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Abstract
We investigate a relationship between geometric structure of a parameter space and on-line learning
algorithms. The geometric structure is often implied by a nature of a problem to be solved. For
example, the parameters one wishes to learn are a subject to constrains, or they are intrinsically
non-linear objects or they are distributed in a non uniform, but known way. We develop a mistake
bound analysis for a two new geometric algorithms and show that link functions based algorithms
are essentially the transformed geometric algorithms.
Keywords: machine learning, on-line algorithms, differential geometry, link functions

1. Introduction

We are interested in the Widrow-Hoff perceptron algorithm (cf. Clarkson, 1993) given by

wt+1 = wt − η ∂wL(wt, (xt, yt)). (1)

Here η > 0 is a finite positive learning rate, wt represents the current estimate of a vector that
parameterizes the family of models considered, L is a convex loss function that quantifies the mea-
surement error at each sample (xt, yt) and ∂w is the vector of partial derivatives ∂/∂wi.

In the nineties some interesting variants of this algorithm, including the Exponentiated Gradi-
ent (EG) algorithm have been studied. Kivinen and Warmuth (1998) developed a mistake bounded
framework that showed that the EG algorithm has better performance in situations, where the tar-
get weight vector is sparse. The intuition here is that, given prior knowledge about the problem
considered, it is possible to tune a learning algorithm to improve performance. Kivinen and War-
muth (1997) introduced the concept of “link functions” in order to generalise the derivation of the
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EG algorithm. This structure has lead naturally to the use of Bregman divergence in analysing the
performance of these algorithms (Jagota and Warmuth, 1998). If the prior assumption is incorrect,
it is expected that the performance of a “tuned algorithm” is inferior to an unmodified algorithm.
Following early work in this area, a range of gradient descent algorithms inspired by the EG al-
gorithm have been analysed for both, classification and regression problems (Grove et al., 1997;
Jagota and Warmuth, 1998; Kivinen and Warmuth, 1997, 2001; Gentile and Littlestone, 1999; Gor-
don, 1999a,b). In Mahony and Williamson (2001) a geometric analysis of the EG algorithm has
provided independent of the link function framework of Kivinen and Warmuth (1997) and Jagota
and Warmuth (1998). The key aspect of this work was the introduction of a preferential structure, a
Riemannian metric introduced to the space of weight vectors that allowed one to incorporate prior
information in the derivation of an algorithm. It is of interest to note that this structure is of a differ-
ent origin to the Information Geometry introduced by Amari (1998) for natural gradient learning.
The preferential structure introduced by Mahony and Williamson (2001) does not depend on the
generative noise model and is equally valid for deterministic learning problems.

In this paper we are concerned with geometry of on-line learning algorithms and continue to
develop the geometric foundations of Mahony and Williamson (2001). We recognise that the space
of the parameter w often has geometrical properties. For example, if w is a subject to the condition
‖w‖ = 1 then it is more natural to consider the unit sphere as the parameter space instead of the
whole Rn. If we have a prior knowledge that certain regions in parameter space are more likely
to provide the optimal parameter vector w? than other regions, then it is reasonable to incorporate
this information into an on-line learning algorithm to improve its performance. Thus we enrich
the parameter space and endow it with a geometric structure that reflects the nature of that space,
parameter constraints, the prior knowledge.

In this paper we derive two geometric on-line algorithms: the implicit and explicit update rules,
that naturally extend the stochastic gradient descent to geometric spaces. We analyse efficiencies of
these two algorithms through the framework of relative mistake bound. A number of examples pre-
sented in this paper exhibit various forms of the two geometric algorithms in spaces like Euclidean,
the unit sphere and the probability simplex. We show that the explicit rule in Euclidean space is
identical to the perceptron algorithm (1).

The geometric approach undertaken by the authors offers a systematic study and classification
of some known on-line learning algorithms. We show that the implicit and explicit algorithms are
indeed geometrically intrinsic, i.e., they are isometrically invariant. If there exists an isometry, a
distance preserving diffeomorphism between two parameter spaces, then the isometry transforms
geometric algorithm in one space to essentially the same algorithm in the other space. Furthermore
we convey the concept of equivalent algorithms, where a diffeomorphism maps steps of an algorithm
in one parameter space to steps of the equivalent algorithm in another space. The significance of the
equivalence of algorithms under isometries is that the mistake bound analysis of the two geometric
algorithms derived in this paper is also isometrically invariant.

This paper is organised as follows. Section 2 introduces the notation and concepts of Rieman-
nian geometry used throughout this paper. Here we review definitions of the Riemannian structure,
the distance, geodesic and the exponential map. In Section 3 we derive the two geometric online
algorithms, the explicit and implicit update rules. A number of examples in this section illustrates
how these algorithms can be applied to different spaces. Here we note on equivalence of geometric
algorithms. The mistake bounds framework is than developed and applied to the explicit and im-
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plicit algorithm in Sections 4 and 5, respectively. Finally Section 6 establishes relationship between
the explicit update and link functions based algorithms.

2. Riemannian Manifolds

This section introduces geometric terminology used throughout this paper. We give here informal
definitions and fundamental facts of differential geometry. For readers not familiar with this subject,
the authors suggest the two excellent modern expositions to Riemannian geometry, notably Lee
(1997) and Petersen (1998).

Manifold M is a set of points such that for every point p ∈ M, there exists an open neigh-
bourhood V ⊂ M of p diffeomorphic to some subset of Rn. For example, the circle or any plain
closed curve without self-intersections are 1-manifolds, although none of them is diffeomorphic
to R. To every point p ∈ M there is attached an n-vector space TpM called a tangent space. The
disjoin union of the tangent spaces, TM =

∐
p∈M TpM is called a tangent bundle. Every tangent

space TpM has assigned a bilinear positive definite form g(p), a metric, defining an inner product
〈U, V 〉g = g(p)(U, V ), where U, V ∈ TpM are vectors in the same tangent space. The norm of a

tangent vector V is defined as usual by ‖V ‖g =
√
〈V, V 〉g. If the metric g varies smoothly with

respect to points in M then the pair (M, g) is called a Riemannian structure.

Let I ⊂ R be an interval of the real line then a continuous mapping γ: I → M is called a curve.
If γ is differentiable then the velocity vector, i.e., its derivative γ̇(s) = d

dt

∣∣∣
t=s

γ(t), is a tangent

vector to γ at γ(s). The set of such velocity vector forms the tangent space Tγ(s)M, justifying the
name tangent. The norm of the velocity vector ‖γ̇(s)‖g is often called a speed. The length of a
(piecewise) differentiable curve γ is given by the integral

∫
I ‖γ̇(s)‖g ds. Suppose that manifold M

is connected. Then the distance dist(p, q) between any two points p, q ∈ M is the infimum of the
lengths of all curves from p to q. In Riemannian geometry there are special curves of particular
interest, geodesics. The Riemannian geodesics are characterised as the curves whose accelaration
is zero and so they have constant speed. Geodesics have the following important property, they are,
locally, the shortest curves. We have to add locally because, as in the case of a circle, it may happen
that there is more than one geodesic joining a pair of points. A geodesic whose length is equal to
the distance of its end points is called (distance) minimising. Geodesics are uniquely defined by an
initial point p = γ(0) ∈ M and initial velocity V = γ̇(0) ∈ TpM. One defines the exponential
map Expp: TpM → M that assigns the end point of the geodesic γ: [0, 1] → M starting at p to the
vector γ̇(0).

In this paper we keep calculations of geometric obects to minimum and we often use properties
of these objects in order to avoid tedious calculations in any paricular coordnate system. However,
when it is necessary to refer to coordinates we follow the convention: vector components, function
components and coordinates are denoted with superscripts, matrix entries are denoted with sub-
scripts. Other indices appear as subscripts. For example wi

t is the ith component of wt and gij is
the ijth entry of matrix (or tensor) g. To indicate that we refer to a tensor in a fixed basis we write
(gij(w)). Vectors are denoted with uppercase letters and points with lower case.
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3. The Geometrically Intrinsic On-Line Algorithms

This section derives two geometric on-line algorithms, the implicit and explicit updates. The two
algorithms arise naturally with an introduction of a distance based regularisation term to the loss
function. Examples of these two algorithms in Rn, the unit sphere and probability simplex conclude
this section.

3.1 On-line learning algorithms for parametric inference

In studying learning problems we consider the three components. Firstly, the sampling process
(xt, yt) = Σ(t) generates data points (xt, yt) ∈ X × Y . Typically, the sampling process is derived
from a generative noise model

yt = F (xt) + µ, (2)

where µ is a given noise process and F :X → Y is an unknown function. The input xt may itself
be a realisation of a stochastic process on X or a deterministic process provided by the user. In this
paper we do not make any assumptions about the sampling process. An objective of the parametric
inference is to find the best fitted function from a parameterised class of functions F̂w:X → Y .
The parameter w ∈ M is called the weight vector and we assume here that the set M is a manifold.
Thus the parametrised model class provides the relation (identification) M ↔ C(X ,Y) given by

w ↔ F̂w:X → Y and ŷ = F̂w(x).

The goodness of fitting a model function to data is measured by a loss function, a continuously
differentiable function L:M× X × Y → R. Often, the loss function is required to be convex with
respect to its first argument.

The most common learning problem involves a Gaussian generative noise model, the class of
linear predictors as a parametrised model class

F̂w(x) := 〈w, x〉 , (3)

where w ∈ Rn, x ∈ Rn = X , y ∈ R = Y and 〈w, x〉 =
∑n

i=1 wixi = wTx denotes the standard
vector inner product, and the squared error loss function

L(w, (x, y)) = (y − ŷ)2 =
(
y − F̂w(x)

)2
= (y − 〈w, x〉)2 . (4)

The goal of a (parametric) on-line learning algorithm is to progressively refine an estimate
F̂wt , for t = 0, 1, . . . , k, to minimize the expected loss L(wt, (xt, yt)). A new parameter wt+1

is derived from the last estimated parameter wt and the current observation (xt, yt). The previous
observations are not used. Formally, an on-line learning algorithm may be expressed as a mapping
A:M×X × Y → M, with the update rule of the form

wt+1 = A(wt, (xt, yt)).

Remark 1 In principle, it is possible to formulate the on-line learning problem without requiring
that the parameter set M is a manifold or indeed that the loss function is differentiable. Since on-
line learning algorithms are concerned with small updates of the weight parameters it is natural to
wish to apply an infinitesimal analysis.
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An example of an on-line learning algorithm is the Widrow-Hoff algorithm (1). However, the
existing framework of the Widrow-Hoff algorithm does not explicitly take into account any prior
knowledge. To improve performance, prior knowledge should be incorporated into an on-line learn-
ing algorithm. There are two important methods in the literature that address this issue.

Link function: The framework of link functions introduced to machine learning by Kivinen
and Warmuth (1997) provides a reparametrization θ = f(w) of the original parameters w. The
reparametrization f : Rn → Rn is a smooth invertible mapping of Rn called a link function. Thus,
one considers a new class of approximating functions

F̂θ(x) :=
〈
f−1(θ), x

〉
.

By working with the new parametrization θ the underlying distribution of parameters across func-
tional models F̂w(x) is altered. The Widrow-Hoff algorithm with respect to the new parametrization
may be written (Jagota and Warmuth, 1998) as

f(wt+1) = f(wt)− η Df(wt)−T∂Lt(wt), (5)

where Df is the Jacobian of f , Df(wt)−T is its inverse transposed and Lt(w) denotes the loss
function, given sample (xt, yt), i.e., Lt(w) := L(w, (xt, yt)).

Preferential structure: The framework of a preferential structure was introduced by the authors
in Mahony and Williamson (2001). In this approach an adjustment of the parameter space is ac-
complished by introducing a Riemannian metric g called a preferential structure on the parameter
space w ∈ Rn. The metric (gij(w)) is an n× n positive definite matrix chosen such that√

det(gij(w)) = φ(w),

where φ(w) is a Bayesian prior on parameter space w ∈ Rn. This relationship is chosen in order
that volume with respect to the new metric structure is equivalent to prior density. The stochastic
gradient descent algorithm expressed with respect to the preferential structure is

wt+1 = Expwt
(−η gradLt(wt)), (6)

where Exp is the exponential map.

Remark 2 Neither of the approaches mentioned above are directly related to the information ge-
ometry underlying the natural gradient algorithms introduced by Amari (1998). However, the un-
derlying motivation for considering a reparametrization or alteration of the model parametrization
is analogous to the motivation in considering the information geometric interpretation of on-linear
learning algorithms. Note that in the natural gradient algorithm proposed by Amari (1998) the un-
derlying assumption made is that the prior distribution is maximally non-informative with respect
to the geometric structure induced by the noise model.

A key concept in the design and analysis of on-line learning algorithms is that only a small
change in parameter estimate is made at any one time step. Typically, there is a small positive
constant at each step of the algorithm (η), called the learning rate or step-size, that limits the change
in wt. In noisy environments the step-size is chosen small to limit the effects of noise in disturbing
the averaged convergence properties of the algorithm. In less noisy environments the step-size can
be chosen larger.
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3.2 Derivation of the geometric algorithms

This section derives geometrically intrinsic stochastic gradient descent algorithm for a parametrised
model class M, that is endowed with Riemannian metric g. The metric g determines geometric
distance between parameters and in effect a comparison of parametrised functions F̂w within the
same class. To see this consider a class of linear functions F̂w(x) = 〈w, x〉+ c then the expectation

Ex[(F̂w1 − F̂w2)
2] = Ex[(〈w1, x〉 − 〈w2, x〉)2] = (w1 − w2)

T Ex[x xT] (w1 − w2)

can be considered to be the squared norm
∥∥∥F̂w1 − F̂w2

∥∥∥2
. For a normally distributed x ∼ N(0,Σ),

the expectation Ex[(F̂w1 − F̂w2)
2] becomes ‖w1 − w2‖2

Σ, if the covariance matrix Σ is positive-
definite. When Σ is the identity matrix I, then the expectation becomes the square of the distance
between w1 and w2 in Rn.

The most natural choice of an on-line learning algorithm is the stochastic gradient descent learn-
ing algorithm (1). To simplify the notation, for given a sample (xt, yt) indexed by t, let the loss
function L(w, (xt, yt)) be denoted by Lt(w). Then Lt:M → R becomes a function on M and (1)
can be written as

wt+1 = wt − η ∂Lt(wt).

Derivation of the geometric algorithms is based on the assumption that the new weight wt+1 pro-
duced by an on-line algorithm from the sample (xt, yt) and the previous weight wt should minimize
the current instantaneous loss Lt, and at the same time be close to wt. LetD:M×M → R denote a
measure of closeness of points in M then we set wt+1 to be a critical point to the new cost function
Ut:M → R given by

Ut(w) := D(w,wt) + ηLt(w). (7)

Parameter η > 0, the learning rate, controls relative importance of the terms in Ut. In machine
learning applications (Jagota and Warmuth, 1998; Lafferty et al., 1997) the regularisation term is
the divergence. However, divergence is not a geometrically intrinsic object because it depends
on a choice of coordinates in M (Kass and Vos, 1997). We note here that the “Preferred Point
Geometry” (Critchley et al., 1994) makes it possible to introduce the Kullback-Leibler divergence
into Riemannian manifolds of varying metric. Such approach however, goes beyond the scope of
this exposition. For our purposes, we take D to be a half of the square of the geometric distance,
namely

D(w1, w2) :=
1
2

dist(w1, w2)2, for any w1, w2 ∈ M, (8)

where dist(w1, w2) is the Riemannian distance between w1 and w2. D is symmetric and differen-
tiable but in general it is not convex. Convexity of D depends on geometry of M, both the curvature
of the metric g and diameter of M. In spaces of non-positive curvature, for example Euclidean
space Rn and hyperbolic spaces Hn, D is convex everywhere. In spaces of positive curvature, say,
the unit sphere Sn, D is convex only when points are close (less than π/2 apart for the unit sphere).

The modified cost Ut given by (7) is differentiable and if it is strictly convex then it has a unique
critical point w ∈ M, where Ut attains its minimum. Suppose that w is a critical point of Ut then
the differential dUt at w is zero, that is dUt(w)(V ) = 0, for any tangent vector V ∈ TwM, where

dUt(w)(V ) = dD(w,wt)(V ) + η dLt(w)(V )
=

〈
−Exp−1

w wt, V
〉
g
+ η 〈gradLt(w), V 〉g ,

6
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wt = γ(0)

wt+1 = γ(1)

γ

γ̇(0) = −η gradL(wt)

γ̇(1)−η gradL(wt+1)

Figure 1: Step update: wt+1 is the endpoint of the geodesic γ : [0, 1] → M, starting at wt

with initial velocity −η gradLt(wt). The end velocity γ̇(1) is generally different from
−η gradLt(wt+1).

because dD(w,wt) = −Exp−1
w wt, where Exp−1

w wt denotes the velocity vector of the geodesic
from w to wt evaluated at w, (cf. Karcher, 1977). Therefore the necessary condition for wt+1 to be
a point of local minimum of Ut is given by

Exp−1
wt+1

wt = η gradLt(wt+1) (9)

This equality however, has the unknown wt+1 on both sides of the equation. More importantly,
condition (9) does not necessarily define wt+1 uniquely. It is often more convenient to work with
an approximation to the point of minimum of Ut, where one takes

− Exp−1
wt

wt+1 = η gradLt(wt), (10)

which is precisely the stochastic gradient descent algorithm (6). Formula (10), the equality of two
vectors in the tangent space TwtM, states that wt+1 is the end point of a geodesic segment starting
at wt whose initial velocity is equal to −η gradLt(wt). The two update rules (9) and (10) are
generally different because the velocity vector of the geodesic at the end point wt+1 is different than
the gradient of the loss at this point, Figure 1. The length of the geodesic segment and therefore
the distance dist(wt, wt+1) is equal to η ‖gradLt(wt+1)‖g, for the implicit rule (9), and equal to

η ‖gradLt(wt)‖g, for the explicit rule (10), where the norm ‖V ‖g = 〈V, V 〉1/2
g is taken with respect

to the Riemannian metric g on M.
We begin our discussion of the two geometric algorithms (9) and (10) in Euclidean space. The

following example illustrates a relationship between the two learning algorithms and the Widrow-
Hoff perceptron.

Example 1 (Euclidean space M = Rn) The geometric gradient grad in Rn is equal to the
standard gradient ∂. Considering the standard Euclidean connection, we find that geodesics
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in Rn are line segments and the velocity vector Exp−1
wt+1

wt = wt − wt+1. Hence the implicit
update (9) becomes

wt+1 = wt − η ∂Lt(wt+1).

Similarly Exp−1
wt

wt+1 = wt+1 − wt and the explicit update (10) becomes

wt+1 = wt − η ∂Lt(wt),

which is precisely the Widrow-Hoff learning algorithm (1). The two algorithm (9) and (10) are
not the same as they differ in a way they calculate gradients of the loss. The former algorithm
takes the “future gradient” evaluated at the new point wt+1 while the latter one takes the
gradient at the initial point wt. B

Next example derives the geometric explicit algorithms (10) in the case when M is the unit
sphere Sn. When n = 2 it is a standard sphere that serves as an intuitive example of a non-flat
space. The sphere is a highly symmetric space that has constant sectional curvature equal to one.
It will become apparent, and we will state it more precisely at the end of this section, that the two
spaces, Rn and Sn, induce fundamentally different algorithms.

Example 2 (The unit sphere M = Sn) Consider the explicit update (10) in the unit n-sphere
Sn equipped with its standard metric induced by the Euclidean metric ḡ on Rn+1. The expo-
nential map on the unit sphere is given by

Expw(V ) = w cos ‖V ‖+
V

‖V ‖
sin ‖V ‖ ,

for any w ∈ Sn and V ∈ TwSn, where the norm is taken with respect to the Euclidean metric ḡ
of the ambient space Rn+1. Given the exponential map, the learning algorithm (10) on the unit
sphere Sn can be written as follows

wt+1 = Expwt
(−η gradLt(wt)) = wt cos (η ‖V ‖)− V

‖V ‖
sin (η ‖V ‖) ,

where V = gradLt(wt) is the projection of the standard gradient ∂Lt onto the tangent plane
TwtS

n, i.e., gradLt(wt) = ∂Lt(wt)− wt 〈∂Lt(wt), wt〉. B

Examples 1 and 2 illustrate two forms of the geometric explicit algorithm (10) in two different
geometric spaces. We shall now derive the formula for the same algorithm in yet another space.
Namely, the probability simplex ∆n. Here, the simplex ∆n is endowed with the spherical metric
arising from the Fisher Information metric of the multinomial distribution (Kass and Vos, 1997).
Since geometry of the simplex is not that common in the literature, we include the calculations in
detail. For another application of the simplex geometry in machine learning the authors refer the
reader to Lebanon (2005).

Example 3 (The probability simplex M = ∆n) Let ∆n denote the (open) n-simplex defined
by

∆n =

{
p ∈ Rn+1 :

n+1∑
i=1

pi = 1 and pi > 0

}
.

If γ: I → ∆n is a smooth curve in the simplex then by differentiating the above constraint

d

dt

(
n+1∑
i=1

γi(t)

)
=

n+1∑
i=1

γ̇i(t) = 0,

8
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hence one sees that vectors in the tangent bundle T ∆n share the following property

n+1∑
i=1

V i = 0, for any V ∈ T ∆n.

Set f :∆n → Sn
2 to be a map from the simplex to the positive orthant of the n-sphere of radius 2,

whose components in standard coordinates on Rn+1 are given by

f i(p) = 2
√

pi, for i = 1, 2, . . . , n + 1.

The map f is a diffeomorphism inducing spherical geometry on the simplex ∆n with the metric
g = f∗ḡ. Therefore f is an isometry and the following diagram commutes

Tp∆n f∗−−−−→ Tf(p)Sn
2

Expp

y yExpf(p)

∆n −−−−→
f

Sn
2

which allows us to re-use calculations for the sphere in Example 2. Denote w = f(p) then the
explicit algorithm in ∆n is transformed to Sn

2 , the n-sphere of radius 2, according to the above
diagram, as follows

wt+1 = f(pt+1) = f(Exppt
V ) = Expf(pt) f∗V = Expwt

f∗V, (11)

where vector V ∈ Tp∆n is equal to −η gradLt(pt) and the gradient gradLt is evaluated at
pt ∈ ∆n. To derive an explicit form of (11) we need to find the push-forward f∗gradLt of the
gradient of the loss function in local coordinates. Here we use another property of isometries,
namely that isometries preserve gradient. This is expected, since gradients are vector fields. To
see that this indeed is the case can be reasoned as follows. By the definition of the gradient, for
any vector V ∈ Tp∆n there is 〈gradLt(p), V 〉g = dLt(p)(V ), where dLt is a 1-form. By the
properties of pullback maps on functions (cf. Guillemin and Pollack, 1974) one formally writes

f∗dL̃t = d(f∗L̃t) = d(L̃t ◦ f) = dLt, where L̃t = Lt ◦ f−1.

Let Ṽ = f∗V then since g = f∗ḡ there is

ḡ(w)(gradL̃t(w), Ṽ ) = f∗dL̃t(Ṽ ) = dLt(V ) = g(p)(gradLt(p), V )

= ḡ(f(p))(f∗gradLt(p), f∗V ) = ḡ(w)(f∗gradLt(p), Ṽ ).

Hence f∗gradLt = gradL̃t, as expected. The spherical gradient gradL̃t is equal to the projec-
tion of the gradient in Rn+1 onto the tangent plane TwSn

2 , namely(
gradL̃t(w)

)i

= ∂iL̃t(w)− wi

4

〈
∂L̃t(w), w

〉
.

It is now straightforward to derive the push-forward f∗gradLt in standard coordinates

(f∗gradLt(f(p)))i =
(
gradL̃t(w)

)i

=
√

pi

∂iLt −
n+1∑
j=1

pj∂jLt

 .

We are now ready to write the explicit update in the probability simplex. By (11) the explicit
algorithm (10) in ∆n is equal to the transformed algorithm in Sn

2 (cf. Example 2) and therefore
it is given by√

pi
t+1 =

√
pi

t cos
(η

2
‖V ‖

)
− V i

‖V ‖
sin
(η

2
‖V ‖

)
, where V = f∗gradLt(f(p)).

9
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Further calculation shows that

‖V ‖2 =
n+1∑
i=1

pi (∂iLt(p))2 −

(
n+1∑
i=1

pi∂iLt(p)

)2

.

B

3.3 Equivalence of learning algorithms

In this paper we are interested in studying and comparing different classes of on-line learning algo-
rithms. In order that we can speak of learning algorithms as essentially the same it is necessary that
we can define their equivalence.

Definition 3 Let A1:M1×X ×Y → M1 and A2:M2×X ×Y → M2 be two learning algorithms
in two parameter spaces M1 and M2. Algorithms A1 and A2 are said to be equivalent if

i) there exists a diffeomorphism ϕ:M1 → M2; and

ii) for all t = 0, . . . , k
ϕ(A1(wt, (xt, yt))) = A2(ϕ(wt), (xt, yt)).

The equivalence relation A1 ∼ A2 indicates that A1 and A2 yield essentially the same iterates. We
have the following property of the geometric algorithms.

Lemma 4 Let ϕ:M1 → M2 be an isometry between the two parameter spaces M1 and M2, and
L and L̃ be two loss functions such that

L̃(ϕ(w), (xt, yt)) = L(w, (xt, yt)), for all t = 0, . . . , k, and w ∈ M1.

Then the geometric implicit (explicit) rule derives equivalent algorithms.

Proof The proof follows the same reasoning as the one of Example (3). It is enough to show that
the gradients transform properly. The equivalence will then follow from uniqueness of geodesics
and the following commutative diagram

TwM1
ϕ∗−−−→ Tϕ(w)M2

Expw

y yExpϕ(w)

M1 −−−→
ϕ

M2

Since ϕ is an isometry then ϕ∗gradLt = gradL̃t, cf. Example 3. The result follows now directly
by writing down the above diagram, cf. (11). Let w̃t = ϕ(wt) and w̃t+1 = ϕ(wt+1) then

ϕ(wt+1) = ϕ(Expwt
(−η gradLt(wt))) = Exp ewt

(ϕ∗(−η gradLt(wt)))

= Exp ewt
(−η ϕ∗gradLt(wt)) = Exp ewt

(−η gradL̃t(w̃t)) = w̃t+1.

This proves equivalence of the explicit algorithm (10) in M1 and M2. The proof for the implicit
algorithm (9) is exactly the same.

As a direct consequence of Lemma 4 one has, suspected then and obvious now, the result con-
cerning the geometric explicit algorithms derived in Examples 2 and 3.

10
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Corollary 5 The two explicit algorithms, in the positive orthant of the sphere Sn
2 of radius 2 (Ex-

ample 2) and in the open simplex ∆n (Example 3) are equivalent.

The geometric framework allows identification of learning algorithms that are essentially the
same. It has other implications as well. In the Information Geometry exponential families of para-
metric probability distributions induce manifolds equipped with Fisher metrics (cf. Kass and Vos,
1997). In fact there are two isometric spaces associated with every family: the space of natural pa-
rameters and the space of expectation parameters. Isometries between the natural and expectation
spaces are provided by the canonical link functions. In the machine learning problems of density
estimation one can employ the explicit (10) or implicit (9) algorithm in one or another space. The
algorithms and their analysis will be exactly the same, independent of the choice of space, because
they are equivalent.

4. Mistake Bound for the Explicit Update

Consider on-line learning methods for parameter inference. Here the model is repeatedly updated
at every step of an algorithm. The update is a response of the algorithm to an error incurred by a
mismatch between the current model and new data. The error is quantified by a loss function and the
sum of these errors over a number of iterations is called the total loss. The total loss is an indication
of how well an algorithm performs but because of the fluctuation of the data, it is not indicative by
itself. Instead, one compares the total loss of an algorithm with a total loss for a fixed model using
the same data. The difference between these two total losses is called the relative loss.

In this section we derive the upper bound for the relative loss of the explicit update (10) in
Riemannian spaces of non-negative sectional curvature. The spaces considered so far: Euclidean
space Rn, the unit sphere Sn and the probability simplex ∆n, are examples of such spaces.

Before we state the main result of this section recall the following definitions. A function f on a
Riemannian manifold is convex if for any geodesic γ the composition f ◦ γ is convex. In situations
when the assumption of convexity of a loss function is too restrictive, it is useful to consider λ-
convex functions instead. A unit speed geodesic γ: [0, l] → M, where l is the length of γ, is said to
be parametrised by arc length. A function f is called λ-convex if for any geodesic γ, parametrised
by arc length, the function (f ◦ γ)(s)− λs2 is convex.

Convexity of the loss function bounds its second derivative, the Hessian, from below, and con-
sequently the total loss accumulated on a sequence of input data {(xt, yt)}k−1

t=0 ⊂ (X × Y)k. This
is the essence of the following result.

Theorem 6 Let (M, g) be a complete manifold of non-negative sectional curvature and the mea-
sure D:M×M → R be given by (8). For a convex loss function L:M → R and any fixed w? ∈ M
we have the following upper bound on the cumulative loss of the Widrow-Hoff algorithm (10)

k−1∑
t=0

Lt(wt) ≤
k−1∑
t=0

Lt(w?) +
1
η

(D(w?, w0)−D(w?, wk)) +
1
η

k−1∑
t=0

D(wt, wt+1). (12)

In particular, for all 0 ≤ t ≤ k−1 and geodesic γt from wt to w?, if the loss functionLt|γt restricted
to the image of γt is λt-convex, then

k−1∑
t=0

Lt(wt) ≤
k−1∑
t=0

Lt(w?) +
1
η

(D(w?, w0)−D(w?, wk))

11
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+
1
η

k−1∑
t=0

D(wt, wt+1)− 2
k−1∑
t=0

λtD(wt, w?). (13)

Proof Let γ: [0, 1] → M be a geodesic from wt to w? and σ: [0, 1] → M be a geodesic from wt to
wt+1. Consider a geodesic hinge with vertices wt+1, wt, w? and an angle α at wt. Denote lengths
of γ and σ by `(γ) and `(σ), respectively. If M = Rn is Euclidean space endowed with its standard
metric then by the law of cosines

dist(wt+1, w?)2 = `(γ)2 + `(σ)2 − 2 `(γ) `(σ) cos α.

In general, since sectional curvature of g on M is non-negative, then by the Toponogov hinge
theorem (cf. Petersen, 1998)

dist(wt+1, w?)2 ≤ `(γ)2 + `(σ)2 − 2 〈σ̇(0), γ̇(0)〉 .

Denote l = `(γ) = dist(wt, w?) and let γ̃(s) = γ(s/l) then γ̃ is a geodesic parametrised by arc
length. Define a function f : [0, l] → R by f(s) = Lt(γ̃(s)) − λts

2. By the hypothesis Lt|γ is
λt-convex (take λt = 0 if L is convex) hence f is convex and therefore f(l) ≥ f(0) + l f ′(0). As a
consequence one has the following.

Lt(w?)− λt l2 ≥ Lt(γ̃(0)) + l
〈
gradLt(γ̃(0)), ˙̃γ(0)

〉
= Lt(wt)−

1
η
〈σ̇(0), γ̇(0)〉

≥ Lt(wt) +
1
η

(D(w?, wt+1)−D(w?, wt)−D(wt, wt+1)) .

Summing over t = 0, 1, . . . , k − 1 brings

k−1∑
t=0

(
Lt(w?)− λt dist(wt, w?)2

)
=

k−1∑
t=0

Lt(w?)− 2
k−1∑
t=0

λtD(wt, w?)

≥
k−1∑
t=0

Lt(wt) +
1
η

k−1∑
t=0

(D(w?, wt+1)−D(w?, wt)−D(wt, wt+1))

=
k−1∑
t=0

Lt(wt) +
1
η

(D(w?, wk)−D(w?, w0))−
1
η

k−1∑
t=0

D(wt, wt+1).

This completes the proof.

Inequalities (12) and (13) establish an upper bound for mistakes made by geometric explicit
algorithm (10). This bound depends on D and therefore on the Riemannian distance. Hence it
make sense to ask what geometric structure (M, g) generates the most efficient algorithm. Careful
look at the bounds of Theorem 6 gives a clue. The last term in (12) can be interpreted as follows.
Let `t denote the Riemannian distance dist(wt, wt+1), which is the length of the geodesic segment
γ: [t, t + 1] → M, then D(wt, wt+1) = 1

2 `2
t and the last term in (12) can be now written as

k−1∑
t=0

D(wt, wt+1) =
1
2

k−1∑
t=0

`2
t =

k

2

k−1∑
t=0

1
k
`2
t ≥

k

2

(
1
k

k−1∑
t=0

`t

)2

=
1
2k

`2(γ) ≥ 1
k
D(w0, wk),

12
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where we used the Jensen’s inequality and the triangle inequality for the Riemannian distance. In
the above expression the equality holds if and only if

i) all `t are equal (the first inequality), and

ii) γ is the distance minimizing curve (the second inequality).

The above conditions i) and ii) give the best possible (lowest) upper bounds. This in turn, tells us
that the best algorithm incurring the smallest total loss, is induced by such a Riemannian structure
of the parameter space so that the two above conditions are not far off. That is, the steps sizes have
similar lengths and the learning curve is close to a minimising geodesic, for example a straight line
in Rn.

The following example illustrates how Theorem 6 can be applied to the gradient descent algo-
rithm in Rn. To obtain better (more accurate) bound on the relative loss one has to derive the λs for
a specific loss function. In the case of Rn and the square loss, the calculations are quite simple. In
other spaces, however, a suitable candidate for a loss function is less obvious.

Example 4 (The gradient descent algorithm) Taking parameter space M to be Rn the algo-
rithm (10) becomes wt+1 = wt − η ∂wLt(wt), which is the standard gradient descent algo-
rithm. We shall derive an upper bound for the total loss of this algorithm from Theorem 6,
inequality (13).

Let the loss function L be the quadratic function Lt(w) = (〈w, xt〉 − yt)2 and let us fix w? ∈
M. Let γt: [0, `t] → Rn be the line segment given by s 7→ wt + s (w? − wt) /`t, where
`t = ‖w? − wt‖ is the distance between w? and wt in Rn. Then Lt|γt , the restriction to the
image of γt, is λt-convex, where λt = 〈w? − wt, xt〉2 /`2t . It is easy to check that Lt|l is λt-
convex for any line segment l contained in the image of γt. Since the distance dist(wt, wt+1) is
proportional to the gradient of the loss function Lt at wt then

D(wt, wt+1) =
1
2

dist(wt, wt+1)2 =
1
2

(2η (〈wt, xt〉 − yt))
2 〈xt, xt〉 = 2η2Lt(wt) ‖xt‖2

2

and

2λtD(wt, w?) = 〈w? − wt, xt〉2 = ((〈w?, xt〉 − yt)− (〈wt, xt〉 − yt))
2

= Lt(w?) + Lt(wt)− 2
√
Lt(w?)Lt(wt).

Dropping the negative term −D(w?, wk) from (13) and using the above calculations yields

k−1∑
t=0

Lt(wt) ≤
k−1∑
t=0

Lt(w?) +
1
η

1
2
‖w? − w0‖2 +

1
η

2η2
k−1∑
t=0

Lt(wt) ‖xt‖2

−

(
k−1∑
t=0

Lt(w?) +
k−1∑
t=0

Lt(wt)− 2
k−1∑
t=0

√
Lt(w?)Lt(wt)

)
.

Let X2 ≥ ‖xt‖, for all 0 ≤ t ≤ k − 1, then by the Cauchy-Schwarz inequality

k−1∑
t=0

Lt(wt) ≤
1
4η

‖w? − w0‖2 + ηX2
2

k−1∑
t=0

Lt(wt) +

(
k−1∑
t=0

Lt(w?)

)1/2(k−1∑
t=0

Lt(wt)

)1/2

.

13
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Let Loss(A) and Loss(w?) denote the cumulative loss of Lt(wt) and Lt(w?), respectively,
cf. (14). To be more precise, we define

Loss(A) :=
k−1∑
t=0

Lt(wt) and Loss(w?) :=
k−1∑
t=0

Lt(w?), (14)

for a given data sequence {(x0, y0) , (x1, y1) , . . . , (xk−1, yk−1)}. Furthermore, let the starting
weight be w0 = 0 then the above inequality can be written as(

1− ηX2
2

)
Loss(A)− (Loss(w?))

1/2 (Loss(A))1/2 ≤ 1
4η

‖w?‖2

which, provided ηX2
2 < 1, leads in effect to quadratic inequality which implies

(Loss(A))1/2 ≤
(Loss(w?))

1/2 +
√

Loss(w?) + ‖w?‖2 (1− ηX2
2 ) /η

2 (1− ηX2
2 )

.

When Loss(w?) < ‖w?‖2
X2

2 then the right hand side of the above inequality attains its only
minimum

‖w?‖X2 + (Loss(w?))
1/2 at η =

‖w?‖

2X2

(
‖w?‖X2 +

√
Loss(w?)

) . (15)

From (15) it is seen that in an ideal situation when Loss(w?) = 0 the optimal learning rate is
η =

(
2X2

2

)−1
and the total loss of the algorithm satisfies Loss(A) ≤ ‖w?‖2

X2
2 . B

The upper bound for an online algorithm gives an indirect way of investigating its behaviour.
The natural question arises about convergence properties of the algorithm. In a generic situation,
without making any assumptions for the input sequence, we can say very little about the conver-
gence. What we can say is that, under certain assumptions, one can choose small enough fixed
learning rate η > 0, such that there always is Lt(wt+1) ≤ Lt(wt), for all 0 ≤ t ≤ k− 1. This holds
for any differentiable loss function L, not necessarily convex.

Recall that the manifold M is complete if the exponential map Expp(V ) is defined for all p ∈ M
and all vectors V ∈ TpM. By the Hopf-Rinow theorem (cf. Lee, 1997) a connected manifold is
complete if and only if it is complete as a metric space. For example, a sphere Sn

r and the probability
simplex ∆n are complete manifolds, but any proper open subset of Rn with Euclidean metric is not.

Proposition 7 Let M be a complete manifold and L:M×X ×Y → R be a continuously differen-
tiable function in respect to the first argument, with a finite number of isolated critical points. Then
there exists ξ > 0 such that for any learning rate 0 < η < ξ

Lt(wt+1) ≤ Lt(wt), for any 0 ≤ t ≤ k − 1,

where wt+1 is given by (10). The equality holds if and only if wt+1 = wt is a critical point of L.

Proof Let γV : [0, c] → M be a geodesic with initial point wt = γV (0) and initial velocity vector
V = γ̇V (0) = −η gradLt(wt), and let f = Lt ◦ γV . Then by the chain rule

f ′(0) = 〈gradLt(γV (0)), γ̇V (0)〉
= 〈gradLt(wt),−η gradLt(wt)〉 = −η ‖gradLt(wt)‖2 ≤ 0,

14
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where equality holds if and only if wt is a critical point of Lt, in which case (10) gives wt+1 = wt.
If wt is not a critical point of Lt then, since f ′ is continuous, f is monotonically decreasing in some
interval [0, ξt). Since the number of isolated critical points of f is finite then ξt > 0. Henceforth,
for any 0 < η < ξt there is f(η) < f(0). By the rescaling lemma (cf. Lee, 1997) and by (10) it
follows that γV (η) = γηV (1) = wt+1. Hence Lt(wt+1) < Lt(wt), for any 0 < η < ξt. We choose
ξ ≤ ξt, for all t = 0, 1, . . . , k − 1. Since the number of steps k is finite then ξ > 0 and the result
follows.

The above property of the geometric gradient descent method guarantees that, for a suitable
small learning rate, the explicit algorithm will always step towards a minimum of a loss function.
This fact is independent of the input samples (xt, yt). The convexity of the loss function is not
necessary.

5. Mistake Bound for the Implicit Update

In the previous section we studied total loss bounds of the geometric explicit algorithm (10). This
section completes the investigation of the relative mistake bounds, where we now consider the
implicit update (9). The implicit algorithm (9) takes the updated parameter to be a critical point of
the modified loss Ut whereas the explicit algorithm uses the approximation (10) of a critical point.
This is the fundamental difference between the two rules and this difference is reflected in derivation
of the total mistake bound. The following analog of Theorem 6 establishes bound for a total loss for
spaces of non-positive sectional curvature. Examples of such spaces include Euclidean Rn and the
hyperbolic space Hn.

Theorem 8 Let (M, g) be a complete manifold of non-positive sectional curvature and the measure
D:M×M → R be given by (8). For a convex loss function L:M → R and any fixed w? ∈ M we
have the following upper bound on the cumulative loss of the implicit algorithm (9)

k−1∑
t=0

Lt(wt) ≤
k−1∑
t=0

Lt(w?) +
1
η

(D(w?, w0)−D(w?, wk))−
1
η

k−1∑
t=0

D(wt, wt+1). (16)

In particular, for all 0 ≤ t ≤ k and a geodesic γt+1 from wt+1 to w?, if the loss function Lt|γt+1

restricted to the image of γt+1 is λt-convex, then

k−1∑
t=0

Lt(wt) ≤
k−1∑
t=0

Lt(w?) +
1
η

(D(w?, w0)−D(w?, wk))

− 1
η

k−1∑
t=0

D(wt, wt+1)− 2
k−1∑
t=0

λtD(wt, w?). (17)

Proof The proof is almost identical to the proof of Theorem 6, where we consider the geodesic
hinge with vertices wt, wt+1, w? and an angle α at wt+1, and the two geodesics: γ: [0, 1] → M
from wt+1 to w?, and σ: [0, 1] → M from wt+1 to wt.

Denote l = `(γ) = dist(wt+1, w?) and let γ̃(s) = γ(s/l) then γ̃ is a geodesic parametrised by
arc length. Define a function f : [0, l] → R by f(s) = Lt(γ̃(s)) − λts

2. Since by the hypothesis

15
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Lt|γ is λt-convex (take λt = 0 if L is convex) it follows that f is convex and therefore f(l) ≥
f(0) + l f ′(0). As a consequence one has

Lt(w?)− λt l2 ≥ Lt(γ̃(0)) + l
〈
gradLt(γ̃(0)), ˙̃γ(0)

〉
= Lt(wt+1) + 〈gradLt(wt+1), γ̇(0)〉

= Lt(wt) +
1
η
〈σ̇(0), γ̇(0)〉

≥ Lt(wt) +
1
η

(D(w?, wt+1) +D(wt+1, wt)−D(w?, wt)) .

Summing over t = 0, 1, . . . , k − 1 yields

k−1∑
t=0

(
Lt(w?)− λt dist(wt+1, w?)2

)
=

k−1∑
t=0

Lt(w?)− 2
k−1∑
t=0

λtD(wt+1, w?)

≥
k−1∑
t=0

Lt(wt) +
1
η

k−1∑
t=0

(D(w?, wt+1)−D(w?, wt) +D(wt, wt+1))

=
k−1∑
t=0

Lt(wt) +
1
η

(D(w?, wk)−D(w?, w0)) +
1
η

k−1∑
t=0

D(wt, wt+1).

The proof is now complete.

We shall now derive a bound for total loss for the implicit version of the gradient descent algo-
rithm in Rn, cf. Example 4. However, before we do that the following property of the geometric
implicit update will be needed.

Proposition 9 If Lt is convex and wt+1 is derived from the implicit update (9) then the following
inequality holds

D(wt, wt+1) ≤
η

2
(Lt(wt)− Lt(wt+1)) . (18)

Proof Let γ: [0, 1] → M be a geodesic from wt+1 to wt and f : [0, 1] → R be the composition
f = Lt ◦ γ. Since by the hypothesis f is convex then f(1) ≥ f(0) + f ′(0) therefore

Lt(γ(1)) = Lt(wt) ≥ Lt(γ(0)) + 〈gradLt(γ(0)), γ̇(0)〉

= Lt(wt+1) + 〈gradLt(wt+1), γ̇(0)〉 = Lt(wt+1) +
1
η
〈γ̇(0), γ̇(0)〉

= Lt(wt+1) +
1
η

dist(wt, wt+1)2 = Lt(wt+1) +
2
η
D(wt, wt+1),

where we used the update rule (9). Rearranging the terms completes the proof.

As a consequence of Proposition 9 we see that the implicit update (9) ensures that the cost incurred
by Ut in a derived point is not greater than at the original point.

Ut(wt+1) = D(wt+1, wt) + ηLt(wt+1)
≤ D(wt+1, wt) + ηLt(wt)− 2D(wt, wt+1)
= ηLt(wt)−D(wt+1, wt) = Ut(wt)−D(wt+1, wt).

16
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Example 5 (The implicit gradient descent algorithm in Euclidean space) Take M = Rn with
the standard Euclidean metric. Choose the loss function L be the same as in Example 4, that
is Lt(w) = (〈w, xt〉 − yt)2. For any fixed parameter w? ∈ Rn, let `t = ‖w? − wt‖ denote
the distance between w? and wt and γt: [0, `t] → Rn be the line segment from wt to w? given
by s 7→ wt + s (w? − wt) /`t. As seen in Example 4 the loss function Lt|γt+1 is λt-convex,
where now λt = 〈w? − wt+1, xt〉2 /`2t+1. Since the distance dist(wt, wt+1) is proportional to
the gradient of the loss function Lt a wt+1 then

D(wt, wt+1) =
1
2

dist(wt, wt+1)2 =
1
2

(2η (〈wt+1, xt〉 − yt))
2 〈xt, xt〉 = 2η2Lt(wt+1) ‖xt‖2

and

2λtD(wt+1, w?) = 〈w? − wt+1, xt〉2 = ((〈w?, xt〉 − yt)− (〈wt+1, xt〉 − yt))
2

= Lt(w?) + Lt(wt+1)− 2
√
Lt(w?)Lt(wt+1).

Dropping the negative term −D(w?, wk) from (17) and using the above calculations yields

k−1∑
t=0

Lt(wt) ≤
k−1∑
t=0

Lt(w?)−
k−1∑
t=0

(
Lt(w?) + Lt(wt+1)− 2

√
Lt(w?)Lt(wt+1)

)
+

1
2η

‖w? − w0‖2 − 2η

k−1∑
t=0

Lt(wt+1) ‖xt‖2
2

=
1
2η

‖w? − w0‖2 −
k−1∑
t=0

(
1 + 2η ‖xt‖2

2

)
Lt(wt+1) + 2

k−1∑
t=0

√
Lt(w?)Lt(wt+1).

Let X2 ≤ ‖xt‖, for all 0 ≤ t ≤ k − 1, and let Loss(A), Loss(A+) and Loss(w?) denote
cumulative losses of Lt(wt), Lt(wt+1) and Lt(w?), respectively, cf. (14). Then by the Cauchy-
Schwarz inequality

Loss(A) ≤ 1
2η

‖w? − w0‖2 −
(
1 + 2ηX2

2

)
Loss(A+) + 2 (Loss(w?))

1/2 (Loss(A+))1/2
.

(19)
By (18) it follows that 0 ≤ Lt(wt+1) ≤ Lt(wt)/(1 + 4η ‖xt‖2

2), for all 0 ≤ t ≤ k − 1, hence

Loss(A+) =
k−1∑
t=0

Lt(wt+1) ≤
k−1∑
t=0

Lt(wt)
1 + 4η ‖xt‖2 ≤

1
1 + 4ηX2

2

Loss(A).

Plugging the above inequality to (19) yields(
1 + 4ηX2

2

)
Loss(A+) ≤ 1

2η
‖w? − w0‖2−

(
1 + 2ηX2

2

)
Loss(A+)+2 (Loss(w?))

1/2 (Loss(A+))1/2
.

Take w0 = 0, then by solving the above inequality one derives the following bound for Loss(A+)

(Loss(A+))1/2 ≤ ‖w?‖2

2η

(√
Loss(w?) + ‖w?‖2 (1 + 3ηX2) /η −

√
Loss(w?)

)
If Loss(w?) = 0 then simply

(Loss(A+))1/2 ≤ ‖w?‖
2
√

η (1 + 3ηX2)
.

B
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6. Link Functions

This section relates the geometric explicit algorithm (10) to the general additive algorithm, some-
times also called the reparameterised gradient descent, studied in Jagota and Warmuth (1998);
Kivinen and Warmuth (1997). We compare the upper bound for the relative total loss result (The-
orem 6) with the results of Kivinen and Warmuth (2001) and Cesa-Bianchi (1999) mistake bounds
for the gradient descent (GD) algorithms in the case of a general (not necessarily quadratic) loss
function.

Let the space of parameters M be a complete Riemannian n-manifold endowed with a metric g
and f :M → Rn be a diffeomorphism from M to Rn. Mapping f provides a reparametrization
θ = f(w) of the weights from M to Euclidean space and is called a link function. Diffeomorphism
f is an isometry, i.e., it preserves distance, if and only if g = f∗ḡ is the pullback metric induced by
ḡ, where ḡ is the standard Euclidean metric on Rn. In terms of a local coordinate system, the matrix
of the pullback metric g is given by (gij) = DfT ·Df , where Df is the Jacobian of f , DfT denotes
the transpose of Df and ‘·’ is the matrix multiplication.

6.1 Geometry of link functions

In this section we fully characterise the relationship between the link function and preferential struc-
ture reformulation of the explicit on-line learning algorithm (10). We have the following result.

Proposition 10 Consider an on-line learning problem with generative noise model (2), data se-
quence {(xt, yt)} and linear predictive model class (3). Let f :M → Rn be a smooth invertible
link function and let g be a preferential structure on M. Then the link transformed Widrow-Hoff
learning algorithm (5) is equivalent to the preferential stochastic gradient descent algorithm (6), for
all η > 0 step-sizes and all loss functions L(wt, (xt, yt)), if and only if the matrix of the preferential
structure on M, in any coordinates in a neighbourhood of w, is given by

(gij) = DfT ·Df, for all w ∈ M.

In particular f is an isometry, i.e., metric preserving map.

Proof Assume firstly that gij =
(
DfT ·Df

)
ij

, then g is the pullback g = f∗ḡ via the link function
of the standard Euclidean metric ḡ. That is, for any pair of vectors X, Y ∈ TwM

g(w)(X, Y ) = f∗ḡ(w)(X, Y ) = ḡ(f(w))(f∗X, f∗Y ) = ḡ(f∗X, f∗Y ),

where f∗: TwM → Tf(w)Rn ∼= Rn is the push-forward map given by (cf. Spivak, 1965).

f∗X|w = Df(w)(X).

Therefore, at any w ∈ M and local frame {∂i} on TM, putting ∂i and ∂j in place of X in the above
formula, yields

gij = g(∂i, ∂j) = ḡ(
∑

l

(Df)il El,
∑
m

(Df)jm Em) =
∑
lm

(Df)il (Df)jm ḡ(El, Em)

=
∑
lm

(Df)il (Df)jm ḡlm =
∑

l

(Df)il (Df)jl =
(
DfT ·Df

)
ij

,
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because ḡlm = δlm, where δlm is the Kronecker delta.
As a consequence f :M → Rn is an isometry between Riemannian manifolds. Geodesics

are isometry invariant therefore f maps geodesics in M to geodesics in Rn. Since geodesics in
Euclidean space are straight lines one has

f(wt+1) = f(Expwt
(−η gradLt(wt))) = f(wt)− η f∗gradLt(wt)).

Finally,

f∗gradLt(wt)) = f∗g
−1∂Lt(wt) = Df(wt) ·Df(wt)−1 ·Df(wt)−T∂Lt(wt),

and the first part of the result follows.
In the reverse direction, by (6) we have that

f(wt+1) = f(Expwt
(−η gradLt(wt))) = f(wt)− η f∗gradLt(wt),

for all η > 0. Comparing with (5), by the hypothesis it must be

f(wt)− η f∗gradLt(wt) = f(wt)− η Df(wt)−T∂Lt(wt).

Substituting g(wt)−1∂Lt(wt) = gradLt(wt) one has

−f∗gradLt(wt)) = −Df(wt) · g(wt)−1∂Lt(wt) = −Df(wt)−T∂Lt(wt)

and consequently
0 =

(
g(wt)−1 −Df(wt)−1 ·Df(wt)−T

)
∂Lt(wt).

Since the loss function Lt is arbitrary the result follows.

It is interesting to note that to obtain the converse result in the above theorem we use the fact that
the loss function is arbitrary. In fact, it is only necessary that the span ∂Lt(wt) over all possible loss
functions is Rn at each point w ∈ M. The necessity of the condition indicates the independence of
the choice of loss function from the structural assumptions of the learning problem. That is, we may
analyse the same learning problem, with the same prior knowledge using different loss functions. It
is interesting to ask whether there is a best loss function for a given analysis. We tackle this problem
in forthcoming paper.

Any link function defines pullback metric on M but this is not a one-to-one correspondence.
For example, a composition of a link function with an isometry on Rn is again a link function. One
would like to explore the question whether there exists a link function for any preferential structure g
on M. The standard results of the Riemannian geometry assert that complete and simply connected
Riemannian n-manifold (M, g) is isometric to Rn if and only if sectional curvature of g is zero
everywhere. As a consequence one has the following criteria for existence of a link function.

Corollary 11 The preferential structure g on M admits a link function if and only if its sectional
curvature is zero everywhere.
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Proposition 10 provides a stochastic interpretation of the prior knowledge encoded in the link
transformed Widrow-Hoff algorithm. Using the Bayesian interpretation of volume under the pref-
erential structure, the link function structure is equivalent to a prior distribution

φ =
√

det (gij) = det
(√

(gij)
)

= det(Df). (20)

Another interpretation of the link function transformation is that it maps from a parametrization
w ∈ M with Bayesian prior φ(w) to a parametrization θ = f(w) with uniform prior distribution.
This can be seen by computing the pullback of the Euclidean volume element dVḡ = dx1∧· · ·∧dxn

on Rn (cf. Guillemin and Pollack, 1974; Spivak, 1965)

f∗dVḡ = f∗(dx1 ∧ · · · ∧ dxn) = det(Df) dw1 ∧ · · · ∧ dwn = φdw1 ∧ · · · ∧ dwn = dVg.

This interpretation of the link transformed Widrow-Hoff algorithm corresponds to the structure of
equation (5) and the motivation of general stochastic gradient descent algorithm.

Proposition 10 shows that for any link transformed Widrow-Hoff algorithm there is an equiv-
alent preferential stochastic gradient descent algorithm associated with the preferential structure
(gij) = DfT ·Df . The converse is not true.

Once a preferential structure — the metric on M — is known then any isometry from M to Rn

will produce an equivalent algorithm, cf. Definition 3. Therefore there is a correspondence between
a class of link functions, i.e., class of isometries up to the isometry group of Rn, and classes of
learning algorithms. By the following commutative diagram

M
f−−−→ Rn∥∥∥ yϕ

M −−−→
f̃

Rn

(21)

clearly, if ϕ: Rn → Rn is an isometry of Rn, i.e., it is a composition of an orthogonal linear operator
and a translation, then ϕ ◦ f is another link function leading to an equivalent algorithm. Conversely,
if f and f̃ are two isometries then the Diagram (21) commutes, and ϕ = f−1 ◦ f̃ , as a composition
of isometries, is again an isometry.

The framework of link functions makes it now easy to apply the mistake bounds results of
Section 4 to known online algorithms. Both mistake bounds are applicable in this case because ḡ
and any pullback metric g = f∗ḡ via the link function has curvature zero.

6.2 Learning algorithms in a framework of link functions

Section 6.1 showed that as far as reparameterised learning algorithms are concerned, link functions
are isometries of a space of weights (M, g) and Euclidean space (Rn, ḡ). Intuitively, a link function
f maps isometrically a step of an algorithm in M to a step of equivalent algorithm in Euclidean
space, cf. Figure 2. The initial point wt ∈ M is mapped to f(wt) ∈ Rn and the velocity vector
V ∈ TwtM is mapped to f∗V ∈ Tf(wt)Rn ∼= Rn. Since the curvature is isometry invariant (cf.
Corollary 11) and the curvature of ḡ is zero, therefore the curvature of the induced metric g = f∗ḡ
on M is also zero and Theorem 6 holds. In this section we apply the geometric framework to the two
online algorithms, the gradient descent algorithm and the natural exponentiated gradient algorithm.
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Figure 2: Link function f maps geodesic path given by the explicit update rule (10) to a line seg-
ment of the general additive algorithm in Rn

We shall use the following standard notation for vector spaces. For any positive p, the p-norm
is given by

‖X‖p =
(∣∣X1

∣∣p + · · ·+ |Xn|p
)1/p

, for any X ∈ Rn.

We shall also use ‖X‖∞ = maxi

∣∣Xi
∣∣. If 〈X, Y 〉 denotes the inner product of two vectors X, Y ∈

Rn then the Euclidean norm ‖X‖ = 〈X, X〉1/2 = ‖X‖2. To shorten the expressions, let the sum
of losses Lt, for t = 0, 1, . . . , k − 1, be denoted by Loss(A) and the losses Lt for a fixed w? by
Loss(w?), cf. (14) of Example 4.

We shall begin our discussion with the gradient descent algorithm, cf. Example 4.

Example 6 (The gradient descent algorithm) This is the simplest case when the link function
is the identity and the space of parameters M can be identified with Rn. The geometric explicit
learning algorithm (10) becomes wt+1 = wt − η ∂Lt(wt), which is the standard Widrow-Hoff
perceptron algorithm (1). Let the loss function be convex and depend on the inner product
〈w, xt〉, i.e., has the following form Lt(w) = L(w, (xt, yt)) = L(yt, 〈w, xt〉). We shall de-
rive an upper bound for the total loss of this algorithm from Theorem 6. From the discussion
in Section 3.2 it follows the the distance between two consecutive point of the algorithm is
proportional to the gradient of L. Hence

D(wt, wt+1) =
1
2
‖wt+1 − wt‖2 =

1
2
η2 |L′t(wt)|

2 ‖xt‖2
,

where L′t denotes derivative of L: R × R → R with respect to the second argument. Set the
constants to satisfy the following conditions: R2 ≥ maxt ‖xt‖ḡ , Z ≥ maxt |L′t(wt)| and
U ≥ ‖w?‖. Take the initial weight w0 set to 0 then the terms in (12) satisfy

1
η
D(w?, w0) ≤

1
2η

U2, and
1
η

k−1∑
t=0

D(wt, wt+1) ≤
1
η

k
1
2
η2Z2R2

2 =
η

2
k Z2R2

2.

Applying these calculations to (12) yields

Loss(A)− Loss(w?) ≤
1
2η

U2 +
η

2
k Z2R2

2.
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The right hand side of the above inequality assumes its minimum when the two terms are equal,
i.e., the learning rate is η = U/(R2Z

√
k). In this case

Loss(A)− Loss(w?) =
R2Z

√
k

2U
U2 +

U

2R2Z
√

k
k Z2R2

2 = R2 Z U
√

k.

The upper relative bound on the cumulative loss is proportional to the square root of the length
of a sequence k. This result agrees with Theorem 3 in Cesa-Bianchi (1999). B

We shall now review the natural exponentiated gradient algorithm introduced in Mahony and
Williamson (2001). We note here that despite similarity of the algorithm to the explicit algorithm in
the simplex ∆n (Example 3) the two algorithms are fundamentally different and are not equivalent
in the view of Definition 3.

Example 7 (The natural exponentiated gradient algorithm) This is the unconstrained ver-
sion of the exponentiated gradient (UGE) proposed by Mahony and Williamson (2001). The link
function f : (R+)n → Rn is a natural logarithm ln acting on each component, i.e., f i(w) =
ln(wi), for i = 1, 2, . . . , n. The reparameterised Widrow-Hoff algorithm (5) can be now written
in coordinates

lnwi
t+1 = ln wi

t − ηL′t(wt) xi
t wi. (22)

The induced metric g on M = (R+)n is a diagonal matrix given by

(gij(w)) =


1

(w1)2 0 · · · 0

0 1
(w2)2

. . .
...

...
. . .

. . . 0
0 · · · 0 1

(wn)2

 .

For a convex loss function we derive an upper bound of the total loss of this algorithm (Theo-
rem 6) as follows. The distance dist(wt+1, wt) is equal to the length of the geodesic from wt to
wt+1, which in turn is equal to the norm of the velocity vector

dist(wt+1, wt) =
∥∥Exp−1

wt
wt+1

∥∥
g

= ‖f(wt+1)− f(wt)‖ .

Note the change of norm in the above expression. By (10) this norm is equal to

‖η gradLt(wt)‖ = η ‖f∗gradLt(wt)‖ = η
∥∥Df(wt)−T∂Lt(wt)

∥∥ ,

where
(
Df(wt)−T∂Lt(wt)

)i = L′t(wt) xi
t wi

t. Therefore

dist(wt+1, wt) = η |L′t(wt)|
∥∥(xi

t wi
t

)∥∥
2
≤ η |L′t(wt)| ‖xt‖∞ ‖wt‖2 ≤ η ZR∞U,

where we set R∞ ≥ maxt ‖xt‖∞, Z ≥ maxt |L′t(wt)| and U ≥ maxt ‖wt‖2. Hence

1
η

k−1∑
t=0

D(wt, wt+1) ≤
1
η

k
1
2
η2Z2R2

∞U2 =
η

2
k Z2R2

∞U2.

Assigning the learning rate η = 1/(Z R∞
√

k) that minimizes the sum of terms in Theorem 6
and choosing initial w0 = (1, . . . , 1) yields

Loss(A)− Loss(w?) =
1
2η

U2 +
η

2
k Z2R2

∞U2 = R∞ Z U2
√

k.

B
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From the two above examples one can see that the mistake bound analysis for the two algorithms
yields similar results. The bound in both cases is of order of

√
k. The only difference here are the

constants that depend on the norms of the input xt and parameter wt. This is the effect of using
different link functions. Depending on the predicted magnitudes of the input and the parameter one
would prefer one algorithm over the other.

7. Conclusion

We have presented two new online learning algorithms and their analysis from a geometric view.
The algorithms can be seen as a particular stochastic gradient descent rule in the presence of con-
straints, for example. Two such cases of the sphere and the probability simplex have been demon-
strated. Their performance is at least as good as the exponentiated gradient descent algorithm. Our
investigation helped us to understand online learning algorithms and their connection with geometry
of the parameter space. We were able to derive the mistake bounds for a general loss function by
the methods of Riemannian geometry. Many questions however, remain yet to be answered.

The current and future research is focused on the choice of a suitable loss function for the geo-
metric online stochastic gradient descent algorithm. We also want to understand better the optimal
geometric structure that would suit a particular learning problem. It seems that we only brushed the
surface of a larger domain of geometry induced by probability distributions, both parametric and
non-parametric. We hope that this paper will inspire further research in this fascinating combination
of machine learning, probability and geometry.
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