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Fig. 5. The linear array for parallel implementations without feedback 

upper triangular matrix R .  As long as the first row of R is known, 
all the subsequent row can be generated recursively, and this is also 
the basic principle of the proposed fast algorithm. 

REFERENCES 

I l l  

I21 

131 

141 

151 

161 

171 

181 

191 

I101 

1111 

[I21 

D. W. Tufts and R. Kumaresan, “Estimation of frequencies of mul- 
tiple sinusoids: Making linear prediction perform like maximum 
likelihood,” Proc. IEEE, vol. 70, no. 9, pp. 975-989, Sept. 1982. 
A. W. Bojanczyk. R. P. Brent, and F. R. de Hoog, “ Q R  factorization 
of Toeplitz matrices,” Numer. Math . ,  vol. 49, pp. 81-94, 1986. 
D. R. Sweet, “Fast Toeplitz orthogonalization,” Numer. Math. ,  vol. 
43, pp. 1-21, 1984. 
S .  F. Hsieh, K. J .  R .  Liu, and K. Yao, “Estimation of multiple sin- 
usoidal frequencies using truncated least squares methods,” f E E E  
Trans. Signal Processing, vol. 41, no. 2, Feb. 1993. 
J. P. Burg, “Maximum entropy spectral analysis.” presented at the 
37th Annu. Int. Meeting, Soc. Explor. Geophys.. Oklahoma City, 
OK, 1967. 
C. P. Rialan and L. L. Scharf, “Fast algorithms for computing Q R  
and Cholesky factors of Toeplitz operators,” fEEE Trans. Acou.st.,  
Speech, Signal Processing, vol. 36, pp. 1740-1748, Nov. 1988. 
T. Kailath, S. -Y .  Kung, and M. Mod, “Displacement ranks of 
matrices and linear equations,” J .  Math. Anal. A p p l . ,  vol. 68, pp. 

S.-Y.  Kung and Y .  H. Hu, “A highly concurrent algorithm and pipe- 
lined architecture for solving Toeplitz systems,” IEEE Trans. Acoust . ,  
Speech, Signal Processing, vol. 3 1 ,  Feb. 1983. 
A. W. Bojanczyk, R. P. Brent, and F. R. de Hoog. “Linearly con- 
nected arrays for Toeplitz least squares problems,” J .  Parallel Dis- 
tributed Computing, vol. 9, pp. 261-270, 1990. 
J .  Chun, T. Kailath. and H. Lev-Ari, “Fast parallel algorithms for 
QR and triangular factorization,” SIAM J .  Sci. Stat. Cornput.. vol. 
8. pp. 899-9 12, Nov. 1987. 
W. M. Gentleman and H. T. Kung, “Matrix triangularization by sys- 
tolic array,’’ Proc. SPIE, vol. 298, pp. 298, 1981. 
K. J .  R .  Liu and K .  Yao, “Multiphase systolic algorithms for spectral 
decomposition,” IEEE Trans. Signul Processing, vol. 40, no. 1. pp. 
190-201, Jan. 1992. 

395-407, 1979. 

1131 K. J .  R .  Liu and S. F. Hsieh, “Fast Toeplitz-Hankel orthogonali- 
zation for high-resolution spectral estimation.” in Proc.  IEEE 
ICASSP, May 1991, pp. 2249-2252. 

The Relationship Between Instantaneous Frequency 
and Time-Frequency Representations 

Brian C. Lovell, Robert C .  Williamson, and Boualem Boashash 

Abstract-We give the relationship between instantaneous frequency 
estimation via the derivative of the phase of the analytic signal and the 
first moment of general time-frequency representations from Cohen’s 
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class in both the continuous and discrete-time domains. Many re- 
searchers have applied the standard linear definition of first moment 
to discrete-time time-frequency representations although this leads to 
biased instantaneous frequency estimators with high variance; we show 
that periodic (circular) definitions of moments must be used to account 
for the periodization of the frequency variable due to sampling. 

I. INTRODUCTION 

Several authors [3], [9] have investigated the possibility of using 
the first moments of time-frequency representations with respect to 
the frequency variable as estimators of instantaneous frequency. 
This correspondence derives the relationships between instanta- 
neous frequency and the first moments of the general class of time- 
frequency representations for both continuous and discrete-time 
signals. 

11. CONTINUOUS-TIME ESTIMATION 

Consider a frequency modulated sinusoidal signal of the form 
x ( t )  = a, ( t )  cos 4( t ) ,  where a, represents the envelope function 
and 4 is the cumulative phase of the signal. We define the instan- 
taneous frequency of this signal by 

1 X ( ( t )  = 
2a dt 

If x is sufficiently narrow band, a good estimate of the cumulative 
phase reduced modulo 27r may be obtained from the phase of the 
analytic signal defined as follows: 

Definition 1 :  Analytic Signal: The analytic signal z associated 
with the real signal x is defined by z = A [x], where A [x] = x + 
j H ( x ]  is the operator which forms the analytic signal and H [ ]  is 
the Hilbert transform defined by 

We use the derivative of the phase of the analytic signal to define 
the following instantaneous frequency estimator. 

Definition 2 :  Analytic Derivative Estimator: Let z = A [ x ] ,  
where x is a real signal. Then the instantaneous frequency of x at 
time t is estimated by 

where (( )),= denotes reduction modulo 27r and ((dldt)),, denotes 
the appropriate differentiation of a quantity which is reduced mod- 
ulo 21r as shown above. 

The spectrogram (or magnitude-squared short-time Fourier 
transform) and time-frequency distributions such as the Wigner- 
Ville, Bom-Jordan-Cohen, Margenau-Hill-Rihaczek, and Choi- 
Williams exponential distributions can all be examined within the 
framework of Cohen’s general class of time-frequency represen- 
tations [ 2 ] .  

Definition 3: Cohen ’s Class of Time-Frequency Representations 
for Analytic Signals: Each member of this class of bilinear rep- 

- 
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resentations can be written in the form which is the denominator of (6). Similarly 

. z* ( p  - d p  d7 dv (3) 

t m  +m s -m f S ( t ,  f ) e ’2T f r  df = J 2 T  1 [ -m j2?rfS( t ,  f ) e J Z r f ’  df 

where z = A 1x1 and x is a real signal. 

of a smoothed autocovariance function as follows [4], [SI: 

With B symmetric about 7 = 0 by assumption, it can be shown [SI 
that It is useful to reformulate Cohen’s class as the Fourier transform 

” +m 

where F, I denotes Fourier transformation from the lag variable r 
to the time variable t ,  and :) denotes convolution in the time pa- 
rameter. The bilinear product function C can be considered as an 

Combining (1 l ) ,  (9),  and (2) we have 

B ( - t ,  O);)12(t)12 - jT (( s)) arg [ z ( t ) ~  estimate of the autocovariance function of the signal generating 2 r  

B ( - t ,  0,:) Iz(t)12 
process given by P:co = 

C ( t ,  7 )  = 2 ( t  + ;) z* 
- ;) 

and the time-lag kernel function B is given by 

BO, 7) = F i A ,  [ f ( v ,  4 1  
wherefis the same function that appears in  (3). 

A. Estimation via Representations 

The instantaneous frequency estimator, f : ( t ) ,  obtained from the 
normalized first moment of a time-frequency representation is de- 
fined by 

r + m  

While it is well known thatf:(t) is identical tofP(t) for some rep- 
resentations, the following more general theorem appears to be a 
new result. 

Theorem I: If the time-lag kemel function B is symmetric about 
7 = 0, thenf:(t) is related to the analytic derivative estimatorpp 
by 

Proof: The analytic signal z is given by where 

z ( t )  = A [ x ]  ( t )  = (z(t)(e’arg‘[z‘r)’. (7) 

Now use (4) 

as required. U 
Although this result only holds for TFR’s with symmetric kernel 

functions, this class is by far the most interesting since a time-lag 
kemel function must be real and symmetric about 7 = 0 to ensure 
that the corresponding representation is real and preserves the fre- 
quency support of the signal. 

Since B ( t ,  0) = 6 ( t )  for the Wigner-Ville, Born-Jordan-Cohen, 
and Choi-Williams exponential distributions, fT(t) = f r  (1) for all 
of these distributions. The estimator derived from the normalized 
first moment of more general time-frequency representations, such 
as the spectrogram, is closely related to the smoothed analytic de- 
rivative estimator which we define as follows: 

Definition 4: Smoothed Analytic Derivative Estimator: Letfr  (1 )  

be the analytic derivative estimator calculated from the real signal 
x and let h : , , - , ’ ~ ,  , be a smoothing function. Then the smoothed 
analytic derivative estimator is defined by 

f : ~  = hct);,j.:(r). (13) 

If we are dealing with a monocomponent, constant amplitude FM 
signal then Theorem 1 reduces to 

= B ( - t ,  7);) C ( t ,  7 ) .  

Evaluating (8) at 7 = 0 gives 

and so the estimator yielded by the normalized first moment of a 
time-frequency representation with respect to the frequency vari- 
able is identical to a smoothed analytic derivative estimator; the 
smoothing function used to calculate the smoothed analytic deriv- 
ative estimator is given by the time-lag kernel cross section at 7 = 
0 normalized to have unit area. In the case of the spectrogram with 
a rectangular data window of duration T,  the smoothing window is 
also rectangular with duration T a n d p ;  will be a low-pass filtered 

(8) 

(9) version o f f r .  
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111. DISCRETE-TIME ESTIMATION 

We use the following definitions for our discrete-time analysis: 
Definition 5: Discrete-Time Analytic Signal: The discrete-time 

analytic signal z associated with the real discrete-time signal x is 
defined by z = A [x] = x + j H [ x ] ,  where A [ ]  is the linear operator 
which forms the analytic signal and H [  ] is the discrete-time Hilbert 
transform defined by 

+ m  2x(n - m) 
~ [ x ] ( n )  = C -. -- ma 

a odd 

We use the central finite difference of the phase of z as the analog 
of the analytic derivative estimator for a discrete time signal. 

Definition 6: Central Finite Difference Estimator: Let z = A [x] 
where x is a real discrete-time signal. Then the instantaneous fre- 
quency of x at sample n is estimated by 

f, .fF(n) = - ((a% [ z (n  + 1)1 - arg [ z ( n  - 1 ) l ) ) ~ ~  (14) 4 a  

where f T  is the sampling frequency. 

given by (4) in the discrete time-lag domain as follows [4], [ S I :  
We reformulate the smoothed covariance form of Cohen's class 

S ( n ,  k )  = 2Fm-, [ B ( - n ,  m)z ,C(n,  m)l (15) 

where 

B ( n ,  m)  = NFTf, [ f ( l ,  m)]  is the discrete-time time-lag kernel 

C ( n ,  m) = z ( n  + m ) z * ( n  - m) is the discrete-time bi- 
function, 

linear product, and 
(") * -  - represents a linear convolution in the n index. 

A. The Circular Nature of Discrete-Time Quantities 

To determine the first moment of a discrete-time time-frequency 
representation, we must use the periodic definition of first moment 
[ 5 ] ,  [ 7 ]  which we have adapted from Mardia [8]. Claasen and 
Mecklenbrauker commented on the need for periodic definitions in 
[ I ] .  

Definition 7: Periodic First Moment: Let O ( k )  be a discrete 
function which is periodic in k with period M .  Then the first peri- 
odic moment i'; is defined by 

wherej  = G. 
It is convenient to define the modulo-X convolution operation 

from [ 6 ] ,  [ 7 ]  since it arises naturally in the proof of the next theo- 
rem. 

Definition 8: Modulo-h Convolution: Let the sequence f be of 
the form f ( n )  = ( ( f ( n ) ) ) h ,  f: - and X E be a sequence of 
circular variables, and h : be a window function. Then the 
modulo-X convolution off and h is defined by 

- 
fC.1 ( (*))A h ( n )  

B. Estimation via Discrete-Time Representations 

Theorem 2:  The estimator yielded by the periodic first moment 
of a discrete-time time-frequency representation f: is related to the 

central finite difference estimatorf: by 

f : ( n )  = B(-n ,  1) ( (*) )5 /2  Iz(n + l ) z * ( n  - I ) I f : (n )  (18) 

Proof: Using (16) and ( I S ) ,  the instantaneous frequency es- 
timator yielded by the periodic first moment of a member of Coh- 
en's class is given by 

I ,  

. z * ( p  - 

r .  

where L = ( N  - 1)/2.  This is just a modulo-f,/2 convolution of 
the form given by (18). 

0 
Comparing Theorem 2 with Theorem I we see that modulo-)\ 

convolution of the discrete-time frequency estimates corresponds 
to linear convolution of the continuous-time estimates. This is a 
sensible result since standard digital filtering with low-pass FIR 
filters on the central finite difference estimate sequence produces 
strange effects when estimate values approach the circular domain 
wrapping points [ 7 ] ;  a problem overcome by applying the filter 
using the modulo-X convolution operation instead of conventional 
linear convolution. Thus it would appear that modulo-h convolu- 
tion is the natural form of convolution for circular variables. 

It is easily shown that B ( n ,  1) = 6 ( n )  for the Wigner-Ville dis- 
tribution and s o f : ( n )  = f : ( n )  in this case as expected. The behav- 
ior of the first moment of other discrete-time representations is re- 
lated to the smoothed central finite difference estimators defined as 
follows. 

Definition 9: Smoothed Central Finite Difference Estimators: 
Letfr  be the central finite difference estimator calculated from the 
real signal x and let h : , , be a smoothing function of length 
P ,  presumed odd. Then the smoothed central finite difference es- 
timator is defined by 

- 

P:(n) = h ( n )  ((*))t,/24r(n). (20) 

If we have a monocomponent, constant amplitude FM signal then 
(18) can be simplified to 

and so, in this case, the periodic first moment of a discrete-time 
time-frequency representation is equivalent to a smoothed central 
finite different estimator. The smoothing function used to calculate 
the estimator is given by the discrete-time time-lag kernel cross 
section at lag m = I ;  for a spectrogram with a rectangular data 
window of length M ,  the corresponding smoothing window will 
also be rectangular and of length M - 2. The analysis of the dis- 
tribution o f t  is given in [SI. 

IV. CONCLUSIONS 

We conclude that there is no point in using the first moment of 
discrete-time time-frequency representations as instantaneous fre- 
quency estimators, since it is much simpler to calculate the corre- 
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sponding smoothed central finite difierence estimator directly from 
the analytic signal. These results highlight the danger of formulat- 
ing relationships in  the continuous-timc domain and then expecting 
them to hold for discrete-time signals. 
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Asymptotic Behavior of Maximum Likelihood 
Estimates of Superimposed Exponential 

Signals 

C. Radhakrishna Rao and L. C.  Zhao 

Abstract-In this correspondence are derived strong consistency and 
asymptotic normality of the maximum likelihood estimates (MLE’s) of 
the unknown parameters (al, . . . , up), (al, . . * , aJ, and (r2 in the 
superimposed exponential model for signals 

Y, = C a, exp ( i t o k )  + e,, t = 0, 1, . . . , n - 1 
k =  I 

where ( r L  is the variance of the complex normal distribution of e,. As 
a by-product, we find that the MLE’s of the parameters attain the Cra- 
m&-Rao lower hound for the asymptotic covariance matrix. 

I .  INTRODUCTION A N D  MAIN RESULTS 

Consider the following model of superimposed exponential sig- 
nals: 

P 

k =  I 
Y, = C ak exp (itaL) + e,, t = 0, I ,  . . . , n - 1 (1.1) 
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where i = J-1, Uk E [-z, T) is the frequency of the kth signal, 
aL is its complex amplitude, and { e , }  is a sequence of i.i.d. com- 
plex normal variables such that 

(1.2) e, = CN(0, U ’ ) ,  

Denote by Re(e,) and Im(e,) the real and imaginary parts of e,  re- 
spectively, We mean by (1.2) that both Re(e,) and Im(e,) obey N ( 0 ,  
u 2 / 2 )  and they are independent. In general, w = (ulr . . . , a,,)‘, 
a = (aI, . . . , a&’, and v 2  are unknown, U , ,  . . . , up are differ- 
ent, and i t  is desired to estimate these unknown parameters. 

Under the normality assumption (1.2) on { e , } ,  the maximum 
likelihood estimates (MLE’s) of o and a are the same as the non- 
linear least squares estimates (LSE’s) obtained by minimizing 

0 < U *  < OD. 

t1 - I P 

with respect to 0 = (el, * . . , e,,)’ and a = (ol ,  . * . , ap)’ .  It is 
easy to show that when n 2 2p + 1, with probability one, the 
expression (1.3) reaches its minimum value at some B = (h,, . . . , 
GP)‘ and a = . . . , & , , ) I  with G I ,  . . . , 9, all different. Hence, 
the MLE of o is obtained by maximizing 

M , ( Y ,  e) = Y* v(e)(v*(e) v(e))-l v*(e) Y (1.4) 

with respect to 0 = (01, . . . , e,,)‘, where Y = (Yo, * . . , Y,- 

~ ( 0 )  = ( u ( o , ) ,  . . . , u(o,,)), = ( I ,  elok, . . . , 1 ‘ 
(1.5) 

and V * ( e )  denotes the conjugate transpose of V ( 0 ) .  

= P. The MLE’s of a and U’ are given by 

a = ( V * P ) - ‘ P * Y  and 

With ci, obtained by maximizing (1.4), write V ( w )  = V ,  V(w) 

Y * ( I  - P(P*v)-’P*)Y. (1.6) G 2  = ,-I 

In this correspondence we develop asymptotic expansions of the 
estimates w ,  a, c 2  and establish their strong consistency and 
asymptotic normality. From these results and the consideration of 
the Fisher information matrix derived in [2], it follows as a by- 
product that the MLE’s of the parameters attain the CramCr-Rao 
(CR) lower bound, i.e.,  the best possible asymptotic covariances. 

Some papers relevant to our work are by Bresler and Macovski 
[3], Bai et al .  [ l ] ,  Hurt [4], and Stoica and Nehorai [6], [7]. We 
note, however, that our aim is to establish asymptotic normality, 
as the problem does not come under the standard MLE theory, while 
the papers cited above concentrated on the CR bound. 

We also refer to Whittle [ I  11, Walker [lo], Stoica and Nehorai, 
[SI and Stoica, Moses, Friedlander, and Soderstrom [9], where 
models similar to ( I .  1) are considered and asymptotic distributions 
of estimates are derived. There seems to be no reference where the 
model (1.1) with complex observations is considered and treated 
rigorously. 

We prove the following main theorems: 
Theorem: Suppose that a, # 0 and a, # wk f o r j  # k ,  j ,  k = 

1,  . . . , p .  Denote A = d iag (a , ,  . . . , a,,), A ,  = Im A ,  A* = Re 
A ,  and B = ( A * A ) - l .  If e, satisfies (1.2), then 

i) Q, U ,  and G *  are strongly consistent estimates of w ,  a, U * .  

ii) The limiting distribution of 

(n3/*(( i ,  - U), nl;* Re (a - a) ,  n’/* Im (a - a) ,  &*) 
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