii, for microphone array at r®= 155cm with a

rigid spherical scatterer at R = 6:2cm. The dotted black line indicates the upper bound to
error for 0 kxk  0:5m.

A designof a double array microphone hasbeengiven, which satis es the speci cations and
constraints in Section 4.4. A total of 64 microphoneswere placedin two spherical locations.
The frequency responseof the system satis es the speci ed range of [340 3400]Hz. Details of
how the two frequency bands can be conmbined are given in Section 3.7. In the next section,
other errors a ecting the design are examined. From here onwards, we di erentiate the two
microphone arrays by identifying them as either the inner (Section 4.4) or outer (this section)
microphone array.

4.6 Quantitativ e Analysis

4.6.1 Truncation Error

As described in Sections3.2 and 4.2.1, truncation error is inherent in any practical design. Up
until now, the design processand error analysis described in Sections4.4 and 4.5 has been
implicitly concernedwith recording up to and including 4™ order modal componerts of the
sound eld. We now turn our attention to the truncation error, which seeksto determine the
extent of error due to the absenceof the higher orders. A plot of the truncation error is showvn
in Figure 4.3. From this plot it is evident that the magnitude of the truncation error is quite
signi cant, and there is a limited frequencyband and a limited size of the spherical region in
which a certain level of spatial accuracycan be attained. Again, we stressthat this a ects the
spatial quality of the sound eld and not the temporal quality.

The only strategy to reducethe truncation error is to designfor recording of higher orders.
Howeer, designinghigher order microphonearraysis di cult, which wasthe underlying theme
that camethrough in Chapter 3. For example,the number of microphonesand also the signal
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processingrequiremert increasesin the order of N 2. Issuesrelated to the calculation of this
error are described in Appendix G. Referto Section 3.2 for more detalils.
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Figure 4.3: Truncation error at various radii for any designthat recordsup to and including
4 order modal componerts.

4.6.2 Error due to Integration Appro ximation

The various microphone arrangemers give integration approximations designedto be accurate
up to a particular order, as described in Section 3.5. If higher order modal componerts are
presen, the higher spatial frequency cortent causeserror in resolving the modal coe cien ts of
interest, which we distinctiv ely identify asaliasing error (Refer to Section 3.4). However, when
no higher orders are presen, asis the casewhen measuringthe error of recording, the error
due to integration approximation can be obsened.

Reuvisiting the error of recording shovn in Figure 4.1, the relatively small error in the
frequency range [3000,3500]Hzwould lead one to conclude that the error due to integration
approximation is negligible® This agreeswith the high level of orthogonality of the microphone
arrangemerns as analysedin Section 3.5. Since, this error assessethe truncated icosahedron
arrangemen by itself, it appliesto both microphone array designs.

4.6.3 Robustness to Aliasing

We will now assesghe e ectivenessof the secondconstraint, described in Section 4.4. That
is, we would like to look at the aliasing error due to the higher order modal componerts of the
sound eld. The aliasing error of (4.6) was evaluated and plotted in Figure 4.4, for the inner
microphone array discussedin Section4.4.

9We can make this conclusion becausethe error of recording is made up of two errors, one of which is the
error due to integration approximation. Since the sound eld is order truncated, this error must be constant
with respect to frequency k (becausespatial frequenciesare capped at a maximum). Therefore, the smallest
obsenable error in Figure 4.1 givesan upper bound to the error due to integration approximation.
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Figure 4.4: Total aliasing error at various radii, for the inner microphone array. The dotted
black line indicates the upper bound to error for 0 kxk  0:5m.
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Figure 4.5: Total aliasing error at various radii, for the outer microphone array. The dotted
black line indicates the upper bound to error for 0 kxk  0:5m.

It canbeinferred from the gure that the aliasingerror is boundedby 1.0%for our frequency
rangeof interest. Also, it canbeobsenedthat the upperbound of the aliasing error risesrapidly
with frequency which justi es the needto limit the value of (kr),. The calculation details of
the aliasing error is explained in more detail in Appendix F.

Similarly, for the outer microphone array discussedin Section 4.5, the aliasing error was
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evaluated and plotted in Figure 4.5. This shaws that the aliasing error is bounded by 0.4% for
our frequencyrange of interest. Again, it can be obsened that the aliasing error risesrapidly
with frequency The processof calculating this error is described in Appendix F. Howewer, in
both casesthe numerical valuesshould be interpreted with somecaution sincethey correspond
speci cally to the test sound eld that was used, as highlighted in Section4.3.

46.4 Eect of Calibration Error

In our designin Sections4.4 and 4.5, we speci ed no calibration error. In this section, we use
the model presenied in Section3.6to assesshe implications of this simpli cation. Speci cally,
we re-analyseboth microphone arrays by using the truncated icosahedronarrangemen with
calibration error speci ed at L max = 0:002 .10 The truncation error is by default, independert
of the calibration error whilst the aliasing error was obsenedto be independert of the calibra-
tion error for this particular situation. The error of recording, howewver, changeddramatically,
as shawn for the inner and outer microphone arrays in Figures 4.6 and 4.7, respectively.
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Figure 4.6: Error of recording at various radii kxk, for the inner microphone array with cali-
bration error speci ed at L max = 0:002 . The dotted black line indicates the upper bound to
error for 0  kxk 0:5m.

10Refer to Appendix H for a copy of the \randomised" points used. These same points were used for both
microphone array simulations in this section.
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Figure 4.7: Error of recording at various radii kxk, for the outer microphone array with cali-
bration error speci ed at L max = 0:002 . The dotted black line indicates the upper bound to
error for 0  kxk 0:5m.

From these,we can seethat the peaking behaviour has disappearedand instead, there is a
rapid rise in error at the lower frequencies. Generally, the error has increasedthroughout the
frequenciesdisplayed for both cases. Therefore, during the design process,the parameter f,
of the secondconstraint will generally be larger if calibration error is modelled. Thus, we will
be left with a smaller frequency range for accurate recording. As a comparison, f| would be
changed from 1100Hzto 1170Hzfor the inner microphone array, whilst f| would be changed
from OHz to 340Hz. Although these valuesare speci ¢ to the \randomised" points that were
used, what can be gained from Figures 4.6 and 4.7 is the changein the characteristics of the
error of recording as a result of calibration error.

4.7 Qualitativ e Analysis

In this section, we provide visualisations to demonstrate the recordings obtained from the
designspeci ed in Sections4.4and 4.5. It is not possibleto presen a three-dimensionalsound
eld on paper, so instead, we produce two-dimensional plots of a sound eld on the plane,
z = Om, for the region, jxj 0:5mandjyj 0:5m. Nor canwe e ectiv ely shav the sound eld
over time soead plot we presen can be thought of asa snapshottaken at an instant in time.
Furthermore, complex valued sound elds were usedthroughout this thesis for mathematical
convenience,but in reality they are real valued. Therefore, it is su cien t to obsene the real
part of the sound eld (solong as sensiblesnapshotsare taken sothat they are represenativ e
of its characteristics). To assesdhe performance of a design, snapshotsare given at various
frequencies.In eat of the snapshots,the following sound elds are shown:

(a). Plane wave test sound eld, asdescribedin Section4.3.
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(b).

(©).

(d).
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Sound eld in (a), which hasbeenorder truncated to include modal componerts of orders
0 n<5.

Sound eld in (b), which accourts for the presenceof the rigid spherical scatterer.

Perfectly reconstructed*! sound eld using the modal coe cien ts recordedfrom (c).

A colour bar is included to indicate the value of the sound eld. The valuesare meaningful if

onekeepsin mind that the test sound eld describedin Section4.3is usedin all the snapshots.
Note that the valuesinside the rigid spherical scatterer are invalid.

4.7.1

Recordings From the Inner Microphone Array

The snapshotsin this sectionwere obtained via simulation of the designspeci ed in Section4.4.

In eat of the snapshots,the spherical microphone array is coincidert with the rigid spherical
scatterer and is outlined in cyan.
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Figure 4.8: Inner microphone array recording of a plane wave of 0.25kHz.
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Figure 4.9: Inner microphone array recording of a plane wave of 0.5kHz.

1 Refer to Section 4.2 for details of this concept.
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Figure 4.10: Inner microphone array recording of a plane wave of 1kHz.
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Figure 4.11: Inner microphone array recording of a plane wave of 2kHz.
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Figure 4.12: Inner microphone array recording of a plane wave of 3kHz.

Firstly, considerparts (a) and (b) of the Figures 4.8to 4.12. Qualitativ ely, we can seefrom
these snapshotsthat as frequency is increased,the resenblance of (b) to (a) reducesrapidly.
Furthermore, the further away from the origin we consider, the lower the accuracy These
demonstrate the e ects of order truncation error as described in Section 4.6.1.

Now, considerthe sound eld with a rigid spherical scatterer from which recordings are
taken, showvn in (c). Note that we canonly just beginto make out the scattering e ects on the
sound eld at 3kHz. With respectto the radius of the rigid sphericalscatterer, the di ractional
e ects are dominant for frequenciesbelonv 3kHz. Referto Section 3.3 for more details.

To assessthe accuracy of recording using the inner microphone array, qualitativ ely, we
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compare the resenblance of (d) to (b). We can seethat the level of resenblance possesses
the characteristic peaking behaviour, where qualitativ ely, we have the largest discrepancy at
0.5kHz. This corresponds to the error of recording described in Section 4.4 and shawn in
Figure 4.1. If calibration errors were factored into the design,the discrepancywould be much
greater at 0.25kHz and 0.5kHz. Overall, we can qualitativ ely obsene that there is a high
level of accuracyat least for frequenciesin the range 1kHz to 3kHz, as we had expected when
designingthis inner microphone array in Section4.4.

4.7.2 Recordings From the Outer Microphone Array

The resultsin this sectionwereobtained via simulation of the designspeci ed in Section4.5. In
ead of the snapshots,the location of the microphonearray is indicated by the blue dot-dashed
circle. The rigid spherical scatterer is outlined in green.
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Figure 4.13: Outer microphone array recording of a plane wave of 0.25kHz.
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Figure 4.14: Outer microphone array recording of a plane wave of 0.5kHz.
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Figure 4.15: Outer microphone array recording of a plane wave of 1kHz.

As with the inner microphonearray in Section4.7.1,we can obsenethe e ects of truncation
error.

Quialitativ ely, the most striking obsenation is the relatively higher accuracy of recording
with the outer microphone array comparedto the inner microphone array at 0.25kHz (Fig-
ure 4.13 comparedto Figure 4.8) and 0.5kHz (Figure 4.14 comparedto Figure 4.9). Obserwe
the higher level of resenblance of (d) to (b) for the outer microphone recordings. This cor-
responds to the small magnitudes shown in the error of recording in Figure 4.2. Again, were
calibration errors factored into the design, the increasederror of recording would a ect the
lower frequencies,suc as at 0.25kHz.

Therefore, from what has been preseried in both Section 4.7.1 and this section, we can
chose to obtain the higher frequency content of the sound eld from the inner microphone
array and the lower frequency content of the sound eld from the outer microphone array via
temporal ltering, as described in Section 3.7. From this qualitativ e treatment, we can see
that we are able to record the modal coe cien ts of orders0 n < 5 of a sound eld in the
frequency band [340,3400]Hz as desired.

4.8 Summary

We have integrated and applied the designissuespreseried in Chapter 3 to produce a fourth
order spherical microphone design. The design has achieved lessthan 5% error of recording
and aliasing error in the frequency range [34Q 3400]Hz. Furthermore, during the analysis of
calibration error, we found an increasein the error of recording for all frequenciesobsened.
Generally, calibration error was found to reducethe allowable frequencyrange.



Chapter 5

Conclusions and Future Research

In summary, the work preserted in this thesis has made the following important cortributions
to sound eld recording:

Consolidated theory betweenthe theoretical contin uous spherical microphone with and
without the use of a rigid sphere,which allowed the use of intermediate con gurations
betweenthe two. This theory pavesthe way towards the design of multi microphone
array systems.

Application and ewaluation of the Gaussian and trigonometric quadrature integration
methods to approximate the cortin uous spherical microphone using a microphone array.
These arrangemeris can be usedin a practical spherical microphone design. They was
found to berelatively e cien t and is scalable.

A model for analysing the error due to inexact positioning of microphonesin an array (or
calibration error) was preseried. Analysing calibration error is essetial when a physical
microphone is implemented.

A set of error measureswas proposedfor error analysis of spherical microphones. Specif-
ically, the most important oneswere error of recording and aliasing error. Thesewould
sene as a basisfor future work in microphone design.

Design and analysis of a fourth order spherical microphone. This is a novel design,
which extendsthose presered in the literature by its ability to record one order higher.
This givesincreaseddirectional accuracy and more preciselocalisation of sound sources,
comparedto existing third order designs,whilst maintaining the samefrequency band.

Howewer, as with existing designs,there are somelimitations in our design. Firstly, it is
only accurate at recording the band of frequenciesrequired for speed, which is around 0.2kHz
to 3.4kHz [18]. This is promising for applications suc as teleconferencing,but there is still a
fair way to go before we can capture high delit y music recordings, where we are looking at
a range of frequenciesup to, say 15kHz. The secondconcernis the level of spatial accuracy
adhieved in our design. Although improved over existing designs,our fourth order microphone
provides limited spatial resolution, where the lack of accuracy of localisation is very much
noticeable as we move further away from the origin. Overall, we expect that our designis
especially useful at capturing reverberant and ambient sound, which is instantly applicable to
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existing surround sound systemslike Dolby Surround. Beamforming is another areain which
our designis directly applicable.

From the treatment presered in this thesis, the challengefor future designimprovemens

includes increasing the spatial accuracy and extent while at the sametime, enlarging the
frequency range in which the sound eld can be captured. The following items have been

identi ed asareasin which future work could be done:

The designcould incorporate theory suggestedn [17]to remove the restriction of placing
microphoneson a sphere. This is expectedto increasethe range of frequencieswhich we
can record.

The rigid spherical scatterer assumesperfectly rigid material. This is not achievable in
practice since all materials have somedegreeof elasticity. Modelling this could be the
focus of future work.

The microphoneswere idealised as omni-directional point sensors. This is not the case
in practice and the implications could be investigated. We anticipate that large area
microphonescould be designedso asto reducethe e ects of modal aliasing.

Analysis of cubature and spherepading arrangemers for usein higher order microphone
design.

The error analysis preseried in this thesis used a single plane wave as the test sound
eld. Further analysis by evaluating the error measureswith dierent test sound elds
could be performed. Possiblesound elds could include onewith a linear combination of
plane waves, or a realistic sound eld, which hasthe characteristics expectedin practical
acoustic everts.

A prototype of the system could be built soto test out the theory and design issues
we have outlined in this thesis. The other important benet of a prototype is to assess
qualitativ ely from a listener's perspective.



App endix A

Gaussian and Trigonometric
Quadratures

A.1 Gaussian Quadratures

Gaussianquadratures are methods which allow the exact evaluation of de nite integrals, where
the integrand is a polynomial. The Gaussian-Legendrequadrature is a specic Gaussian
guadrature method and it is the most appropriate if there is a needto minimise the total
number of points. For further details, the readeris referred to [31] and [32]. Speci cally, this
guadrature is concernedwith evaluating de nite integrals on [ 1;1], where the polynomial
integrand is restricted to a maximum degreeof, say, 2N 1. Then, the Gaussian-Legendre
quadrature speci es the location of the N sample points required, fxxgk., , and their corre-
sponding weights, fwygk., , such that

z X
' f (x)dx = wicf (Xk): (A1)
1 k=1

The function, f (x) can be written in the form of what is known as a Lagrange interpolating
polynomial [30]. For example, the equation of a line can be written as

X X

X X
2 f (xq) +
X1 X2

f(x) = - Xllf (X2): (A.2)

If we take the integral of f (x) in the form of (A.2), we obtain

Z1 Z1 X X Z1 X X
_ 2 1
1f (x)dx = L X1 %o dx f(x1)+ L X2 X dx f(x2)
= waf (X1) + wof (X2); (A.3)

where (A.3) is in the form of (A.1). This procedure can be extendedto polynomials of any
degree.

Now, considera polynomial f (x) of degreeat most 2N 1 in the variable x. We can shaw
that we require N points for the exact quadrature of the de nite integral of f (x) between
x = 1andx = 1. Firstly, we obtain a polynomial by taking f (x) and dividing it by the
Legendre polynomial, Py (X). Then, the resulting polynomial must be of degreeN 1, soit
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can be written in quotient-remainder form as

f(x) N 1(x)
= P X)+ ————
R o )
) (X)) = Pn(X)Pn 2(X) + N 2(X); (A.4)
wherery 1(X) represetts a polynomial of degreeat most N 1. The integral of f (x) is
Z 1 Z 1 Z 1
f(x)dx = Pn (X)Pn 1(X)dx + rn 1(X)dx (A.5)
1 1 1
Z,
= rn 1(x)dx (A.6)

1

where the orthogonality property of Legendrepolynomials® has beenused. Sincery 1(x) is of
degreeat most N 1, the quadrature can be evaluated exactly with N samplepoints by using
a Lagrangeinterpolating polynomial. Howewer, in terms of the quadrature of A.1, we cannot
blindly assumethat we can usethis property. Instead, we generally need2N samplepoints to
evaluate the quadrature as
Z,
f)dx = wPn(Xk)Pn 1(Xk) + Wikn 1(Xk): (A7)
1 k=1 k=1

We need2N sample points as a result of the degreeof the integrand of the rst term on the
right-hand side of (A.5). We can, howewer, assumethe orthogonality property of Legendre
polynomials if we choosekagE:1 to bethe N zerosof Py (x) in [ 1;1] [32]. This is because
the rst term on the right-hand side of (A.7) vanishesas a result. Thus, we are left with a
total of N samplepoints.

Software exists which calculatesthe points and weights for a given degreeof the integrand.?
Table A.1 lists the sample points and corresponding weights for somevaluesof N. Table A.2
lists the samplepoints when the two end points, x = 1 and x = 1 are speci cally to be used.

1 Pa(X)Pm (x)dx = 0; where n 6 m. Refer to [?] for more detalils.

sgausq is a program which calculates sample points and corresponding weights for a given value of N.
It also allows the user to specify whether one or both end points should be used. This can be found at
http://www.netlib.org/go/. Refer to App endix H.
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Sample Paints, Xy

Weights, wy

-0.5773502692
0.5773502692

1.0000000000
1.0000000000

-0.7745966692
0.7745966692
0.0000000000

0.5555555556
0.5555555556
0.8888888888

0.8611363116
0.3399810436

0.3478548451
0.6521451549

0.9061798459
0.5384693101
0.0000000000

0.2369268851
0.4786286705
0.5688888888

0.9324695142
0.6612093865
0.2386191861

0.1713244924
0.3607615730

0.4679139344

Table A.1: Gaussian-Legendrequadrature sample points and corresponding weights for some

valuesof N.

A.2 Trigonometric Quadratures

Trigonometric quadraturesare coveredin the literature under the subject of the discrete Fourier
transform (DFT). This is usedto approximate de nite integrals with trigonometric expressions
in the integrand. The approximation is done via a discrete sum using the trap ezoidal rule.
Speci cally, K equispacedsamplesare evaluated between 0 and 2

[30]. The quadrature is

given by
Z 2 _ o K1 ,
Im = h( )e™ d (=) h( ,)em » (A.8)
0 K™
n=0
foral N < m< N and where , = H Note that we must useat leastK = 2(N 1)+ 1

samplesbecausethis is the number of independert valuesof | ,, which we wish to resole. To
ensurethat aliasing doesnot occur, we must ensurethat h( ) is of the form
X .
h()= ame™ ;
jmj<N

where a, are real coe cien ts. This is due to the fact that only K samplesof h( ) are taken
in the approximation. Note that in (A.8), the weights are all equalto 2 =K sincethe sample
points are equally spaced.
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Gaussianand Trigonometric Quadratures

SamplePoints, Xy

Weights, wy

-0.9999999400
0.0000000035
0.9999998810

0.3333333430
1.3333333700
0.3333334920

-0.9999999400
-0.4472136200
0.4472136500
1.0000000000

0.1666658070
0.8333334330
0.8333354590
0.1666662100

-1.0000000000
-0.6546537280
0.0000000007
0.6546540860
0.9999995830

0.0999998374
0.5444444420
0.7111114260
0.5450564030
0.0993885547

-1.0000000000
-0.7650553580
-0.2852315900
0.2852315900
0.7650979160
0.9999575020

0.0666665956
0.3784751590
0.5548588630
0.5548909900
0.3826575580
0.0624518767

-1.0000000000
-0.8302239180
-0.4688487650
0.0000000800
0.4688486750
0.8303149940
0.9999089240

0.0476189330
0.2768260540
0.4317453210
0.4876189830
0.4318937660
0.2818730180
0.0424235985

Table A.2: Gaussian-Legendrequadrature sample points and corresponding weights for some
values of N, when the two end points are speci cally to be used. Note that N + 1 points are
required.



App endix B

Pro of of PDF for Lg

In Section 3.6, we were interested in the PDF of the distance random variable L  from the g
microphone position, xq. We beganwith the random variable, Z N (0; ), with mean zero
and standard deviation , which hasa PDF of

f2(z) = —912:6 z2=2 2, (B.1)
Then, we de ned
Lq=9(2Z) = jZj; (B.2)

which is a function of Z. This meansthat we can determine the PDF of L if for all I, the
equation g(z) = lq has a courtable number of solutions z; and for all these solutions, go(xi)
exists and is non-zero. Then we can usethe following relationship, as given in [36],

X f (z)
fL(y= 247 B.3
Lalla) i9@)] (B.3)
For I 0, we have two solutions to the equation, g(z) = lq, ie. z1;2> = |q. Hence,
fz(z1) fz(z2)
fr - -+ - -
tlla) = ranei ¥ jsone)
fLy(lg) = fz(g)+fz( lg)
fLole) = 2fz(lg); (B.4)

due to symmetry and the fact that sgn() is the signum function, which hasthe property [37]

djxj
sgn(x) = %: (B.5)

Now, for Iq < 0, there are no solutions to g(z) = Iq and therefore, f_,(Iq) = 0. By writing in a
more compact fashion, we obtain (3.20), as required.
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App endix C

Random Positioning of Microphones

In orderto calculatecalibration errorsassetout in Section3.6, we considerapoint Xq = ( ¢; q)-
We rst solve the problem of shifting this point a distancely alongthe surfaceof the unit sphere,
from its origin position. The problem can be generalisedas nding the points on a circle of
radius |4 along the surface of the unit sphere, certred at x4. We de ne a local coordinate
system, shown in Figure C.1, where the S, axis is along the surface of the unit spherein the
direction of decreasingelewation angle, and the S; axis points in the direction of increasing
azimuth angle (Refer to Figure 2.1). The radial direction is out of the pageat the point x .
We will discussthe e ect at the polesbelow.

sa(@g)f-------------

Figure C.1: Surface coordinate system, where the origin corresponds to a point xq on the
unit sphere. A circle of radius | is drawn on the surfacecertred at this point. The angular
parameter is represeried by ag. The radial direction is out of the pageat Xq.

We usedthe term, local earlier, meaning that it is only valid in a small region, say |q
0:1 , since the curvature of the unit sphere meansthat this coordinate system is only an
approximation to describing a circle of radius |4 along the surfaceof the sphere,certred about
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Xq. Fortunately, we are only concernedwith sud points and sothis approximation is su cien t
for our purposes.We will referto S; and S, asthe surface coordinates.

Before we can continue, we needto nd the a relationship between the changein the
spherical coordinates and the changein the surfacecoordinates.

S $ (C.1)
S $ ; (C.2)

We are interested in the changein these coordinates because,as will be shavn below, we will
deal with relative rather than absolute quartities.

C.1 Mapping Between Spherical Coordinates and Surface Co-
ordinates

Let s, be a length along the S, coordinate and s; be a length along the S; coordinate.
Assumethat the angle  subtendsan arc of length s, onthe unit spherein the S, coordinate.
By the relationship, s = r , which relatesthe angle with the arc length s, we have

Sy = : (C.3)

Howewer, when we consider the S; coordinate, the relationship between s; and is not
the same. This is becausean angle subtends an arc of length s; on the unit spherein
the S; coordinate, which is dependert on elevation - an angle subtendsan arc of length

s1, which is smaller at any other elevation comparedto at the equator, = =2. To quarntify
this, we take a slice parallel to the x-y plane at elevation = [0; ), 6 =2, and we obsene
that the radius of the resulting circle on this plane has been multiplied by a factor of sin ,
comparedto the casewhere = =2 (from basic geometry). Therefore, the circumferenceof
the circle on this plane is reducedby the samefactor. Thus, we have

Sy = sin (C.49)

which is dependert on elewation

C.2 Equation of a Circle on the Surface of Unit Sphere

Having determinedthe relationship betweenthe surfaceand spherical coordinates, it is possible
to determine the equation of a circle on the surfaceof the sphere. We will usethe parameteraq
to de ne the circle asparametric equations, si(aq) and sp(ag), correspondingto coordinates,
S; and Sy, respectively. Therefore, we have

s1(ag) lq cosag (C.5)

S2(aq)

lgsinag: (C.6)
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By usingthe relationships of (C.3) and (C.4), we obtain the corresponding parametric equations
in terms of angular values,

(ag) = Igsinag (C.7)
_ lq cosag .
G = SCor @) ©8)

Therefore, the parametric equations of the circle in spherical coordinates are

(ag) gt  (29) (C.9)
(ag) at  (ag): (C.10)

These becomeinvalid whenewer the point x4 is too closeto, or at the poles, because takes
on values outside its domain, [0; ]. (C.9) and (C.10) will draw gure-of-eight like cortours.
Perhapsa more sophisticated coordinate systemwould alleviate this problem, but this will be
satisfactory for our purposessinceit it largely a ects only the Gaussianarrangemen with the
two poles,described in Section 3.5.1. Instead, we solwve this problem by assigning (aq) = Iq
and  (ag) = aq for the two points at the poles.

Figure C.2 shaws the circles certred about ead microphone position at various values of
lqg = 1, wherel is constart, for two microphone arrangemerts.

(@) Gaussian and trigonometric quadratures (b) Truncated icosahedron arrangemert.
with N = 5and K = 10, two poles.

Figure C.2: Two arrangemers with plots of circlesat various valuesof | certred about points.

C.3 Randomising the Positions

Toimplemert the random variablesL g and Ag, 9= 1;:::;Q in Mathworks MATLAB according
to Section 3.6, we can usethe functions, randn and rand, respectively. The former is a random
variable Z1, with a standard Gaussiandistribution, while the latter is a random variable Z 5,
which is uniformly distributed in [0; 1]. Therefore, we set
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Z1 = randn (1); % Standard Gaussian RV, 1 by 1 matrix output.
Z2 = rand (1); % Uniform RV, 1 by 1 matrix output.

sigma = Lmax/ 3; %s.d. for 99.7% corresponding to Lmax.

Lg = abs (Z1) * sigma;

Aq = Z2 * 2*pi;

where the relationship L= + Z; wasused,and is the mean (zeroin our case)and is
the standard deviation [38]. By assigninglq = L4 and ag = Aq and substituting into (C.9) and
(C.10), we obtain the randomised microphone positions in spherical coordinates.



App endix D

Distribution of Calibration Error

Calibration error was shavn in Section3.6 using Cmax Of (3.15) asthe measure. The means
and standard deviations were obtained from sets of 40 samplesand the normal probability
plots® were plotted using the S-Plus 6.1 statistical software package?, for ead L max and ead
arrangemen analysed. The plots with L s 0f 0:002 and 0:006 are displayed in FiguresD.1
and D.2 for the Gaussian and trigonometric quadrature arrangemens (both with N = 5
and K = 10) without poles and with two poles, respectively. Figure D.3 corresponds to
the truncated icosahedronarrangemert.

0.006
I

0.005
L

points
points

0.004
L

0.003
L
0.008 0.010 0.012 0.014 0016 0.018
L I I I I I

0.002
L

Quantiles of Standard Normal Quantiles of Standard Normal

(@) Lmax = 0:002 () Lmax = 0:006

Figure D.1: Normal probability plot of 40samplesof Cax for the Gaussianand trigonometric
arrangemen with N = 5and K = 10 with no poles.

!Refer to [39] for further details.
2Refer to [40] for further details.
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[
0.026
I

0.019
I
0.024
I

0.022
I

points
0.018

1

points

0.020
I

0.017
L
0.018
I

0.016
L
[

0.016
L

Quantiles of Standard Normal Quantiles of Standard Normal

(a) Lmax = 0:002 (b) Lmax = 0:006

Figure D.2: Normal probability plot of 40 samplesof Cax for the Gaussianand trigonometric
arrangemen with N = 5and K = 10 with two poles.

I
o

P
0.0070 0.0075 0.0080 0.0085 0.0090 0.0095 0.0100
L
P
0010 0015 0.020 0.025 0.030 0.035 0.040
I

Quantiles of Standard Normal Quantiles of Standard Normal

(a) Lmax = 0:002 (b) Lmax = 0:006

Figure D.3: Normal probability plot of 40 samplesof Cnax for the truncated icosahedron
arrangemer.

From all of these, we can seethat the distributions deviate slightly away from linear
behaviour in a concave-up fashion. This indicates a slight skewed-right deviation from the
Gaussian distribution [39]. This skewed-right behaviour is typical of data that are always
non-negative, asis in this case,which suggeststhat the gamma distribution would be a suit-
able model [38]. The gammadistribution parameters and are related to the mean and
standard deviation by = and %= 2[38].



App endix E

Pro of of Error Equations

The proof of ead of the alternative forms of error measuresin Section 4.2 shall be shown in
this appendix. Each makes extensive use of the property of complex numbers, jzj? = zz .

E.1 Proof of Error of Recording

The error of recording is given by (4.3). To beginwith, the original sound eld order truncated
to 0 n < N, canbe expandedas

X 1 X .
S0:(N 1)(X; k) = nm (k)J n (ka k)Ynm (k); (E-l)
n=0 m= n
basedon (2.21). Similarly, a sound eld, which has been perfectly reconstructed from modal
coe cien ts recordedfrom Sp.n 1)(X;K), can be expandedas

X 1 x _
Son (X5 k) = ~nm (K)J n (kkxK) Ynm (R); (E.2)

n=0 m= n

where ~nm (k) are the recorded modal coe cien ts from the sound eld, Sy 1)(Xx;k). The
integrand in the denominator of the error of recording, (4.3), can be simpli ed to

2
So:N 1)(Xik) So:N 1)(X;k)80:(N 1)(X;k)

X 1o

2
Son 1)(X;K) nm (K)j n (KkXK) Ynm (&)
n=0 m= n
X 1 x°
nomo(K)j no(KkxK) Yy omo(%)

2 X1 X1 X _ _
Son p(Xsk) = nm (K) nomo(K)j n (KkxK)j no(kkxk)

n=0 m= nn%Q md% noO

Yom (&) Ynomo(R);  (E.3)
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E.2 Proof of Aliasing Error 61

when (E.1) is substituted and noting that |, (kkxKk) is a real valued function. Now, integrating
(E.3) over the unit spheregives

z 2 X 1 X1 ox°
Son 1y(X; k) d&

nm (K) nomo(K)j n (KkxK)j no(kkxk)
Z
Ynm () Ypomo(R) d&

n=0 M= nn%0 md%= no

z X 1

Son n(xik) o om (K n (kkxK) 3 (E.4)

n=0 m= n

wherethe orthonormality property of (2.16) wasused. We now considerthe numerator of (4.3).
In much the sameway, we can write
Z 2 K 1o
Son 1p(X;K)  Son 1y(X; k) d& =

n=0 m= n

) (K in(kkxk) 5 (E5)

where the orthonormality property of (2.16) was used. Substituting both (E.4) and (E.5) into
(4.3) yields (4.4) asrequired.

E.2 Pro of of Aliasing Error

Aliasing error is given by (4.5). This proof largely follows from the concepts usedin Ap-
pendix E.1. Basedon (2.21), we can write
X 1 X _
Son 1(XiK) = Ao (K)j n (KkXK) Yom (8); (E.6)

n=0 m= n

where ~y, (k) are the recordedmodal coe cien ts from the original sound eld S(x; k). Making
useof (E.2) and (E.6) we obtain
Z 2 X 1 xn
Son y(X:iK)  Son 1)(x;K) d& =

n=0 m= n

~m(®) A () Jn(kkxk)  (E7)

where the orthonormality property of (2.16) was used. Substituting (E.4) and (E.7) into (4.5)
yields (4.6) as required.

E.3 Pro of of Truncation Error

Truncation error, given by (4.1), was originally proposedby Abhayapala and Ward in [19].
This proof largely follows from the conceptsusedin Appendix E.1. By making use of (2.21)
and (E.1), we can write

Z %o

2 2
S(X;k)  Son p(x;k) d nm (K)j n (Kkxk)

K 1 xn 2
nm (K)j n (KkxK) (E.8)

n=0 m= n
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and 7

2 XX
S(x;k) d& =

2
nm (K)j n (KkxK) (E.9)
n=0 m= n
where the orthonormality property of (2.16) was used. Substituting (E.8) and (E.9) into (4.1)

yields (4.2).



App endix F

Calculation of Aliasing Error

This section describes the calculation of aliasing error speci cally for the inner microphone
designdescribed in Section4.4. The sameconceptsare usedin the calculation of aliasing error
for the outer microphone array speci ed in Section 4.5, and sothey will not be repeated here.

In relation to calculating the aliasing error, we are interested in recording a range of base-
band frequencies.Therefore, due to the characteristics of j , (kkxk) and b, (kkxk), the most sig-
ni cant modal componerts responsible for modal aliasing are the lower ordersin n = [N;1 ].
Figures F.1 though to F.4 show that the aliasing causedby ead increasing order decreases
approximately by an order of magnitude, with the exceptionof the 5™ order. This exceptionis
due to the fact that the microphone arrangemern used satis es the orthonormality constraint
of (3.11). Therefore, it is possibleto approximate the total aliasing error by consideringonly
the aliasing from modal componert of orders 6 and 7, for example. The total aliasing error
for the inner microphone array was given in Figure 4.4. The total aliasing error for the outer
microphone array was given in Figure 4.5.
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Calculation of Aliasing Error

Aliasing Error (%)

Aliasing Error (%)
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Figure F.1: Alias error from 5" order modal componerts.
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Figure F.2: Alias error from 6" order modal componerts.
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Figure F.4: Alias error from 8" order modal componerts.



App endix G

Calculation of Truncation Error

We needto make an approximation to (4.2) sincethe in nite sum in the denominator makes
it unsuitable for direct numerical calculations. Firstly, we write it as
nm (K)J n (KjXKk)

wune (kxk; k) = 1 2=0.m=z " - : (G.1)
S(x; k) d&

where m (k) are the modal coe cien ts of the original sound eld, S(x;k). The test sound
eld usedin calculating errors, as described in Section 4.3, can be written as

gkkys xk
S(x;k) = Py (G.2)
whereys is the location of the point source(Refer to Section 2.3 for details). Now,
S(x;k) 2 = S(x;:kK)S (x;k)
) S(x;k)? = rlxkzz (G.3)

If for all x under consideration,ys X (that is, the point sourceis far away from the region
we would like to record), then we can make the approximation of kys xk kygk. Using this

approximation we obtain
1

kysk2’
which is a constart with respectto ®. It is now possibleto approximate the integral in the
denominator of (G.1) as

S(x; k) 2 (G.4)

Z L Z
N 2 1
) S(x; k) “d& S &
Ly 2 4
S(x; k) “d& Ve (G.5)
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App endix H

Index to Files on CD-R OM for

ltems

Table H.1 referencesead item preseried in this thesis with the corresponding les that pro-
duced the item. These can be located via the le location indicated on the CD-ROM. Note
that the MATLAB scripts that have long le namesmay posea problem when attempting to

In Thesis

executethem on a Windows version of MATLAB.

Table H.1: Index to les on CD-ROM.

| | Item(s) | Description | File location on CD-ROM
1 | Figure 3.1 Truncation error asa function | simulation/misc/
of N order_basedtruncation _error.m
2 | Figure 3.2 Plot of j(kkxKk) simulation/misc/
plot_sphericalbessel.m
3 | Figure 3.3 Plot of b, (kkxk) simulation/misc/plot _scatter.m
4 | Figure 3.4 Comparison between | simulation/misc/
jn(kkxk) and b, (kkxk) comparesphere.m
5 | Figure 3.5 bp(kkxk) asR is varied simulation/misc/compare _radii.m
6 | Table3.1 Maximum argumert values | simulation/misc/
for reducing modal aliasing scatter_order_argumert.m
7 | Figure 3.6(a) | Gaussian quadrature points | simulation/arra y/
on the unit sphere plot_gaussianarray.m
8 | Figure 3.6(b) | Gaussian quadrature points | simulation/array/
on the unit sphere with two | plot_gaussianendsarray.m
poles
9 | Figure 3.7(a) | Plot of Cpm:noamo for the Gaus- | simulation/arra y/
sian quadrature arrangemen | ched_gaussianorthogonality.m
10 | Figure 3.7(b) | Plot of Cpm:nomo for the im- | Referto Item 9
proved Gaussian quadrature
arrangemen
11 | Figure 3.8 Icosahedronpoints on the unit | simulation/arra y/
sphere plot_icosahedronarray.m
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68 Index to Files on CD-ROM for Items in Thesis
‘ ‘ Item Description ‘ File location on CD-ROM
12 | Figure 3.10 | Plot of Cym:n omo for the icosa- | simulation/arra y/c hedk
hedron arrangemen _icosahedronorthogonality.m
13 | Figure 3.11 | Calibration error (ac- | simulation/arra y/plot _misplace.m
tual samples used, | and Items 9 and 12
in simulation/arra y/
misplacemen.xIs)
14 | Figure 4.1 Error of recordingfor inner ar- | simulation/record/icosahedron
ray _recording-aliasing error.m
15 | Figure 4.2 | Error of recording for outer | Referto Item 14
array
16 | Figure 4.3 | Truncation error for N = 5 | simulation/record/
design truncation _error.m
17 | Figure 4.4 | Total aliasing error for the in- | Referto Item 14
ner array
18 | Figure 4.5 | Total aliasing error for the | Referto Item 14
outer array
19 | Random Generated by Item 12 with | simulation/record/random _
points on | the parameter Lmax set to | icosahedronLmax0.002pi.mat
truncated 0:002
icosahedron
20 | Figures 4.6 | Error of recording with cali- | Referto Items 14 and 19
and 4.7 bration error
21 | Figures 4.9 | Inner array sound eld record- | simulation/
to 4.12 ings record/icosahedronrecording.m
22 | Figures4.13| Outer array sound eld | Referto Iltem 21
to 4.15 recordings
23 | Table A.1 | Calculation of Gaussian| simulation/arra y/no des/nodes.f
and A.2 quadrature points (wrapper
program to sgausq.f )
24 | Figure C.2 | Circles on surface of sphere| simulation/arra y/
certred about truncated | plot_icosahedroncircles.m
icosahedronpoints
25 | Figures D.1 | Normal probability plots ggnorm and qgline functions in
to D.3 S-Plus 6.1
26 | Figures F.1 | Aliasing error Referto Item 14
to F.4
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