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Abstract

We show that the class of two layer neural networks with bounded fan-in 1is efficiently learn-
able in a realistic extension to the Probably Approximately Correct (PAC) learning model. In
this model, a joint probability distribution is assumed to exist on the observations and the
learner is required to approximate the neural network which minimizes the expected quadratic
error. As special cases, the model allows learning real-valued functions with bounded noise,
learning probabilistic concepts and learning the best approximation to a target function that
cannot be well approximated by the neural network. The networks we consider have real-valued
inputs and outputs, an unlimited number of threshold hidden units with bounded fan-in, and
a bound on the sum of the absolute values of the output weights. The number of computation
steps of the learning algorithm is bounded by a polynomial in 1/¢, 1/6, n and B where ¢ is the
desired accuracy, 4 is the probability that the algorithm fails, n is the input dimension and B is
the bound on both the absolute value of the target (which may be a random variable) and the
sum of the absolute values of the output weights. In obtaining the result, we also extended some
results on iterative approximation of functions in the closure of the convex hull of a function
class and on the sample complexity of agnostic learning with the quadratic loss function.
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1 Introduction

Theoretical studies of feedforward neural networks have provided both positive and negative results
on what is learnable by these networks. On the positive side, there are good approximation and
estimation results. Two layer feedforward neural networks have been shown to be universal ap-
proximators [12], capable of approximating virtually any function of interest provided sufficiently
many hidden units are available. Furthermore, for a large class of functions, such as functions with
a bound on the first moment of the magnitude distribution of the Fourier transform, integrated
squared error of order O(1/k), where k is the number of hidden units, can be achieved [5]. The
sample complexity required for learning such networks has also been shown to grow at most poly-
nomially in the size of the networks [11, 6]. These results imply that for such functions, the sample
complexity provides no obstacle to efficient (polynomial time) learning with neural networks.

On the other hand, negative results due to Judd [15], Blum and Rivest [7] indicate that learning
may become difficult as the size of the problem increases because of the computational complexity of
finding a network that will perform well. These results indicate some of the limits to the complexity
of problems that can be solved with such networks. Obviously, to make the problem tractable, more
assumptions and restrictions on the networks are required.

By considering fixed sized networks, Maass [22] has shown that such networks can be learned
in time bounded by a polynomial in the bit-length of the inputs, the bit-length of the weights and
1/€, where € is the bound on the error of the network. Maass’s results were obtained in the agnostic
learning model described by Haussler [11] and further developed by Kearns, Schapire and Sellie [17].
This model is a realistic extension of the Probably Approximately Correct (PAC) learning model in
computational learning theory. In the agnostic model, no a priori assumptions about the nature of
the target concept or target function are made. Instead a joint probability distribution is assumed
to exist on the observations and the learner is required to approximate the function in the class
which minimizes the expected value of a loss function. The generality of the model means that the
results would also hold for learning real-valued functions with noise, learning probabilistic concepts
and learning the best approximation to a target function that cannot be well approximated by the
neural network.

In this paper, we show that provided the fan-in of the hidden units and the sum of the absolute
values of the output weights are bounded, two layer feedforward neural networks (with an unlimited
number of threshold hidden units) are learnable in the agnostic model with the quadratic loss
function. Furthermore the time complexity grows only polynomially with the input dimension and
the sum of absolute values of the output weights (although it is exponential in the fan-in). This
implies that networks with a polynomial number of hidden units with bounded fan-in (such that
the magnitude of each output weight is bounded by a fixed constant) are efficiently learnable in the
agnostic model. Recently, Koiran [18] has independently shown that for a fixed input dimension,
functions which can be well approximated by two layer neural networks can be efficiently learned
with small bounded noise. However, he did not consider an agnostic setting which allows more
general learning problems, such as learning probabilistic concepts, regression and learning the best
approximation, to be solved.

In obtaining the result, we extend existing results on approximation and estimation of functions.

For the approximation of functions, Jones [14] and Barron [5] have shown that if the target
function is in the closure of the convex hull of a set of function, then by iteratively adding an element
of the set of functions so as to minimize the distance to the target function, the squared distance to
the target will decrease at a rate of O(1/k), where k is the number of elements added. We extend
this result to show that the squared distance will approach that of the best approximation in the
convex hull of the set of functions even when the target function is not in the closure of the convex



hull, at a rate of order O(1/k?) for any fixed 3, 0 < 3 < 1. The fact that the target does not have
to be in the convex hull allows learning in the agnostic model. The iterative approximation result
also allows efficient learning of a network with a small number of hidden units by iteratively adding
hidden units until a larger network with the required error is obtained. Using a larger hypothesis
class to learn a smaller function class efficiently is a technique commonly used in computational
learning theory (see e.g. [22]). It also gives some theoretical support to the common practice of
using more hidden units to make learning easier even when the problem can be solved using fewer
hidden units (see e.g. [27]).

For the estimation of functions, we extend the results of Barron [6, 3], McCaffrey and Gallant
[23], Haussler [11] and Pollard [26]. Barron [6, 3] and McCaffrey and Gallant [23] have shown that
for two layer neural networks satisfying a Lipschitz condition, the rate of convergence of || f—f= II?
for a particular estimator f,is O(|| fx — f* ||? +kdlog(nm)/m) when || fi — f* ||* converges to zero
as k — oo. Here f*(z) = E(Y|X = z), k is the number of hidden units, n is the input dimension,
d is the fan-in, m is the sample size, f; is the network of k£ hidden units which gives the best
approximation to f* and || f—f*||? = [(f(2)—f*(2))*dP(z) for an arbitrary probability distribution
P. However, in this paper, we use networks with linear threshold functions as hidden units; this
class of neural networks does not satisfy a Lipschitz condition. This is also the case for networks
with any sigmoidal hidden units if the input values or weights are not restricted to a bounded
range. Furthermore, in some cases our function class may not be rich enough to approximate the
conditional expectation or target function well. This will often be true if we bound the fan-in of
our hidden units. A realistic goal is to require our estimator to converge to the best approximation
in the class. It is possible to use the results of Haussler [11] and Pollard [26] to obtain a rate of
convergence for | f— £ |2 = || fu— f* |* of order O(|| fu— f* |12 = | fu—F |* +/FdToglmm)/y/m)
when f, is the neural network which gives the best approximation to f*(z) = E[Y|X = z]. We
show that when the neural networks used for estimation form a convex class of functions, the rate
of convergence is O(|| fr — f* ||* = || fu — f* ||* +kdlog(nm)/m).

By putting the approximation and estimation bounds together a bound of order
O(y/dIn(mn)/\/m) on the expected difference between the expected loss of the estimated network
and the best network is obtained. Unlike the computational complexity, the sample complexity does
not grow exponentially with the fan-in. Barron [4] has shown that for the function class considered
here (when the fan-in in not bounded), the rate of convergence of ||f — f*||? for any estimator f
cannot be better than Q(1/m("+2/(27+2)y \where n is the input dimension. Since networks with
bounded fan-in include networks with unbounded fan-in with input dimensions smaller than the
fan-in, this shows that the rate is close to the best possible when the fan-in of the network is large.

Bounding the fan-in of the hidden units allows us to find an algorithm to agnostically learn
the networks in polynomial time. However, by bounding the fan-in, we also lose the universal
approximation capabilities of the networks. For boolean functions, Minsky and Papert [24] have
shown that some functions such as parity cannot be learned (or even well approximated) by two
layer networks with bounded fan-in. However, the class of functions that can be approximated by
such networks is still interesting and useful. For example, one of the most successful applications
of neural networks is to handwritten digit recognition [19]. Equally good results can be achieved
using low degree polynomials (which can be approximated by networks with small fan-in) as shown
by Guyon, Boser and Vapnik [8].

In Section 2 we describe the agnostic learning model and the neural networks we are using and
give a statement of the main result. We prove the iterative approximation result in Section 3 and
give bounds on the sample complexity in Section 4. In Section 5 we give an algorithm for loading
the network and finally we prove the main result in Section 6.



2 Learning Model and Statement of Result

We follow closely the agnostic learning model of Kearns, Schapire and Sellie [17]. Let X be a
set called the domain and the points in A" be called instances. In our case the set A will be a
subset of R™. Let Y be a set called the observed range. In our case, J is a subset of R with
magnitude bounded by B. We call the pair (2, y) an observation. The assumption class A is a class
of probability distributions on X' x Y. A is used to represent the assumptions on the phenomenon
that is being learned. In this paper, we let A be the class of all probability distributions on A’ x Y,
of which the following are special cases.

In regression, y € Y represents a noisy measurement of some real valued quantity, and the
desired quantity to be learned is the conditional expectation of y given z. In the case where there
is no noise, we have function learning where there is a class F of functions mapping A to ) and
Ap,r € Ais formed from a distribution D over & and a function f € F. Observations drawn from
Ap ¢ have the form (z, f(2)) where z is drawn randomly from D. In learning probabilistic concepts,
we have Y = {0,1}. Again, there is a class F' of functions, mapping X" to [0,1] and Ap s € A is
formed from a distribution D over A and a function f € F. Observations drawn from Ap  are of
the form (z,b), where 2 is drawn randomly from D and b = 1 with probability f(z) and b = 0 with
probability 1 — f(z).

Let Y’ be a subset of R with magnitude bounded by B. The hypothesis class H and the
touchstone class T are two classes of functions from A" to ). The learning algorithm will attempt to
model the behaviour from A with functions from H. Since the behaviour from A cannot necessarily
be well approximated by functions from H, we require a method of judging whether the hypothesis
is acceptable. This is done by requiring that the learning algorithm produces a hypothesis h € 'H
with performance at least close to the “best” ¢ in 7. The best function in the touchstone class
forms the “standard” against which our hypothesis can be compared. The touchstone class 7 is
introduced for computational reasons. It is possible to compare the hypothesis against the best
hypothesis in H. However it is sometimes the case that although we are unable to find an efficient
algorithm for learning from a function class, we can find an efficient algorithm for learning from a
larger function class () which contains the class we are interested in (7).

The range of the hypothesis class is not necessarily the same as that of the observations (although
we use the same bound for both ranges in this paper). If the range of the observations is known (as
assumed), clamping the output of the hypothesis which is outside the range to the closest point in
the range after learning can only improve the performance of the hypothesis. This is particularly
useful in learning probabilistic concepts, where it is desirable to have the output in the range [0, 1].

The “best” function ¢ € 7 is the function which minimizes the expected value of a loss function
L which maps from )’ x Y to a bounded subset of R. Given a function h: X — )Y’, the loss of
h is denoted Lj(z,y) := L(h(x),y). In this paper, we use the quadratic loss function Lp(z,y) :=
(h(z) — y)*. The quadratic loss can be bounded by a constant M because both the observed range
and the range of the hypothesis are bounded. Given observations drawn from A € A, the expected
loss is E(; y)ea[Ln(2, y)] which we denote E[L,] when A is clear from the context. For a class H, we
define opt(H) := infpey E[Ly]. The quadratic loss function is a natural choice to use for regression
because the function with the minimum quadratic loss is the conditional expectation. For learning
probabilistic concepts, the quadratic loss has some desirable properties as shown in [16] and [17].

We now define the class of neural networks considered in this paper.

Definition 1 The class of bounded fan-in neural networks with k hidden units and sum of absolute



values of the output weights bounded by B is defined as

k k
N = {x — Zwia(vi -z 4 vig) : Z|w2| < B and at most d of the
=1

?
=1

coordinates v;; of v; are nonzero}

where o is the step function, o(z) = 1 for z > 0 and o(z) = 0 otherwise, x € R", and v; - & =
>i=y vijry. Fach o(v;-x + i), 1 <i <k is called a hidden unit.
Define the class of bounded fan-in neural networks with sum of absolute values of output weights

bounded by B as N := JiZ; NB k-

Theorem 2 Let the domain X be a subset of R™, the observed range Y be a subset of R with
magnitude bounded by B, the assumption class A be the class of all probability distributions on
X X Y and B be the bound on the sum of absolute values of output weights of N'g. Then there
exists a function m(e,8,n, B) bounded by a fized polynomial in 1/e, 1/8, n and B and an algorithm
such that, for any A € A, given any e > 0, 0 < 6 < 1, n > 1 and B > 0, the algorithm draws
m(e, 6, n, B) observations, halts in time bounded by another fized polynomial in 1/e, 1/6, n and B,
and outputs a hypothesis h € Np such that with probability at least 1 — 8, E[L] < opt(NB) + e.

For simplicity we use the uniform cost model of computation where real numbers occupy one
unit of space and standard arithmetic operations (addition, multiplication etc.) take one unit of
time (see [1]). With some modification, a similar result can also be shown to hold in the logarithmic
cost model [1] where real numbers are represented in finite precision and operations on them are
charged time proportional to the number of bits of precision.

The notation we use follows closely the usual notation used in Computational Learning Theory
[2]. We would like to point out the differences between our notation and the notation conventionally
used by information theorists and statisticians. We have used m in place of N for the sample size,
n in place of d for the dimension of the input space (d is used for the fan-in of the hidden units
and k in place of T for the number of hidden units. We give both the sample complexity (normally
used in Computational Learning Theory) and the expected error (normally used by statisticians
and information theorists) in our results.

Theorem 2 has a simple corollary for learning networks with a fixed number of hidden units
and a bound on the absolute values of the output weights. In this case, we let the touchstone class
be the class of bounded fan-in neural networks with k& hidden units and output weights bounded

by b,
k
J\/}Zg = {x — Zwia(vi - 4 vi0) : |wg| < b and at most d of the
=1

coordinates v;; of v; are nonzero} .

For the hypothesis class, we use the class of bounded fan-in neural networks with the sum of
absolute values of output weights bounded by bk,

00 { {
J\/'g,'f = U {x — Zwia(vi T+ vig) Z |w;| < bk and at most d of the

=1 =1 =0

coordinates v;; of v; are nonzero} .



Corollary 3 Let the domain X' be a subset of R”, the observed range Y be a bounded subset of R
and the assumption class A be the class of all probability distributions on X' x Y. Let J\/}Zg be the
class of bounded fan-in neural networks with k hidden units and output weights bounded by b and
J\/}Z,’f be the class of bounded fan-in neural networks with sum of absolute values of output weights
bounded by bk. Then there exists a function m(e,8,n,k,b) bounded by a fized polynomial in 1/,
1/6, n, k and b, and an algorithm such that, for any A € A, given any e >0, 0 < éd < 1, n > 1,
k>0 and b > 0, the algorithm draws m(e,6,n,k,b) observations, halts in time bounded by another
fized polynomial in 1/€, 1/6, n, k and b, and outputs a hypothesis h € J\/'g,'f such that with probability
at least 1 — 6, E[L;] < opt(/\/'bﬁ) + €.

3 Iterative Approximation

The iterative approximation result in this section is an extension of the results of Jones [14] and
Barron [5]. They showed that if a function is in the closure of the convex hull of a set of functions in
a Hilbert space, then it can be approximated by iteratively adding functions from the set such that
the squared distance to the target function is of order O(1/k), where k is the number of functions
added. We extend the result in order to allow agnostic learning. We show that even if the target
function is not in closure of the convex hull, the iterative approximation scheme will converge to
the best possible approximation such that the squared distance to the target will approach the
optimal squared distance at a rate O(1/k%) for any fixed 0 < 3 < 1. We will use the following
lemma. The proof is given in the Appendix.

Lemma 4 Let 3 € (0,1), Kg> ﬁ and k > 1. Then

[(5(1 — 1/k) 1 < [(ﬁ
k—1)7 k=%

Theorem 5 Let H be a Hilbert space with norm || - ||. Let G be a subset of H with || g || < b for
each g € G. Let co(G) be the convex hull of G. For any f € H, let dy = infycoenll 9" — f |-
Suppose that fi is chosen to satisfy

A= FIP< inf lg=F I +a
and iteratively, fr is chosen to satisfy

| fe = FIP< inf || @fymy +a@g — f||* +ex
prete

where o = 1 —1/k, @ =1—a, ¢ > b?, and ¢, < 732. Then for any p € (0,1), Kg > ﬁ, and

every k > 1, .
{5C
Lf = fi I =df < =5 (1)

Proof. Given 6 > 0, let f* be a point in the convex hull of G with || f* — f ||< df + é. Thus
= Zf\il vig; with g; € G, v; > 0 and Zf\il v; = 1 for some sufficiently large N. Then for all
o e [0,1]

| afior +ag— f|?

=l afsor +ag -+ = f P
= afici+ag— NP+ = F P +20afics +a@g— 5 = ),



where (-,-) is the inner product in the Hilbert space H. Thus,

lafimr+ag—FIP =1 f = fI7
=\l afsor +@g — [P +2(afvor +@g — [ 0= )
=l a(fr-1 = f) +alg = F) P +2(afs +ag— 5 7= f)
=’ || fima = P+t g P
+2aa(fr—1 — 59— )+ 2afi+ag - 5 = f).

Let g be independently drawn from the set {¢1,...,gn} with P{g = ¢;} = 7;. The average value
of [[afi—1 +ag— fI* =l /= FI*is

N
27i [a2 || fk—l - f* ||2 _|_52 || g — f* ||2 +20&a(fk_1 _ f*agi _ f*)
=1

+2(afeor +agi — 5 F = f)]

N N
= || focr = NP il gi = [P 4200 > il frmr — 90— [7)

=1 =1
N
+2> yilafics +agi — 5= f)
=1
N
=a? || fi1 — f7 || +a° (Z% (II gi I =209, )+ || [ ||2)) +0
=1
N
+2) yilafimr + 90— agi— [ = f)
=1

N
=Mnn4—fwﬁ+#(ZbHMAP—Hﬁnﬁ+2Mh4—fﬁﬁ—f)
=1

<P || fror = [P 420 4 2a(fomr — f5 17 = )

Since the average is bounded in this way, there must be a ¢ € {gy,...,gn} such that
lafi—s +ag—f 1P =1/ = FIP
< || fomr — S5 NP 4207 + 20 frm1 =[5 S— f)
=a ol fior = [P 420 feer = 5 07 = )] + @
<all foor = £ AP H2(fsr = £5 57 = 1)) +a@2? (2)
since a € [0,1]. Noting that

[ e |
| fomr = fAP = LI 420 = £, 7= 1),

| fe—1 = fII?

we get

| o= FIP =0 7= FIP=I femr = £ 420 S5m0 = £ = )



Substituting into (2) and letting § go to 0, we get
inf [ afior a9 — [P ~df < o[l fir = P —d3] +220?
Setting £k =1, @ = 0 and fy = 0, we see that
inf || g— f|* —d} < b
inf |lg = fI —dj <

Hence the theorem is true for £ = 1. Assume as an inductive hypothesis that

Kgce
=[P —d? <
Then .
. N 9 9 akge 9,9  C—
;22||04fk—1‘|‘049_f|| _df+€k§m a“bh” + 2

Letting o = 1 — 1/k,

IN

inf _ ag — 2 _
gﬂelGllafk 1+ag— fI° —ds + e

from Lemma 4. Then (1) follows directly. O

Recently, Koiran [18] has independently obtained a similar result for iterative approximation
when the target function is not in the convex closure of the set of functions. In [18], Koiran obtained

bounds of the form || f— fi, [|* —d} < % + %2 where C' > /b2 + d7}. Tn comparison, our bound of

0 (1%/3) for any 0 < < 1 is asymptotically better than Koiran’s bound of O (ﬁ) The constant
in our bound is also independent of the target function, unlike the constant in Koiran’s bound.
However, Koiran’s result reduces directly to Barron’s result [5] in the case where dy = 0 while in
our case, slight modification in the proof would be needed.

A slightly better rate (8 = 1) is obtained if instead of the iterative approximation, one performs

optimization over the whole network of £ hidden units.

Theorem 6 (Barron [5]) If f is in the closure of the convex hull of a set G in a Hilbert space,
with ||g|| < b for each g € G, then for every k > 1, and every ¢ > b? — || f||?, there is an fy in the
convezx hull of k points of G' such that

The class Mg of bounded fan-in neural networks with the sum of absolute values of weights
bounded by B is the convex hull of G = {z — wo(v;- 2+ vy): |w| = B}U{z — w:|w| = B}, where
only d coordinates v;; of v; is nonzero. Since || g ||[< B for every g € G, Theorem 5 can be applied
to GG to bound the rate of convergence of the iterative approximation to the best approximation
in Mg in the Hilbert space with inner product (f,g) = [y f(z)g(x)dP(x) where P is a probability
measure.



4 Sample Complexity

In the previous section, we have shown that it is possible to approximate functions in Ng accu-
rately with relatively few hidden units by iteratively adding hidden units to greedily reduce the
approximation error. However for learning purposes, we also need to estimate the values of the
weights used in the approximation from information contained in a finite set of examples sampled
from an unknown distribution. For efficient learning, we also require that the number of examples
needed grows only polynomially with the relevant parameters.

When the hidden units satisfy a Lipschitz condition, Barron [6] and McCaffrey and Gallant [23]
have shown that the rate of convergence for || f — f* ||2is O(|| fx — f* ||> +kdlog(nm)/m). The
Lipschitz condition is used to get an L., cover for the function class. However sigmoidal hidden
units with no bound on the weights and linear threshold hidden units do not have finite L., covers.
Instead of L., covering numbers, we use [; covering numbers which can be bounded when certain
combinatorial properties of the function class are known. We show that the rate of convergence
is O(| f = f*II? = || fa — f* ||* +kdlog(nm)/m) when the neural networks we are using form a
convex class of functions.

It is interesting to note that some extra conditions (such as convexity) have to be imposed on
the function class to get the better convergence rate for agnostic learning. It is possible to show
that if the closure of a function class is not convex, then the estimation error for agnostic learning
the function class (using only estimators belonging to the class) cannot be better than Q(1/y/m)
[21].

For m € N and v, w € R™, let

1 m
di,(v,w) = EZ |v; — wil.
=1

For U C R™, € > 0, we say C' C R™ is an [ e-cover of U if for all v € U, there exists w €
such that d, (v, w) < e. The l; covering number N (¢, U, 1y) is the size of the smallest [y e-cover of
U.

If Zis aset, 12 — Rand 7z € 27, define fiz = (f(21),...,f(2m)) € R™. If I is a set of
functions from Z to R, define Fi; := {fjz: f € F'}. Let Eg(f) = % Yoy f(z).

Theorem 7 Let F = ;2 Fi be a convex class of functions mapping from X to Y’ such that each
Fy is permissible!, and |f(z)| < B for all f € F and v € X. Let |y| < B for ally € Y’ and P be
an arbitrary probability distribution on Z = X x Y'. Let F be the closure of [ in the space with
inner product (f,q) = [ f(z)g(z)dPx(z). Let C' = max{B,1}. Assume v,v, > 0,0 < a < 1/2.
Let f*(z) = E[Y|X = 2] and gs(2,y) = (y — f(2))? = (y — fu(2))? where f, € F is such that
J(fu(@) = f*(2))2dPx(2) = infsep [(f(x) — f*(2))?dPx(x). Then for m > 1 and each k,

Pm{zezm:erFk,E(gf)_EZ(gf) Za}

v+v. + E(gy)

< sup 6N (%,sz,ll) exp(—3a’vm/(2624C*))
zez2m

where P™ denotes the product measure.

The constants in the theorem have not been optimized. The proof is long and can be found in
the Appendix. The theorem is also true when F'is not convex but f, = f*.

!This is a mild measurability condition satisfied by most function classes used for learning, including the one used
in this paper. See Haussler [11] for details.



In order to use this result, we need to bound the [y covering number of the networks we use
for approximating the functions. We first bound the covering number of one hidden unit using a
combinatorial parameter called the pseudo-dimension.

Let F be a class of functions mapping from X" to R and let &1,...,2,, € X'. We say zq,...,2Z,
are shattered by F' if there exists » € R™ such that for each b = (b1,...,b,) € {0,1}™, there is an

f € F such that for each i,
>, ifb; =1

The pseudo-dimension is defined as
dimp(F) = max{m € N:Jaq,...,2,,, F shatters z1,...,2,}

if such a maximum exists, and oo otherwise.

The pseudo-dimension of a linear threshold unit with n inputs is known to be n 4+ 1 [11]. For
linear functions the pseudo-dimension is k& when k is the number of inputs. To bound the covering
number with the pseudo-dimension, we use the following lemma from Haussler [11].

Lemma 8 (Pollard [25], Haussler [11]) Let F' be a class of functions from a set Z into [0, M|
where M > 0 and suppose dimp(F') = d, for some 1 < d, < co. Then for all 0 < ¢ < M and any
finite sequence z of points in Z,

In
€ €

2eM . 2e M\ %
N(e,F|Z,ll)<2<e c ) :

The following lemma will be useful in proving the result.
Lemma 9 (Vapnik and Chervonenkis [31], Sauer [28]) Let F' be a class of functions from

S =A1,2,...,m} into {0,1} with |F| > 1 and let d, be the length of the longest sequence of points
z from S such that F|, = {0, 1}4e. Then, for m > d,,

dp m
HEDY (2) < (em/dy)™

where e is the base of the natural logarithm.

The following result gives bound on the covering number which will be used with the uniform
convergence result of Theorem 7.

Lemma 10 Let N be the class of bounded fan-in neural networks with k hidden units, fived
output weights and sum of absolute values of output weights bounded by B. Then for m > d and
any sequence T € X,

emn )k(d"'l) (26B QeB)k
—1In— .

N(e. Ny, lh) <2 (d—l— I

€ €

Proof. Let G = {# — o(v; - + v;p) : at most d of the coordinates of v; are nonzero}. So the
function class ¢ is the union of (’}) < n? function classes ((’}) possible choices of non-zero input
weights) with pseudo-dimension d + 1. Fix an arbitrary sequence z € AX™. Using Lemma 9,

d+1
el < n? (755
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d+1
There are at most (n? (5_?1) ¥ ways of picking (g1, . .., gr) which will give different functions

onz. Let f = Zle w1g1 + ...+ wrgi be an arbitrary function in Mg ;. For each possible choice of
hidden units (g1,...,9%), we want to pick (wf],...,w}) such that the function it represents has [y
distance no more than € from the function represented by (wq,...,wy). From Lemma 8, for linear

k
functions with k& inputs the size of an e-cover is no more than 2 (% In %) .
Hence for any sequence &, we can construct an /; e-cover with no more than

A1\ ” k
(nd+1 (5-?1) ) 2 (@ In @) functions. O

5 Loading Algorithm and Computational Complexity

In this section we describe an algorithm CONSTRUCT which produces a network by iteratively
adding hidden units as suggested by the approximation result in Section 3. Note that in Theorem 5,
we have a fixed set of output layer weights for each iteration. The algorithm receives as inputs the
number of iterations k, the bound on the sum of magnitudes of output weights B, the fan-in d and
a sequence S := {(z1,¥1),- -+, (T, Ym)} from X' x Y. At each iteration, the algorithm generates all
possible dichotomies of the sample with a bounded fan-in hidden unit and then adds the hidden
unit which minimizes the empirical loss at each stage.

We first describe a subroutine SPLITTING for generating all possible dichotomies (Figure 1).
The subroutine and proof of correctness are adapted from Farago and Lugosi [10]. The input to
the subroutine is a set A := {@1,...,2,,}. It returns a set W of weight (and bias) vectors which
correspond to all possible dichotomies on A. For notational convenience, an m<-tuple means an
[-tuple with 1 <1 < m.

Lemma 11 The subroutine SPLITTING generates all possible dichotomies of m points using a
linear threshold unit with d or fewer nonzero weights in R™ in O(Qdd3n2dm2(d+1)) steps.

Proof. The algorithm goes through () Zfill 2t (") < n329 1 md+1 jterations of the innermost loop
where it does comparisons and solves linear equations. Each set of linear equations has no more
than d + 1 variables and no more than d + 1 equations. By Gaussian elimination solving each
system takes O(d®) operations. Each comparison against P takes O(n9m?*!). So the total number
of operations is O(2¢d%n?¥m2(d+1)),

We now show that all dichotomies are generated. Note that a dichotomy generated by a
unit with fewer that d weights can also be generated with a unit with d weights. All possible
combinations of d inputs are generated. So we only need to ensure that all possible dichotomies
of a unit with a set of d weights are generated. This is the same as considering a linear threshold
unit in d dimensions.

First note that any dichotomy in R? can be implemented by a hyperplane of the form b-z+b; = 0
with some (b,b;) € R4 For any z; € A, either b-z;+b; > 0 or b-2;+b; < 0. A suitable b can be
found by replacing > 0 and < 0 by > 1 and < —1 and solving the arising system of inequalities?
for (b,b;). Let Hy and Hy be the two open halfspaces generated by the hyperplane. Then given a
partition AN Hy, AN Hy of A, an appropriate (b,b;) can be found by taking any solution to the

2Farago and Lugosi [10] set b, to —2 and then replace the inequalities with b- ¢ > 3 and b -z < 1 but that gives
an incorrect result. For example, let ©1 = (1,0) be labelled 1, z2 = (1,1) be labelled 0 and z3 = (0,1) be labelled 1.
Although the dichotomy can be implemented by a b such that b-z = 2 there is no b that satisfies b-x1 >3, b-22 <1
and b-xz3 > 3.

11



SPLITTING(A)

W= 0;

P =10

for all d-tuples (#1,...,tq) from {1,...,n} with t; < ... <1,

for all (d 4 1)<-tuples (r1,...,7;) from {1,...,m} with ry <...<m
for all [-tuples (aq,...,a;) € {—1,1}
if a solution

(vo,vo,) € {(v,v¢) € R" ionly vy, ..., ve,, v¢ are nonzero}
to the system of linear equations

Ty, U+ V= v=1,...,1

exists then
Split A into two subsets A’ and A” by the hyperplane given
by vo - = —to,;
if {A’, A"} ¢ P then
W = WU {(vo, vo,) };
P:=PU{{A A"}};
endif;
endif;
endfor;
endfor;
endfor;
return W;

Figure 1: Subroutine SPLITTING

CONSTRUCT(k,B,d,S)

J =0
=0
W= SPLITTING(S4);
Gi={r—wo(v-z—v9):veEW,|w|l=B}U{B,—B};
for j:=1to k
for each g € G
ifCOST(1-1/5)f+9/4,5)< COST(f",5) then
fr=0=1/5)f+9/3;
endif;
f=1;
endfor;
endfor;
return f;

Figure 2: Algorithm CONSTRUCT

12



linear system of inequalities

x; -0+ > 1, x; € AN Hy
zi-v4 v < -1, r; € AN Hy

This system of inequalities defines a polyhedron in weight space. It is possible to select [
inequalities for some [ < d + 1 such that they can be satisfied if and only if the polyhedron is
nonempty and every solution of the arising system of linear equation also satisfies the whole system
of inequalities (see Farago and Lugosi [10]). Since we are considering all possible systems of d + 1
or fewer equations, all possible dichotomies are generated by the algorithm. O

The pseudo-code for the algorithm CONSTRUCT is given in Figure 2. It receives as inputs the
number of iterations k, the bound on the sum of magnitudes of output weights B, the fan-in d and
a sequence S = {(z1,¥1),...,(Zm,Ym)}. At each iteration j, we multiply the previous network f
by 1 —1/j and add the function ¢;/n which minimizes COST((1—1/7)f+g¢/j,5) over all ¢ given
by the subroutine SPLITTING (here COST((1—1/5)f + ¢/7,5) is the sum of squared error on
the sequence §). The time complexity of the algorithm is O(2%d®kn2dm2(d+1),

6 Main Results

In this section we prove Theorem 2. First, note that if P is a probability distribution on X x Y
and f*(z) = E(Y|X = 2), then for any f: 4 — R,

Jw=s@Prey = [=r@reen+ [ - r)rdee.).

Since [(y— f*(x))*dP(z,y) is constant, choosing f to minimize [(f(z)— f*(z))*dP(xz,y) is the
same as choosing f to minimize [(y — f(2))?dP(x,y).

From a sequence z of m points independently sampled from P, the empirical distribution is
the distribution D such that Pr(X = z,Y = y) = %(x’y) where Occur(z,y) is the number of
occurences of (z,y) in Z.

The following lemma from [29] is useful in bounding the sample complexity.

Lemma 12 Let 2,y € RT. Then
Inz <azy—Iney.

Theorem 13 Let the function class Ng = Ujey N i Let m(e,6,n, B) be the number of observa-
tions used by a learning algorithm such that with probability at least 1 — 6, E(Ly) < opt(Np) + €.
If the iterative approximation scheme of Theorem 5 is used, then for any g € (0,1),

4 [ p2/8
m(G,é,n,B):O(B— (Bl—dln@—l—lnl)). (3)
/8 6

€ €

Let fi be the function produced by the iterative approvimation scheme, f*(z) = EY|X = z] and
let f, be the best approvimation in the closure of Ng to f*. Then the expectation over samples of
size m of the additional error of the estimator fi is

(4)

m

2 4
B[l - /I~ 5 = F7IP) = 0 (f_ﬁ n M)

13



1

and if k is set to (m) 1+,6’
s
7 2d1 46
E[lfe — [ =lfa = fIP1=0 (32 (B+(mn)) ) ‘ 5)

Proof. The function class N is convex and each Ny is permissible. Let @ = 1/2 and C' =
max{B, 1} and use Theorem 7 and Lemma 10 to get

pm {2 € 2™ :3f € Np i Elly — f(2))* = (y — fa(2))?]
> 2B [(y — f(2))? — (g — fale))?) 4 v+ v}

Ve

256C3°

( emn )WH) (512604 5124
<9 In
=" \d+1

< sup 6N(

NB,k|57 11) exp(—3vm/10496C*)
5€Z2m

k
) exp(—3vm/10496C*). (6)

Ve Ve

Let f'(x) = B[Y|X = «]. Then E[(y— fi(«))* — (y = fu(2))*] = Eo(f'(2) = fi(2))* = (f'(x) -

fa(w))?]. Note that Ez[(f'(z) - fu(2))* = (f'(2) = fa(2))?] < E[(f'(2) = fie())* = (f'(2) = fa(2))?],
where [}, is the estimated function and f, is the function in the closure of AN'g which minimizes
the empirical error. From Theorem 5, to get approximation to within €/4, it suffices to have
k= (4Kge)' /88 = (8K 3 B3P [ /P when ¢ = 2B?. Setting v = v, = ¢/4 and the right hand

side of (6) to & gives us

) emn 2048eC*  2048eC* 3em
In— = k(d+ 1)1 k1 1 - : 7
nyg = MAE )n<d+1)+ n( e e ) 419841 (@)
Let A € (0,1). Use Lemma 12 to get
3Aem 41984 k(d + 1)C*
Inm < 1 :
M osak(d+ Dot T 3ee
Substituting into (7),
3me(l — A) en 41984C*k(d 4+ 1) 2048¢C*  2048eC* 12
S = Y < k(d+1)] k(d+1)1 k1 1 In —.
Tosac = M+ Do+ k(d+ 3ee L U R

Rearranging and then substituting for k,

41984C*

en 41984C*k(d 4 1)
< — = (kd+1)In—— F E(d+ 1)1
S 36(1—/\)((+)nd—|—1+(+)n 3ee
4 4
o (204860 |, 2048¢C ) T 15_2)
€ €

4
- 0 (C— (kdln Ckn 1))
€ € 6

B* (dB*% Bn 1
- O(T(Wln?“ng))-

14



For a sample of size m, we now want to find the expected difference between the expected
error of the estimator and the expected error of the best network. Let t € RT and set v =

k(d+1 k N
10496C*1n (12 (em”) () (%ln %) ) /(3m)+tin (6). By picking f (which is a function

d+1
of the sample Z) as described above, we obtain

B m . AB*K
pr { € 2™ El(y ~ fule) — (v - fule)] 2
M1 (519604 512004\ "
4 emn € €
10496C* In (12 <d+ 1) ( I J(3m) + 1+ v
< exp(—3tm/10496C*) (8)
Define the random variable

4B2K5

r(2) = El(y = fu(2))* = (y = fu(2))’] 7

k(d+1) 4 4\ F
10496C* In (12 (em") (51260 n 212¢C ) ) /(3m) — v

d+1 v, v,

and let p(r) = max{r,0}. Then Pr(r > t) = Pr(p(r) > t) when ¢ > 0 and Er < Ep(r). We have

Ep(r)

/t T Pr(p(r) > t)dt

=0

IN

/ exp(—tm/10496C*)dt
t=0
10496C*
3m
1
Setting v. = C*/m gives us (4). Setting k = ( )Hﬁ in (4) gives us (5). O

___m
dB?Innm

Proof. (Theorem 2)

Select a sample of size m(e, 6, n, B) as described in Theorem 13. Run algorithm CON ST RUCT
on the sample with k& = (8]&'5B2)1/ﬁ/€1/5. Since time complexity of the algorithm is
O(Qdd3kn2dm2(d+1)) with d fixed, we have a polynomial time algorithm as desired. O

If the hidden unit used is not the linear threshold unit but has a Lipschitz bound, the parameters
can be discretized with an appropriate grid size (instead of obtaining all dichotomies, see [6]) to
get a similar result.

If computational complexity is not an issue, then by optimizing over the whole network of k
hidden units (and not one hidden unit at a time) and using Theorem 6 for the approximation
bound, we obtain the following result.

Theorem 14 Let the function class Ng = U= N . Let fk be a network of k hidden units which
minimizes the empirical loss and let fi, be a network of k hidden unit which minimizes the expected
loss. Let f*(x) = E[Y|X = 2] and let f, be the best approximation in the closure of Ng to f*.

Then .\ ,
B* [ Bd B 1
m(G,é,n,B):O(— (—lnn——l—lng)). (9)
€ €

€
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Then the expectation over samples of size m of the additional error of the estimator fk 18
E[|| fi(x) = [(@)[* = [[fa(z) = f*(2))7[]

=0 (E[Ilfk(w) = @) =1 fale) = F(@)I*)]

n kdB* log(nm)) (10)

m

[T

and if k is set to (m) ,

E[|| fo(2) = f (@) = | falz) = f*(@)*|]] = O (32 (M) 2) .

m

Proof. The proof of (9) is essentially the same as the proof of (3) in Theorem 13 except that
Theorem 6 is used in place of Theorem 5.

The proof of (10) is similar to that given by Barron in [3]. Note that E[( fi(z) — fH(x))? -
(fulw) = ()P < L) — F@)) — (fa(2) — F@)/)]. We can then bound B[(fi(z) -
P @) = (fule) = [(@)2)] by O(B[(fele) = f*(2))? = (fala) = [*(2))*)] + E7) using a Bernstein-
type inequality (Lemma 17). The rest of the proof is similar to that of Theorem 13. O

7 Extensions and Open Problems

We have shown that the class of two layer neural networks with bounded fan-in is efficiently
learnable in an agnostic learning model. However the number of computation steps required by
the algorithm grows exponentially with the fan-in. In [20], we show that efficient agnostic learning
of this class of neural network is as hard as learning polynomial-size DNF formulae in the PAC
model when the fan-in is unbounded. Whether polynomial-size DNF formulae are learnable is an
important open problem in Computational Learning Theory first posed by Valiant [30] in 1984.
It is widely believed that polynomial-size DNF formulae are not efficiently learnable in the PAC
model [13]. However, even if agnostic learning of two layer neural networks is hard, the question
of whether efficient function learning (with no noise or restricted noise models) is possible is still
open. For networks with bounded fan-in, it is interesting to ask whether efficient agnostic learning
is possible for networks with a fixed number of hidden units (indexed by the number of units)
when we are restricted to choosing hypotheses from the same function class. This would determine
whether it is computationally advantageous to use a larger network to agnostically learn a smaller
network.

For the estimation of functions, it is interesting to note that neural networks with fixed architec-
tures do not form convex classes of functions. For such function classes, the rate of convergence to
the best approximation in agnostic learning cannot be better than Q(1/y/m) [21] if we are restricted
to estimators from the same function class.

One possible extension to this work is to analyse two layer networks with other basis functions
using techniques similar to those used in this paper. It is easy to show that in fixed dimensions
and with bounded sum of absolute values of output weights, networks with axis parallel rectangle
basis functions are efficiently learnable in our agnostic model. Similarly, two layer networks with a
mixture of halfspaces and axis parallel rectangles as basis functions can be shown to be learnable.
More generally, let F' be a set of basis functions. If there exists an algorithm that can enumerate
Fy, for an arbitrary sample z, in time polynomial in all the relevant parameters, then two layer
networks with basis functions from F' are agnostically learnable. Using techniques from Maass [22]
to load the networks (as done in Koiran [18]), more function classes can be shown to be agnostically
learnable. Some general conditions for agnostically learning such networks are given in [20].
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9 Appendix

9.1 Proof of Lemma 4

Proof. (Lemma 4)
We need to show that for 5 € (0,1), Kg > ﬁ and k> 1

[(5(1 — 1/k) 1 < [(ﬁ
k—1)7 k=%

On the left hand side, we have

Kgk—-1) 1 Kp(k—1)1-7 1

k(k—1)9 2o k1-6L8 +kkﬁk1—ﬁ
_ s f-pr

kP k16 Kgkk=F
K [ Bgk(k—=1)'""F 41
kP Kgkk1=F

Now we have to ensure that
Kakk'=? > Kgk(k —1)'=0 4+ 1.
Note that
(k—=1)F = =P —1/k)'"

_g,  1-0
P ).

IN

So it suffices that

Kakk'=P — Kgk(k—1)'77 —1

1—
Kgs (kkl—ﬁ — kk'=P (1 - Tﬂ)) —1

Kgk'=P(1-p)—1>0.

v

This happens when

which is true when Kz > —. O
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9.2 Proof of Theorem 7

The proof is similar to that used by Haussler [11] and Pollard [26]. Theorem 7 is a uniform
convergence result for the empirical average of i.i.d. random variables gs(x;,y;) = (y; — f(2:))* —
(y; — fu(2;))? indexed by f € F. Haussler’s result applies to more general random variables but
only when they are nonnegative while in Pollard provides bounds in terms of the magnitudes of the
random variables instead of the random variables themselves. We use a Bernstein-type inequality
in place of Hoeffding’s inequality used by Haussler and Pollard and require that the second moment
of each random variable be bounded by a linear function of the expectation of the random variable.
The convexity condition on F is used to satisfy this condition. First we introduce the following
functions for notational convenience. For r,s € R, v,v. € RT, let the functions d,,, and dllwc be

defined by
e N
v4+uv.+r+s e v+uv.+r
The function d,,, (7, s) is a variant of the function d, introduced by Haussler [11].
We will bound the probability of the event with the probability of the union of two events.

dl/,l/c(/r7 8) =

P™{ze 2™ :3f € F,d., (E(gy),

V,Ve

(95)) = o} (11)
< P"{zeZ":3df €F, d},’yc(E(gf),Eg(gf)) > o and dl,%(]i)g(gj%),E(g?)) <al+
Pz € 2™ :3f € F,d,,.(E:(g})). E(g}) > a}.

The two probabilities will be bounded separately. The random variables in the second term on
the right hand side of inequality 11 are nonnegative; hence a result similar to Haussler’s can be
used. With minor modification to the proof, Theorem 3 in [11] becomes

Theorem 15 (Haussler [11]) Let I be a permissible set of functions on Z with 0 < f(z) < M
forall f € F and z € Z. Assume v,v. > 0 and 0 < a < 1. Suppose that z is generated by m
independent random draws according to any probability measure P on Z. Then

P™{zec 2™ :3f € Fd,, (Ez:(f),E(f)) > a} < sUp AN (awe /2, Fj;, Iy) exp(—a®vm [2M).

zez2m

We will now bound the first term on the right hand side of equation (11). First we will turn
the problem of bounding the probability involving the difference between the empirical average
and expectation into a problem of bounding a probability involving the difference between the
empirical averages of two independently sampled sequences of the same length. This is done in
Lemma 19. Then we make use of the independence property of the random variables to bound the
probability involving the difference between the two empirical averages by the probability involving
the difference between the empirical averages of two fixed sequences when each member of the first
sequence is equally likely to be interchanged with the member of the other sequence in the same
position. This last probability depends only on the sequences involved and thus allows the use of [y
covering numbers instead of the L., covering numbers. This is done in Lemma 22. The following
three results will be useful for the proof.

We will use the following result derived by Haussler [11] from Chebyshev’s inequality.

Lemma 16 (Haussler [11]) Let Vi,...,V,, be independent identically distributed random vari-
ables with range 0 < V; < M and E(V;) = p,1 < i < m. Assumev + v, >0 and 0 < a < 1.

Then
M

1 m
P dl/l/ - i? - o9/, . N -
(e (55 ¥0) > o) < T
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As in [3], we use the following inequality developed by Craig [9] in his proof of Bernstein’s
inequality.

Lemma 17 (Craig [9]) Let V;,...,V,, be independent identically distributed random variables
which satisfy |V; — EV;| < 3h fori=1,...,m,

1 & 1 &

where 7 >0 and 0 < Eh < e < 1.

>

- méVar (% > Vi)
m_f—l— 2(1—0) . ) <exp(—T)

Lemma 18 Let Vi,...,V,, be independent identically distributed random variables with |V;| < K1,
EV; >0 and E(V?) < KoEV;, K3 > 1 fori=1,...,m. Then for 0 < a < 1,

302 (v + vo)m
Pr Vil | Vi) 2a) <exp | T )
(o (BT D] 5v) o) oo (S
Proof. Let Sy = E [% Yoy Vi] and Sy = % Yo, Vi. Use the random variables —V; in Lemma 17

to interchange the position of the empirical average and the expectation. Note that Var(—V;) =

Var(V;) and mVar(Sy) = Var(V;) < E(V?). We get

. K685
Pr (SV - Sy > mif + %) < exp(—71) (12)

Now |V; — EV;| < 2Ky so h = & satisfies the required condition in Lemma 17. Let ¢ = £€h =

2K 602 c
0L Get £ = o (vve)m

to get 3Ko+4K4

y = a Next set 7 =

Wég/:& which gives ng = a(v+v,).

Sa
3Ko+4K4

2
Note that 7 > % Substituting into (12) gives the required inequality. O

Lemma 19 Let F' be a permissible class of functions with |f(z)| < Ky for all f € F and z € Z.
Let the distribution P of z be such that Ef(z) > 0 and E(f?) < KE(f), Ko > 1 for all f € F.

Assume (v +v.) > 0,0 < a < 1. Then for m > max{tg‘(rii{f)), QQ(fiyc)},

Pr{ze Zm:3f € F,d., (E(f),E:(f)) > o and d,,.(Es(f*), E(f?)) < o}

2m 2m | E(f)-E(f) o
< 2P {ZZEZ erF(+VC) e d
A (Bo(f2), B(f2) < a and dy,, (B (), B(f}) < o}

Proof. Consider any f and a sample z € Z™ such that

E(f) = E:(f) > a(v + ve) + aE(f) (13)

and d,,, (E:(f?),E(f?) < a. Draw another independent random sample z' of length m. From

455%153 > 81;32(5?;52) , the probability that E(f) — Egl(f) >a(v+v.)/2+
I

aE(f)/2 is less than 1/4. Since |f(2)?| < K%, from Lemma 16 we find that for m > o) the
probability that d,, (Ex(f?),E(f?)) > a is less than 1/4. So for m > max{tg‘(yiiff)), QQ(I:iUC)},
with probability at least 1/2, both

Lemma 18, for m >

E(f) = Ez(f)) <alv+v)/2+ aE(f)/2 (14)
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and d,,, (Ex(f?),E(f?) < a. Subtracting (14) from (13) and using the independence of the
samples, we have

(f)

)

P2m{zz e z¥m . erF( JE ))+]«§(f) §and
Ao (B(f2).E(f?) < 0 and dy (Bo (f2). E(f2) < o}

> prr (e 223 € B, (B(S) = Ba(f) > o and diyx (1) ~Bx(f) > a/2
and dy,,,, (B=(2), E(f%) < o and dy,,, (B=(f2), E(f3) < o}

Pr{ze 2 :3f € Fudl, (B(),B(f) > o and dy, (B=(f2). B(f?)) < ).

l\')l»—\

The following two Lemmas will be useful for proving Lemma 22.

Lemma 20 Let m > 1 be arbitrary and U be the uniform distribution over {—1,1}. For a fized
2z € Z?™, any function f and u;, i = 1,...,m drawn independently from U,

mVar (% f:uz'(f(zz') - f(%”))) < 3E:(f) + 3E2( ).

Proof.
A SV RN B WIEURSS SIERE S wISIES
R DIV EI QJ L if(zz)QJ BB
S OWIEURE S WIEURRIUN F WIS S oI
< BB + 3B )
g

Lemma 21 Let m > 1 be arbitrary and U be the uniform distribution over {—1,1}. For a fized
2z € Z?™, any function f and u;, i = 1,...,m drawn independently from U,

Um{ue{ L,1}y":3f e F,— ZuZ ;) —f(ZZ’»))Za—I—G}

=1

<y {u e{-1,1}":3f € GE,%iui(][(Zz’) - f(#)) > a}

where G is an ly e-cover of Fizz.

Proof. Suppose L5, w;(f(z) — f(z})) > a + e. There exists a g € G such that

1 m
EZIQ(%) [zl + — Zlg Z)| < e
=1
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Hence

2wl ~9(:0)

- %éui(g@) FG)+ T(z0) = FED + FGD = g)

- %léw(ﬂzz) FED)+ 3 mla(e) = 120 = o) + S ))]
> %[éw(f(zz)—f(%))—élg(%) f(zz)|+|g(zz’)—f(zz’)|]

v
Q2
+
~
|
™
(
Q2

O

In the following lemma, we bound the probability involving the difference between the two
empirical averages that arose in Lemma 19 by a probability involving the difference between the
empirical averages of two fixed sequences when each component of the first sequence is randomly
interchanged with the corresponding component of the other sequence. This probability depends
only on the sequences involved and thus is bounded by a function of the /; covering number.

Lemma 22 Let F' be a permissible class of functions with |f(z)| < Ky for all f € F and z € Z.
Let K3 > 1 and the distribution P of z be such that Ef(z) > 0 and E(f?) < KE(f) for all f € F.

4K K. I(2
Assume v,v. > 0,0 < a < 1/2. Then for m > max{ 552}1:;52))7 a2(yj_yc) ,

L 2m E. (f) - z(f) o : 2
P {zz €z EleF( )T E() S §anddl,l,c(E (f),E(fH) < a and

2 2 Oél/c 3alvm

Proof. We are interested in z and z’ such that there exist an f with

alv+v.)  aE(f)

B —E(f) > 5 T (16)

and
[E=(f%) = B(f*)| < a(v +ve) + aE(f*) + aB=(f?) (17)

and
B2 (f2) — B(f2) < a(v +v.) + aE(f2) + aBa(f2). (18)

When that happens, (14 a)E(f?) > (1 — a)Ez(f?) — a(v + v.) and similarly for Ex(f?), so we

have

av+v.) | aE(f)

Ex(f)-Ex(f) > 5 5
. a(v ;r ve) N % (1-— a)};zgﬁ);j)(y + ) 4 (1- a)yngzjzj)+—ao;(y + )
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The fact that the random variables are independent means that the probability in (15) remains
unchanged when each component of z is randomly interchanged with the corresponding component
of Z. Let U be the uniform distribution over {—1,1} with w;, ¢ = 1,...,m drawn independently

from U.

2m ) ==t 2m . EZ (f)_ Ag(f)
P {zz €z 'EleF’(l/—l—l/c)—l—E(f)

. +v.) v+
< p¥ 27 3f e BB £.(7) > 2 -
= { z e fE (f) (f)— 2 2[(2(1{-04)
o1 — ) (3E=(f?) +3Ex(f2))
19
12(1 + a) ks (vsing (19))
1 m
— P2m m / ZQm m . 3 F = ; : NN >
‘v { € 2L U I € P S () - () >
a(v+ ) B (v +r,) n a(l - a)(3]§)5(f2) + 3E;/(f2))
2 2K5(1 1 a) 12(1+ a) K,
< sup Um{UEUm ifer, — Zuz zi) = f(z) >
zzleZ?m =1
a(v+v) v+ we) N a(1 — a)(3E:(f2) + 3Ex(f2))
2 2K5(1 1 a) 12(1+ a) K,
1 m
< sup Um{uEUm:E|f€Gc,—zui(f(zi)_f(zz{))z
zzlc Z2m m =1
av o’y el a)(mVar( 3, wi(f(z) — f(2) (20)
2~ 2K(1+a) 12(1 + o) K,
using Lemmas 21 and 20, where G is an av./4-cover of Fj;z. (Note that 2§« < (95 — %) for
a<1). ]
Now |u;(f(z:)— f(z}))] < 2Ky. Set h = 21% to satisfy the condition in Lemma 17. Let ¢ = £h =
2K4€ - a(l—a o £ . £ 3a(l—a
5 in Lemma 17. We want 12({4_&)}(2 T 00 T 20-2KE) So{ = 13 1—|—oz)]x2(—|—21x)1a(1 5- Now
set & — 72[&5(211;@) . This gives 7/m = —onzll=2 Helv—dab(1-a)y 3% for ) < a0 < 1/2.

36K3 (1+a)?+4a(1-0?)K 1 K> 162K5+4K,
With these settmgs, the expression in (20) is less than

av, 3alvm
N CF —_— .
sezom ( = 1) P ( 4K+ 162[(2)
O

The following lemma is useful for bounding the second term on the right hand side of Equation
(11), using Theorem 15.

Lemma 23 Let F be a class of functions with |f(z)] < Ky for all f € F and z € Z. Let
F2={f?:fe€F}and z € Z™. Then for all ¢ > 0,

N(e, FE, 11)<N< F|Z,l).
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Proof. For any f,g € F we have
Eo|f2 = g% <EAf +gllf — gl < 2K.E:|f - g.
Hence if T'= {fi,..., fn} is an €/2K;-cover for Fz, T? ={ff,.... [&} is an e-cover for F2. O

We are now ready to state a uniform convergence result with the condition that the second
moment of the random variable can be bounded by a linear function of the expectation.

Theorem 24 Let F' be a permissible class of functions with |f(z)] < Ky for all f € F and z € Z.
Let Ky > 1 and P be a probability distribution on z such that Ef(2) > 0 and E(f?) < KE(f) for

all f € F. Assume v,v. >0 and 0 < o < 1/2. Then for m > max{tg‘(yiif?)), QQ({ﬁy )},

Prize 2™ i35 e Fdl, (B(f),B(f) > a} < sup 2N (0‘”0 F|Z,ll)

V,Ve
5€Z2m

3a2vm
T Ty AN Fil 2, 192,
exp ( 4K + 162[(2) + Zélzl’,gm (4] |z> 1) eXp( o l/m/ 31)

Proof. From equation (11),

P{ze 2™ :3f € F,d}, (E(gs),Ex(g;)) > a}
< P™{zeZ™:3df €F, d1 (E (gf),Eg(gf)) > o and d%yc(ﬁ)g(g

). E(g}) < o} +
P™{ze Z™:3f € F,d,, (Ex(g

). E(g7)) > a}.
From Lemma 19 and Lemma 22, the first term on the right hand side is bounded by
SUPze z2m 2V ( F|Z,ll) exp ( M) From Theorem 15 and Lemma 23, the second term

4K1+162K
on the right hand side is bounded by sup.cz2m 4N ( Bz, ll) exp(—avm/2K?). O

Chbo ShIN

4]&1
We now show that convexity is a sufficient condition for E(g}) < K3E(gy) for some constant
K.

Lemma 25 Let F' be a convex class of functions with |f(z)] < B for every f € F and x €
X. Let |yl < B for everyy € Y. Let X and Y be randomly generated according to some joint
probability distribution P and suppose f, in the closure of F is such that [(f,(z)— f*(2))?dPx(z) =
infrer [(f(2)— f*(2))*dPx(x) where f*(z) = E[Y|X = 2]. Then for every f € F

E[((y = f(2))* = (y = fu(2))*)*] 16B°E(f(2) — fu(2))?
16B°E[(y — f(2))* = (y — fu(2))?]. (21)
Proof. For the first part of inequality (21),
E[((y = f(2))* = (y = fue)®] = E[((2y — flz0) = fal@i))(falzi) = f(20)))7]
< 16B°E[(f(2) — fu(2))?].
For the second part of inequality (21), we have
E[(y — f(2))* = (y = fu(2))"]
= E[(y = fa(2))* + (fal@) = f(2))* + 2(y = fa(@))(fulz) = f(2)) = (y = fu(2))*]
= E[fa(z) = f(2))* +2(y — f*(2) + [*(2) = ful (
= Elfa(2) = f(2))’]+ 2E[([*(2) = fa(@))(fu(2) = [(2)).]
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We need only to show that E[(f*(z) — fa(x))(fa(z) — f(2))] > 0. Let F be the closure of F. Then
F is convex and f, € F. From convexity, f € F implies af + (1 — a)f, € F for a € [0,1]. Since f,
is the best approximation in F,

E[(f* ~ fu(2))’]
< E[(f(x) = af(x) = (1 - a)fu(2))’]
= E[(f*(2) = fa(2) + a(fu(2) = £(2)))"]
= E[(f*(2) = fa(@))* + o*(fal2) = £(2))* + 20(*(2) = ful2))(fulz) = F(2))]

This gives E( f*(x) — — f(2)) > —aE(f(z) — fu(x))?/2 for all a € [0, 1] which implies
B(/(20) — fu(2))(fale) — f(2)) > 0. O

Lemma 26 Let F' be a class of functions with |f(z)] < B for all f € F and x € X. Let |y| < B

Jorally € Y and G = {gs: gs(x,y) = (y — f(2))? = (y — fu(2))?, f € F} where f, is an arbitrary
function. Let 2 € Z™ = (X x Y)". Then

N(G, G|5’ ll) S N(€/4B, F]g, ll)

Proof. For any f,g € F we have

m

Ll = T = (0= o)) = (3= 0(22))* (3 = o))

— (yi = g(:))’]

1
m
1

2l
i (23~ )~ ol )o(r) — ()]
2t~ )

Hence if T'= {fi,..., fn} is an e/4B-cover for Fiz, T = {gs,,..., 95y} is an e-cover for G;. O

| /\

We now have everything we need to prove Theorem 7.
Proof. (Theorem 7) In Theorem 24, Ky can be set to 8C?. Using the convexity of F = [J32; Fx
and Lemma 25, Ky can be set to to 16C? . Using Lemma 26, the right hand side of Theorem 24
can be bounded by

3a%vm
2N 21 - 4N Fyz,d 2ym/128C*
rezom (160 )eXp( 262402) oo, (12803’ k2> ’1) exp(=a’vm/ )
< sup 6N (%,sz,dh) exp(—3a’vm/2624C*).
ZEZ™
O
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