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Abstract. An extension of the language L, is given. The extension was
mainly motivated by applications of higher-order abstract syntax in en-
coding generic judgments, where object-level signatures need to be coded
explicitly. It is shown that this extension preserves the m.g.u property
and the decidability of the unification problems.

1 Introduction

We extend the language of Ly [Mil91] with the types evs (object-level eigen
variables) and nm (names), and the constants p: evs — evs and p : evs — nm.
We call the extended language L;\r. This extension is motivated by applications
of higher-order abstract syntax in encoding generic judgments, where in certain
cases a clear distinction of meta level signatures and object level signatures
(i.e., the signatures of the system being encoded as generic judgments) must be
made. The distinction means, operationally speaking, that no instantiation of
object-level eigen variables can be made by the meta logic. This distinction is
particularly useful for encoding transition systems such as w-calculus [MPW92]
where there is a notion of fresh names. Fresh names can be naturally encoded
as object-level eigen variables (for detailed discussions, see [Mil01, MMO02]).

Object-level signatures are encoded as abstractions of type evs. That is, given
a judgment

Loy, Ty Cxo...2p

of object logic, the corresponding atomic meta-level judgment would be

PALC(pl) ... (p(p™]))

where > : (evs — o') — o. Here the type o is the type of meta-level formula,
and o’ is the type of object-level formula, and 5"l denotes n applications of p
to [. The variable C' above is a scheme variable that needs to be instantiated
with approriate ground terms. We can encode object-level inference rules, for
example, with Horn clauses by using such scheme variables. In the unification
process, scheme variables are treated as existentially quantified, that is, if we see
the variables in the unification pairs as quantified in a quantifier prefix [Mil92].
Therefore, the judgment above is clearly not in Ly, because the variable C' is
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applied to terms, instead of internally bound or universally quantified variables.
However, we can see that intuitively, these p(p*1) terms should not be too differ-
ent from variables, since they are all distinct ground terms. Formally, we need
to make certain restrictions on how the type evs and the constants p and p are
used, precise enough to capture the intended meaning of these extensions.

In this paper, we show that the unification problem in L; is decidable, and
that it always gives the most general unifier if it is solvable. The algorithm and
the proofs of main theorems follow the same outline as the ones for Ly [Mil91],
with an additional step involving the use of p.

2 A Unification Algorithm for L3

The extension of Ly is given in the following definition. We assume all terms are
in A1 normal forms.

Definition 2.1. Given a prefized term Ot, it is in L)f if the following hold.

1. Every subterm in t of the form (xtq...t,), wheren > 0 and z is existentially
quantified in Q, satisfies the following restrictions.

(a) Each t;, 1 <i < n, is either a variable or a term of the form p(p*l) or
Pkl All variables in t; are universally quantified to in the scope of x or
internally bound by \-abstractions.

(b) For any two terms t;,t;, i # j, t; is not a subterm of t; and vice versa.

2. The constants p and p are applied only to terms of the form p*l, where k > 0
and | : evs is a universally quantified or an internally bound variable.

Remark 2.1. Ttem (2) is important to guarantee termination and mgu property
of the unification. This is illustrated in the following example. Let IMVI.M (pl) =
p(MI) be our unification problem. It is clear that any substitution of the form
{M s M. p*1}, for k > 0 will be a solution, and each of these solutions is not
comparable to the others. Hence we lost mgu property. From the algorithmic
point of view, this is an instance of flexible-rigid case. If we apply Huet’s algo-
rithm [Hue75], in particular the projection and imitation steps, we will have an
infinite reduction of this unification problem, i.e.,

M(p1) =p (ML) = p (H(p 1)) =p (p (H1)
— H(pl)

After seeing this example, readers might worry that this scheme of reduction can
be generalized to the case where p is replaced with arbitrary rigid variables (i.e.
universally quantified or internally bound) of the same type. In fact it can, but
then it will fall outside the scope of our definition, more specifically, item (1.a.)
above. This is also the reason why we need a special treatment of the constants
p and (especially) p.



We refer to the terms p(p*l) and p*I in the above definition as ev-term
and sig-term (for signatures), respectively. A sig-subterm of ¢ is a mazimal sig-
subterm if it is not a proper subterm of another ev- or sig-subterms of t. A context
is a term with a hole, denoted by ¢[]. When we are interested in a particular
occurence of a subterm s in a term ¢, we will write ¢ as t/[s], for some context ¢'[].
The term #'[x] will then be the term obtained from ¢ by replacing that particular
occurence of s by z. We will also make use of multiple-holes context, when we
are interested in several occurences of non-overlapping subterms. For example,
given non-overlapping subterms si,..., s, in t, we can write it as t'[s1, ..., s,]

The unification algorithm we will describe here consists of the following one-
step transitions on state formula: raising, £ step, rigid-rigid, pruning, expansion,
flex-rigid, and flex-flex. Raising, {-step and rigid-rigid steps are as in Ly. All
other steps are explained below. In the following explanation, we assume that a
state formula S with quantifier prefix Q is given. Each step defines a substitution
and a rewriting on the given state formula. If two state formula S and &’ are
related by a transition with substitution o we write S == &'.

For most part of the algorithm, we will be working with gn-normal terms.
One exception is when we consider termination problem. There we will use 7-
long 8 normal form instead. We refer to Sn-normal form as A-normal form (or
Anorm for short), and n-long 5 normal form as A-long normal form (or Along).

We study some simple properties of these normal forms, in our particular setting
of L;\“.

Proposition 2.1. Lett be a term in A-normal (respectively, A-long) form which
contains a free occurrence of x. Let 0 = {x + s}, where s is either y, p(p*y) or
p*y and s is of the same type as x. Then o(t) is in A-normal (A-long) form.

Proof. The proof is by induction on the structure of ¢. In the base cases, we have
t = x or t = z, where x # z, which is trivial. In the inductive step, we have
t = AZ.hty...t,. Then o(t) = AzZ.o(h)o(t1)...o(t,). By inductive hypotheses
each o(t;) is in normal form. Substitution on the head h produces either y or
p(p*y) or pFy, and in each case, no 3 or 1 redex is introduced (in the case of
A-long form, no n-expansion is possible, since we do not change the type of the
head). Hence, o(¢) is in normal form. O

Proposition 2.2. Let t be a A-normal term in L;\“ with a prefix @ such that
t =w[t'] wheret’ = Az.(uty ... t;...tn), t' is not prefized by an abstraction, u is
existentially quantified in Q and t; has an occurence of a universally quantified
variable x in the scope of u. Let 0 = {u > Az1...x,.5} U0 be a Q-substitution
and s is a A-normal term that has an occurence of x;. Then

Anorm(6(t)) = r[Anorm(B(AZ.uty .. . t,))],
for some context r]].

Proof. By structural induction on ¢.

— t =1, obvious.



— t = Ag.hwy ... w;[t'] ... wg. Then

By Definition 2.1, h must be a rigid head, so it does not change under
substitution. By inductive hypothesis, we have

Anorm(0(w;[t'])) = r'[Anorm(4(t"))]

for some context r’[]. We need only to make sure that '[Anorm(6(¢'))] is not
part of an n-redex. It is sufficient to show that 7/[Anorm(#')] is not a variable
in g. Since s is in normal form, we can apply Proposition 2.1, together with
Definition 2.1, to show that Anorm(0(¢')) = {z1 — t1,...2, — ty}s. In
particular, Anorm(6(¢')) will contain a universally quantified variable (i.e.,
the variable z in ¢;), and therefore r'[Anorm(6(t))] cannot be a variable in

Y.
O

Proposition 2.3. Let t be a A\-long normal term in L; with a prefic Q such
that t = t'[Az.(uty ...t;...t,)] where u is existentially quantified in Q. Let 6 =
{ur— Azy...2,.8} U0 be a Q-substitution and s is a A-long normal term. Then

Mong (0(t)) = r[Along (0(AZ.uty .. . t,))],
for some context r[].

Proof. The proof is similar to the one in Proposition 2.2. The inductive case is
simplified, that is, we need only to show that A is rigid. a

2.1 Expansion Step

Given the equation vty ...t, = r, let s =p*l be a maximal sig-subterm of 7,
[ is universally quantified in the scope of v and s does not have any subterm
in {t;...t,}. If s does not occur as an argument of an existentially quantified
variable, then replace this equation with 1 and set the substitution ¢ to empty
substitution. Otherwise, s occurs in a subterm (usi ...s;...s,) where s; = s and
u is existentially quantified. We require that v and v be different, for proving
termination of the algorithm later.
We define an m-expansion of the term p*I as follows:

el‘pm(ﬁkl) _ {p(ﬁkl>,p(ﬁk+ll), o ’p(ﬁm—ll)7/3ml}.

We then choose the smallest m that maximize the cardinality of the following
set:
E={t1,...,.tn} Nexp™(p"1).

We call this set the expansion set of s;. Let wy, ..., w, be an enumeration of £.
Since all elements of the expansion set share the subterm p*l, we can write w;
as w}[p*1]. We then define the substitution o as follows:

o=A{ur ey Arpusy . xw [z whE] T ap )



where v’ is not bound in §. We then apply o to S and replace u with u’ in
the prefix to obtain §’. Note that if £ = (), the effect is like pruning. This can
happen, for example, if {¢1,...,t,} do not have any occurences of evs variables.

The maximal sig-subterm p*I above will be referred to as ezpandable subterm
of r. We now prove a local termination property of the expansion step, that is,
the number of expandable subterms in the selected equation decreases.

Lemma 2.1. Given a state formula S, let t = r be an equation in S subject to
an ezpansion, and let t' = r' be the corresponding equation after the expansion.
Then the number of occurrences of expandable subterms in v’ is strictly smaller
than the number of occurrences of expandable subterms in r.

Proof. The term t must be of the form vty ...t,. The notion of expandable
subterm is dependent on the term ¢, therefore we first need to make sure that
t is invariant under the substitution of this expansion step, which is the case
here since u # v. We need to consider two cases. In the first case, the equa-
tion is replaced by L, and the lemma holds trivially. In the second case, let p*1
be the expandable subterm which occurs in the subterm us; ...s;...sp,, where
S; :ﬁkl. After substitution, this subterm becomes u'sy ... w1 .. .Wq ... 8p Where
{w1,...,wy} is the expansion set. By the definition of the expansion set, each
w; is equal to some term ¢, therefore no new expandable subterm is introduced.
Since we also remove the expandable subterm s;, clearly the number of expand-
able subterms decreases.

What is left to check is if the substitution introduces new expandable sub-
terms in other subterms of the form (uz; ... PFLL L Zm) in 7. After substitution,
the sig-term ﬁk/l is expanded into a set of terms, and there can be at most one
sig-term in the expansion set, which is of the form ﬁk//l where k" > k'. If the
sig-term ﬁk/l is not already an expandable subterm, which in this case means
that it has a subterm in {t¢i,...,t,}, obviously the substitute ¥l is not an
expandable subterm either. a

The following lemma states the correctness of the transition, i.e., it preserves
solvability.

Lemma 2.2. Let S == S’ be an expansion step. Then o is a factor for S.

Proof. We recall the definition of factor of unification [Mil92]: given a state
formula (or unification problem), a substitution v for § is a factor of S if for
every solution € of S there is a solution 6" for v(S) such that § = vy o &'. Let
vty ...t, = r be the equation under consideration. There are two possible cases.
The first case is when this equation is replaced by |, and this can happen only if
there is a maximal sig-subterm p*[ in r that has no subterm in {¢y,...,¢,}. Then
it must be the case that p¥I=r or it occurs as an argument of a rigid subterm
of r, say, h...(pFl)..., where h # p (by definition of maximal sig-subterm). In
either case, p*k remains after substitution. We argue that in this case S does not
have a solution, and hence the lemma holds vacously. Suppose 6 is a solution for
S. Then the A normal term of 8(vt; ... t,) must contain a maximal sig-subterm



pFl. Since | occurs in the scope of v, the only way to form the subterm /"l is
by projecting on the arguments of v. But then there must exist a ¢; that is a
subterm of p*I, contradiction.

The second case is when r = 7/[A\z.usy...s;...s,] where s; =pFl and s;
does not have any subterm in {t1,...,t,}. Let & = {w[s;],...,wy[s;]} be the
expansion set of s;. Let us recall the definition of o:

o={u— ey Axpa'zyowqwyfa] . wglEig )

We have to show that for every solution § = {u — Azi...Ax,.s} U~y there
exists a solution @’ for S’ such that § = o 0 @’. It is enough to show that we can
decompose 6 into o o §" since this implies that ¢’ is a solution for S.

We do case analyses on the occurences of x; in the term s. If x; does not
have any free occurences in s, then we define 0" as follows:

0" = {u' — Ax1 .. AT AY1 . AYGAT 1 - ATpS U,

where y1,...,y, are not free in s. It is easy to check that § = o 0 ¢’ in this case.

If z; have free occurences in s, we distinguish two cases. In the first case, x;
occurs in a subterm hx;, where h # p and h # p. Then we have, by Proposition
2.2,

Anorm(6(vty .. .t,)) = Anorm(0(r))
= 7" [Anorm(O(\z.usy ... sp))]

= r"[Az.s'[(h p*1)]]

for some contexts 7”'[] and s'[]. Since [ is in the scope of v, the term p*I must be
obtained by projection on {t1,...,t,}, which means that there is a term ¢; that
is subterm of p*I, contradiction.

Given the analyses above, the only possible occurence of x; is in a subterm
px; or pxr;. Any occurence of x; will then be in a subterm w in s, of the form
p(p™x;), where m > 0, or p™l where m > 0. We claim that in this case, there
exists a unique w’ € &£ such that w’ is a subterm of {z; +p*I}w. This can be
checked by analyzing the structure of r and its normal form after substitution.
If r = Az.us; ... sp, then, depending on w, Anorm(0(vt; ...t,)) = r1[p(p™+*1)],
or ro[p™+F1], for some contexts r1[] and r»[]. In both cases, we must have a term
t; such that ¢; is either p(p™**1) or ™ 1 where k < m’ < m + k. Therefore we
take w’ = t;, since t; must be in £ by definition of £. In the more general case,
we have r = r'[h...(A\Z.us1 ...sp)...] for some context 7’'[] and some variable h.
By Definition 2.1, h # p and h # p. Therefore the argument in the previous case
applies as well. The uniqueness property follows from the definiton of £.

Having proven the above claim, we can assume that s is of the form

5= s”[w’i[xi}, .. ,w;[xl}]
where j is the number of occurences of z; in s and ~ : {1,...,5} — {1,...,¢}.
Now we define ¢’ as follows:

0 = {u’ = AL . AT A2 .. )\Zq)\.l‘i+1 . )\a:p.s”[zi, R Zj]} U-y.



It remains to show that 6u = (o 0 6" )u:
Ou = Az1... Azp.8"[wi[m], ..., wilw]]
= Az1 ... Azp. (0'u)zy .. .wi,lw'i [2:] ... wé_ [@i]Tit1 .. xp
=60 (Azy... Azpu'zy ... xi,lw’i [x] .. w; [i]Tit1 ... zp)
=0'(ou)
=(cof)u

Hence, § = (0 0 0') (mod S).

2.2 Pruning Step

Let vty ...t, = r be an equation in § where v is existentially quantified. Let s
be a variable or an ev-subterm in r. Suppose all variables in s are universally
bound in the scope of v, and none of {t1,...,t,} is a subterm of s. If no such term
occurs in 7, then this step is not applicable. If s does not occur as an argument of
some existentially quantified variable, replace the equation with L. Otherwise, s
occurs in a subterm ugq; ... ¢;5qi+1 - - . ¢j, where u # v is existentially quantified.
We define a substitution o as follows:

o={ur Ary... Ax;u'Ty . i@ T

where ¢/ is not bound in S. We then replace S by the formula S’ obtained from
replacing Ju with Ju’ and applying the susbtitution ¢ to all judgments in S.

We call the subterm s above as prunable subterm of r. As we did with ex-
pansion step, we prove a local termination property of pruning step.

Lemma 2.3. Given an state formula S, let t = r be an equation in S subject
to a pruning transition, and let t' = r' be the corresponding equation after the
ezpansion. Then the number of prunable subterms in r' is strictly smaller than
the number of prunable subterms in r.

Proof. We consider only the case where the equation is not replaced with L,
otherwise it is trivial. Then, t = vty ...t,, and 7 = r'[(usy ... ;... S;,)], where
u # v. As in expansion step, it is important that ¢ remains unchanged after
substitution, which is the case here also because of the restriction u # v. Since the
substitution ¢ in this step reduces the number of arguments of u, in particular,
the prunable subterm s; is discarded, the number of prunable subterms in r
decreases after substitution. ad

Lemma 2.4. Let S == S’ be a pruning step. Then o is a factor for S.

Proof. Let vty ...t, = r be the equation subject to pruning. If this equation is
replaced by 1, then it must be the case there is a subterm s of r that has no
subterm in {¢1,...,%,}, and either r = sor r = r'[(h...s...)], where h is a rigid
head. By the same argument as in the proof of Lemma 2.2 we conclude that



in this case S is not solvable, and therefore any substitution o will serve as a
factor. Otherwise, suppose s occurs as an argument of u, where u is existentially
quantified. Then r = r"[(us1...s;...s;)] where s; = s. Recall the definition of
o:

o={ur Ary... Az; Ty @@ . T )

Suppose 0 = {u — Az1...Az;q} U~ is a solution for S. We show that 6 can be
decomposed into oof’, for some 6’. We claim that g does not have any occurences
of x;, because otherwise the term 6r will contain s as subterms, and consequently
the A normal form of 8(vt; ...t,) would have to contain s as subterms. Since
all variables in s are universally quantified to the right of v, the subterm s can
only be formed through projection on the arguments {¢; ...t,}, but then s must
have a subterm in {¢; ...%,}, contradiction. Therefore we define

0 ={u' — Xry.. Az AT .. Azjq Uy

It is easy to see that § = o 0 6'(modS). O

2.3 Flexible-Rigid Step

Let vty ...t, = r be the selected equation where r is a rigid term. If v occurs
in r, then replace this equation with 1. Otherwise, given raising, pruning and
expansion steps, we assume that all universally quantified variables in r which
are in the scope of v, all ev-subterms and maximal sig-subterms of r of the form
p(pF1) and p™I, where [ is universally quantified in the scope of v, have subterms
in {t1,...,t,}. Therefore r is A-convertible to (Azy ... Az,.7")t1 ... t,, where 1’ is
a term obtained from r by replacing all subterms ¢; with x;. In other words, we
abstracted the subterms ¢; from r. Since the arguments of v are distinct terms
and no two terms are subterms of one or another, the term 7’ is unique. We
define the substitution o as follows:

o={v— Ar1... dzpr'},
and replace the equation with T.

Definition 2.2. Let t be a term in A-long form, and let I' be a set of variables
that have free occurences in t. We define a measure on the term as follows:

#ar) ={o heels
#Azxr, ) = #(r, T U{x})
#((uv), I') = #(u, I') + #(v, I")

Lemma 2.5. Let t be a term in A-long normal form with an occurence of x,
let I’ be a set of variables. Let o = {x + s} where s is in the form y, p(p*y)
or p*y and either y € I' or y is a new wvariable that is not free in t. Then

#(t, I'U{x}) = #(Mong (o (1)), ' U{y}).



Proof. By Proposition 2.1, Mong (o(t)) = o(t). The proof proceeds by induction
on t. The base cases, namely ¢t = x and t = z where z # x, holds trivially. In the
inductive case, we have t = AZ.hty ...t,. Then

(6, T U {a}) = #(h, T U{x, 2}) + #(t, T U {2, 21) + .+ #(6, T U {ir, 2)).

By inductive hypothesis, we have #(h, I’ U {z,z}) = #(o(h),I" U {y,z}) and
#(t, T U{x,z}) = #(o(t;), T U{y, z}), for all ¢ € {1,...,n}. Therefore,

#(o(t), 'U{y}) = #(Az.o(h)o(tr)...o(tn), I'U{y})
#(o(h), I'U{y, 2}) + 300, #(o(ts, ' U {y, 2})
#(t, T"'U{z}).

O

Lemma 2.6. Let t = vty...t, and s = vsy...s, be two Lj\r—terms with a
prefix Q, where v is existentially quantified in Q and p < n. Let 8 = {v —
Axy .. Az} U6 be a Q-substitution, where (v) is in A-long normal form.
Then

#(Nong (6(+)), I'UT}) = #(Nong (6(s)), T UTY)

where I' is the set of all universally quantified variables in Q and Iy and Iy are
sets of variables in {t1,...,t,} and {s1,...,sp}, respectively.

Proof. Let 0 = {x1 — t1,...,2, — tp} and v = {21 — s1,...,2p — Sp}.
By Proposition 2.1, Along (6(t)) = o(r) and Along (6(s)) = ATpt1 ... Azp.y(7).
Applying Lemma 2.5, we have

#(Aong (6(t)), ' U It) = #(o(r), [ U I})

#(r, T U{xy,...,2n})
=#Azpi1.. Azp.r, T U{x1,...,2p})
H#ACpg1 ... Axpy(r), T UTY)
#(0(s), U I).

O

Note that the two lemmas above hold because we do not count the constants p
and p. Hence, Definition 2.1 plays an important role here.

Lemma 2.7. Let vty...t, =71 be an equation in a state formula S, where v is
existentially quantified and v has a rigid head. If v occurs in r then S has no
solution.

Proof. Suppose v occurs in r in a subterm h...(AZ.v81...8,) ..., where h is a
rigid variable, but S has a solution 6 = {v — Az1...Az,.q} U#'. Note that in
general m may not be equal to n. We consider here the A-long normal form of
terms after substitution. By Proposition 2.3,

Aong (0(r)) = r'[Az. Mong (6(vsy ... sm))].



Since Along (6(vty ...t,)) =Mong (6(r)), we must have

#(Mong (8(vty ... t)), I') = #(ANong (0(r)), I")

where I" is the set of all universally quantified variables in S. By Lemma 2.6, we
have

#(Nong (0(vsy ...sm)), T UT") = #(Nong (0(vt; ...t,)),I"),

where I'V contains free variables in {s; ... s, }. Since the head of r is a universally
quantified variable (it cannot be the constant p or p by Definition 2.1), we have

#long (0(r)), ') > #(0(vsy ... 8m), TUT") +1 > #(AMong (0(vty ...t,)), I),
contradiction. Therefore, § cannot be a solution for S. a
Lemma 2.8. Let S == S’ be a flez-rigid step. Then o is a factor for S.

Proof. Let vty ...t, = r be the selected equation in this step. Lemma 2.7 handles
the case where the equation is replaced by L. We consider the other case, where
r=g (Az1... Azp1")t1 .. . ty, and 0 = {v — Azy ... Az,.r'}. We refer to notations
used in the beginning of this section. Again, as before, we show that given a
solution 6 of S, we can find a substitution 6’ such that § = o 08" (mod S).
Suppose 0 = {v — Az ... A\x,.s} U~y. Then take 8’ = . Given a-conversion, we
can assume that x1,...,x, are not free in . We have 6(v) = Az; ... Az,.s and

(000 (w)=0(A\r1... Axpr’) = Azy ... Az, .0/ (7).
Since 6 is a solution for S, we have also:

O(vty...t,) =0(r)
Ax1 . Az 8)ty -ty = 0 (Axy . A1)ty o )
Axy . Az 8)t1 .ty = (Azy . Ay, 0/ ()t Lty

hence, 0(v) = Azy ... Axp.8 = Ax1... A2,.0'(r") = (0 0 0')(v). Therefore, § =
o6 (mod S). O
2.4 Flexible-Flexible Step

Let vty ...t, = usy...s, be the selected equation, where both u,v are existen-
tially quantified. We distinguish two cases.

1. uw # v. By raising, pruning and expansion, we can assume that every s; has
a unique t; as subterm. Therefore, just like in flexible-rigid step, we have
US1 ... 8n =x (Ax1 ... Az )ty .. L, We define a substitution

o={v Ary... Az,.1")
We replace the equation with T and apply 6 to the rest of equations in S to
obtain &’.

10



2. w = v. Then we have p = n. Let I = {i | t; = s;,1 € {1,...,n}} and let
i1,...,%,m be an enumeration of I. We define the substitution

o={ve Ary. Az 0T, o x b

where v’ is not bound in S. We apply o to S, replace the equation with T,
and replace u in @ with v’.

Lemma 2.9. Let S == S’ be a flexible-flexible step. Then o is a factor for S.

Proof. The case where u # v is similar to the proof in Lemma 2.8, so we consider
here only the case where u = v, that is, uty...t, = us;...s,, and o is defined
as

o={veAry.  Azp'T, ox b

where I ={i | t; =s;,i € {1,...,n}} ={i1,...,im}.

Suppose 6 = {u — Azy...\x,.s} U~ is a solution for S. Let ¢ = {1 —
tyeoo Xy — tp}and ¢ = {1 — S1,...,Tn — Sp}. Then Anorm(f(vty ... t,)) =
¢(s) and Anorm(6(vsy ... s,)) = ¢'(s). It must be the case that ¢(s) = ¢'(s). We
show by induction that for every A-normal term s, ¢(s) # ¢'(s) if x; has a free
occurence in s. In the base case, suppose x; occurs in s, then s = AZ.x;. But then
@(s) = A\z2.t; # A\Z.s; = ¢/(s). For the inductive case, we have s = AZ.hwy ... wg.
Then 6(s) = Az.6(R)3(wr) ... o(wy), and ¢'(s) = Az ()6 (wn) ... & ().
Since ¢(s) = ¢'(s), then it must be the case that ¢(h) = ¢'(h) and ¢(w;) =
@' (w;), for all 1 < j < k. By inductive hypothesis, none of h or w; can have free
occurences of z;. Now we define 6’ as follows:

0 ={v — \wy, ... Ay, .81 U,

where {i1,...,i,} = I. It is easy to see that § = o0 §'. O

2.5 Unification Algorithm

Given a state formula Sy, we apply the following steps until there are no equation
left or until L appears in a state formula. This gives rise to a series of transitions

So =2 ... 2 S, (n>0).
The result of the unification algorithm is the pair < o1 0...00,,S, >.

Step 1. Apply either the £ or the rigid-rigid step to the first applicable equation
found in a left-to-right transversal of the state formula. If neither of these
steps applies, move to the next step.

Step 2. Select the first flexible-flexible or flexible rigid equation in a left-to-
right order. Apply raising, expansion and pruning steps to that equation
until these transitions can no longer be applied, and then move to the next
step. The exact order in which the various raising steps, expansion steps or
pruning steps are applied can be specified arbitrarily.

Step 3. Apply as appropriate either the flexible-flexible or flexible-rigid step to
the resulting selected equation.

11



3 Correctness of the Unification Algorithm

We first show that the language L;\r are closed with respect to the unification
transitions. We then show termination and correctness of the transitions.

Theorem 3.1. Let S be a state formula in L:\”' and S == S’ be a unification
transition step. Then S’ is in L;\r.

Proof. We consider the case where ¢ is non-empty. In each transition step, a
substitution o = {u +— AZ.s} is defined. It can be checked that s itself is an L -
term. Applying o to S corresponds to replacing subterms of the form wuty ...¢,
with {1 — t1,..., 2, — t,}, which is also an Lj{—term since we are replacing
rigid variables with rigid variables, ev-terms or sig-terms (this is a bit simplified,
but it holds as well in the general case where u is partially applied). Since
this subterm ut; . ..t, never appears as an argument of a flexible head, we can
basically replace it with any L;\r—term of the same type and still get an L;\r—term.

O

Let ¢t be a A-normal term all of whose free tokens are quantified at the meta-
level in S, the measure |t| counts the number of occurrences of abstractions and
applications in ¢ that are not in the scope of existentially quantified variables of
S. That is, |¢| is defined by

k h existentially quantified in S

Az1.. Az (htr. .. t,)] = { k+mn+>" |t h universally quantified in S

where (k,n > 0). (Of course, |t| also has S as an argument, but its value will
always be clear from context.) The weight of a meta-level, universal quantifier is
the number of occurrences of meta-level, existential quantifiers in its scope.

Let t; = s1,...,t, = s, be the list of equations that occur in S and let m be
the number of existentially quantified variables in S. The measure associated to
S is defined by the quadruple

n
[SI = (m, Y [ti] + [sil, n, w),
i=1

where w is the sum of the weights of all meta-level, universal quantifiers in S, and
n is the total number of equations in §. Quadruples are ordered lexicographically.

This measure is adopted from the one for proving termination of L unifica-
tion algorithm [Mil91]. The difference with the measure used in [Mil91] is that
we omit the part that measures the number of prunable variables; instead, prun-
ing and expansion steps are dealt locally, i.e., by considering only the equation
chosen at Step 2 in our algorithm. One reason is that we notice although prun-
ing step reduces the number of occurrences of possibly prunable variable in one
equation, it can possibly introduce new prunable variables in other equations.
The same holds for expansion step. To see why this is the case, let us consider
the following example. Let

S = VaFuTvIwVaVbVz.uab = c(vaz)b A vab = wab.

12



It is easy to check that this formula is typeable. This formula has one prunable
variable, that is, z. Applying pruning to the first equation, we get

uab = c(v'a)b A v'a = wab,

where v’ is a new existential variable replacing v. We thus introduces a new
prunable variable, namely, b. Other measures remains the same, so in this case
the measure does not decrease.

We apply the measure above in the following way: we measure the resulting
state formula after each pass of the unification algorithm. That is, instead of
considering each unification transition step and showing that the measure de-
creases in each step, we consider a sequence of transitions steps and show that at
the end of this sequence, the measure decreases. For this purpose, we introduce
a local measure for equations, for Step 2 of the algorithm:

|l =0,
[t =r|=(|t|e,p), if t =vt1...tp,

where v is existentially quantified, e is the number of expandable terms in r and
p is the number of prunable terms in r.

Theorem 3.2. There is no infinite series of unification transitions.

Proof. Let S be the given state formula. We show that after each step of the
algorithm (not the unification transitions), the global measure decreases, with
one exception of Step 2, where we show that the global measure does not change,
but the local measure decreases, and hence this step will eventually terminate.
In Step 1, we apply only ¢ and rigid-rigid steps. Suppose the one-step transition
S =% S’ is the raising step, then the weight of at least one meta-level, universal
quantifier in S decreases in §’. Although the number of applications in the state
formula may have increased, all new applications are in the scope of existentially
quantified variables and are therefore not counted by the | |-measure. Since the
number of equations and number of existentially quantified variables have not
changed, |S’| < |S]. If the transition is the £ step, the number of abstractions
in equations decreases. If the transition is the rigid-rigid step, then either the
number of applications decreases or the number of equations decreases. Thus in
either of these cases, |S'| < |S|.

In Step 2, we apply raising, pruning and expansion. Let ¢ = r be the se-
lected equation at this step. If the transition is the pruning step or expansion
step, either the number of equations is reduced by one or all components of the
global measure |S| are unchanged. Lemma 2.1 and Lemma 2.3 guarantee that
components e and p decrease, and furthermore, these steps do not interfere with
each other, that is, application of pruning does not introduce new expandable
subterms and vice versa. Therefore, the local measure |t = r| decreases. This
means there can be only finitely many applications of pruning and expansions
(and raising), and hence Step 2 terminates, without increasing the measure |S]|.

In Step 3, we apply flexible-flexible or flexible-rigid transition steps. In the
first case of the flexible-flexible step, the number of existentially quantified vari-
ables decreases by one. Hence, the measure |S| decreases. In the second case,
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the number of existentially quantified variables and the number of occurrences
of applications not in the scope of existentially quantified variables remain the
same. Since the number of equations decreases, the measure |S| also decreases.
Finally, if S’ arises from S by applying the flexible-rigid case, the number of
equations reduces by one and an existentially quantified variable from S may
also be deleted. Thus, again |S’| < |S].

It remains to check if the measure |S| always decreases in each pass of the
algorithm. Since Step 1 and Step 3 always end up with a decrease in measure, we
need only to check the case where only Step 2 is applicable but not Step 1 and
Step 3. This happens only if the equation ¢ = 7 in Step 2 is eventually replaced
by L, in which case the algorithm terminates. O

The following lemma and propositions show that the unification transitions
can be used to determine whether or not solutions exist and to characterize all
of them if they do exist.

Lemma 3.1. Assume that S == S’ is a unification transition. The solutions to
S can be put into one-to-one correspondence with the solution to S’ so that if the
solution ¢ for S corresponds to the solution ¢’ for 8" then po ¢’ = ¢ (mod S).

Proof. Assume that the transition is the raising step. That is, the state formula
changed by lifting Ju up over the universally quantified variables in w to get
the quantifier 3u’ and p = [u — «/w] is applied to all judgements. The corre-
spondence of solutions is given by either letting ¢’ be the result of replacing
u +— s in @ with v/ — Mw.s, or conversely, letting ¢ be the result of replacing
u' — 1 in ¢ with u — Anorm(r®). Since ¢ and ¢’ differ only on w and «’ and
since (p o ¢ )u = ¢’ (VW) = (Mv.s)w Aconv s = pu, it follows that po ¢’ = ¢
(mod S). Notice that raising is a general transition for unification problems: it
is dependent only on the scope of quantifiers and not on the judgements of the
state formula. A fuller description of this transition is presented in [Mil92].

If the transition is the £ step, the result follows immediately since p is the
empty substitution and the set of solutions does not change.

Assume that the transition is the rigid-rigid step. If the equation replaced
with this step is hty...t, = hsi...S,, a substitution makes these terms A-
convertible if and only if it makes ¢; A-convertible s;, for ¢« = 1,...,n. Thus,
S and S’ have the same solutions. If the equation replaced with this step is
hty...t, =ks1...8m, where h and k are different universally quantified variables
in S, then this equation cannot be made equal and S has no solutions. Neither
does &’ since it contains L.

The cases for pruning, expansion, flexible-rigid and flexible-flexible steps are
covered by Lemma 2.4, 2.2, 2.8 and 2.9, respectively. a

Theorem 3.3. If the unification algorithm is applied to the state formula S, it
terminates with a result, say (6,8’). If S’ contains L, then S has no solutions.
Otherwise, S’ contains no equational judgements and the solutions to S and
S’ can be placed in one-to-one correspondence so that if the solution ¢ for S
corresponds to the solution ¢’ for 8’ then 0o ¢’ = ¢ (mod S).
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Proof. The fact that the unification algorithm terminates is an immediate conse-
quence of Theorem 3.2. Assume that the unification algorithm makes the series
of transitions

S=8= - 258,=8 (n>0),

where 6 = pyo---0p, (if n =0 then 0 is the empty substitution). Now S’ either
contains L or contains no equations (that is, there is a unification transition
available for every possible equation). In the first case, it follows immediately
from Lemma 3.1 that none of the state formulas Sy, ...,S,, can have a solution.
In the second case, again using Lemma 3.1, it is possible to place solutions of
S; (i =0,...,n) in one-to-one correspondence so that, if ¢; as a solution for S;
(¢ =0,...,n) is in such a correspondence, we have

o10p1 =y (mod Sp), ..., 0n 0w, =¢p_1 (mod S,).

Thus, 01 0+ 00, 0@, = o (mod S). Therefore, solutions ¢’ to S’ can be
placed in one-to-one correspondence with solutions ¢ of S so that 6o ¢ = ¢
(mod §). O

A unification problem is a state formula that does not contain any sequent
judgements. The following theorem follows immediately from the previous propo-
sition.

Theorem 3.4. Let S be a unification problem without the L judgement. Assume
that the unification algorithm returns (0,S") when applied to S. Then S has no
solution (i.e. unifier) if and only if S’ contains L or there are no 8’ -substitutions.
If 8" does not contain L, the substitution 6 represents the most general unifier
of S in the sense that the set of solutions to S is exactly the set of substitutions
0o @' where ¢ ranges over S'-substitutions.

4 Conclusions and Future Works

We have shown that the unification problem for our particular extension of Ly
is decidable, and most importantly, there is an algorithm to compute the m.g.u
if solutions exist. The extended language was intended to capture the encoding
of object-level signatures. It is actually more general than necessary for this
purpose, for example, we can have terms with more than one evs abstractions.
One consideration for defining a broader class of language is that it simplifies
the proofs of most lemmas and theorems, especially the one concerning closure
property of the unification transitions.

The complexity issue is not addressed here. Our conjecture is that it is only
slightly higher than L), since the only additional step is the expansion step.
Another issue is extending the algorithm to cover the multi-sorted object-level
signatures, as readers might have noticed that we are currently assuming untyped
object-level systems.
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