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the Rayleigh quotient

Let A ∈ R
n×n be symmetric with pairwise distinct

eigenvalues. Consider the Rayleigh quotient

ρA : R
n \ {0} −→ R, x 7→

x>Ax

x>x

whose maxim um is the maximal eigenvalue of A
with a maximal argument being a corresponding
eigenvector .For normed eigenvector s:

ρA : Sn−1 −→ R, x 7→ x>Ax

Newton-type methods on Stiefel manifolds – p. 3/14



the Rayleigh quotient

Let A ∈ R
n×n be symmetric with pairwise distinct

eigenvalues. Consider the Rayleigh quotient

ρA : R
n \ {0} −→ R, x 7→

x>Ax

x>x

whose maxim um is the maximal eigenvalue of A
with a maximal argument being a corresponding
eigenvector .

For normed eigenvector s:

ρA : Sn−1 −→ R, x 7→ x>Ax

Newton-type methods on Stiefel manifolds – p. 3/14



the Rayleigh quotient

Let A ∈ R
n×n be symmetric with pairwise distinct

eigenvalues. Consider the Rayleigh quotient

ρA : R
n \ {0} −→ R, x 7→

x>Ax

x>x

whose maxim um is the maximal eigenvalue of A
with a maximal argument being a corresponding
eigenvector . For normed eigenvector s:

ρA : Sn−1 −→ R, x 7→ x>Ax

Newton-type methods on Stiefel manifolds – p. 3/14



the Newton iteration

In each step the Newton iteration

xk+1 = xk − {Hess f(xk)}
−1 grad f(xk), x0 ∈ R

n

makes a length 1 step into the search direction h,
where

Hess f(xk) · h = grad f(xk).

The direction h lies in the tang ent space at xk and
moving in that direction means follo wing a cur ve
(straight line) in that direction.
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tangent spaces and
curves

Consider the Lie group action

φ : SOn × Sn−1 −→ Sn−1, (Q, x) 7→ Q · x

whic h is transitive but not free.

A model for the tang ent space is a complement to
the tang ent space of the stabiliser subgr oup. One
parameter subgr oups give rise to cur ves.

Q · e1 7→ Q exp





0 −αh>

αh 0



 · e1
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the algorithm

We can think of

µQ : R
n−1 −→ Sn−1, h 7→ Q exp





0 −h>

h 0



 · e1

as a local parametrisation of Sn−1 around
x = Q · e1.

Problem: ambiguity in Q could lead to

Q exp





0 −h>
1

h1 0



 · · · exp





0 −h>
k

hk 0



 · e1 = Q · e1
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the algorithm

Solution: respective parametrisations diff er onl y
by an af�ne transf ormation and Newton is af�ne
invariant!

Step 0: Choose Q0 ∈ SOn (x0 = Q0 · e1 ∈ Sn−1)
Step 1: Compute direction hk = −Nf ◦ µQk (0)

Step 2: Move to xk+1 = Qk+1 · e1, where

Qk+1 = Qk exp





0 −h>
k

hk 0





Step 3: Loop
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the algorithm

The algorithm is locall y quadratic convergent to
nondeg enerate critical points of the Rayleigh
quotient on Sn−1.

Step 2 is extremel y expensive (computing the
matrix exponential), but we can replace it by any
�r st order appr oximation whic h has similar af�ne
invariance proper ties.

h 7→ Q exp





0 −h>

h 0




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the algorithm

Cayley transf ormation

h 7→ Q



I −
1

2





0 −h>

h 0









−1 

I +
1

2





0 −h>

h 0









or or thogonal projection via QR decomposition

h 7→ QQh, Qh · R :=





1 −h>

h 1




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the algorithm

The resulting steps from x = Q · e1 are in the case
of exp / exp

x · cos(‖h‖) + Q · h ·
sin(‖h‖)

‖h‖

where

Q ·





0
h



 = −x +
(A − x>Ax · I)−1x

x>(A − x>Ax · I)−1x
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the algorithm

and in the case of exp /QR

(A − x>Ax · I)−1x

‖(A − x>Ax · I)−1x‖
· sign det(A − x>Ax · I)

Up to the sign correction this is what Parlett
called the Rayleigh quotient iteration.
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generalisation

Consider a real symmetric n × n matrix A with
eigenvalues λ1 ≥ · · · ≥ λk > λk+1 ≥ · · · ≥ λn. Its
k-dimensional principal eigenspace is the
subspace spanned by the eigenvector s to
λ1, . . . , λk.

Consider the function (generalised Rayleigh
quotient)

ρA : St(k, n) −→ R, X 7→ tr X>AX
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generalisation

The whole theor y carries over literall y with the
vector h replaced by a suitab le rectangular matrix
H (in exp, Cayley and QR).

The Newton direction can, however, no long er be
calculated as easil y. In each step we have to
solve the Sylvester equation

HN22 − N11H = N12

where




N11 N12

N>
12 N22



 = Q>AQ
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the end

Thank you.
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