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Abstract

We give degree of approximation results for decision regions which are
defined by polynomial parametrizations and by neural network parametriza-
tions. The volume of the misclassified region is used to measure the approx-
imation error. We use results from the degree of approximation of functions
by first constructing an intermediate function which correctly classifies almost
all points. For both classes of approximating decision regions, we show that
the degree of approximation is at least r, where r can be any number in the

open interval (0,1).

Keywords: Rate of approximation; Decision region; Classification; Polynomials;

Neural Networks.

1 Introduction

Decision regions arise in the machine learning problem of sorting or classification of
data [24]. Points contained in the decision region are positively classified, and points
outside the decision region are negatively classified. For a decision region D C R”,

this classification can be described by the discriminant fuction

1 ifxeD
yp(r) = ‘ (1.1)
-1 otherwise
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The learning task is to use examples of classified points to be able to correctly

classify all possible points.

In neural network learning, decision boundaries are often represented as zero sets
of certain functions, with points contained in the decision region yielding positive
values of the function, and points outside the decision region yielding negative values
[4]. In this case, the learning task is to use examples of correctly classified points to
identify a parameter a € R™ for which the set {x : f(a,z) > 0}, called the positive

domain of f(a,-), matches the true decision region.

For the purposes of analysing a learning algorithm, it is useful to assume that a
suitable value of the parameter exists. However, there is no general reason why such
an assumption is satisfied in practice. Even if there is a class of functions f(-,-) and
a parameter a such that the positive domain of f(a,-) matches the true decision
region, there is usually no way of identifying this class a priori. It is therefore
useful to know how well particular classes of functions can approximate decision
regions with prescribed general properties. In particular, it is important to know
how fast the approximation error decreases as the approximating class becomes more
complicated — e.g. as the degree of a polynomial or the number of nodes of a neural

network increases.

The question of approximation of functions has been widely studied. The classical
Weierstrass Theorem showed that polynomials are universal approximators [19] (in
the sense that they are dense in the space of continuous functions on an interval).
Many other classes have been shown to be universal approximators, including those
defined by neural networks [11]. Other theoretical questions involve determining
whether or not best approximations exist and are unique, for approximating func-
tions from particular classes [6, 26]. There are also degree of approximation results,
which tell the user how complicated a class of approximating functions must be in
order to guarantee a certain degree of accuracy of the best approximation. The
classical Jackson Theorem [6] is the first example of this. Hornik [12], Barron [1],
Mhaskar and Michelli [21], Mhaskar [20], Darken et al. [7] and Hornik et al. [13] give
degree of approximation results for neural networks. Even more powerful results give
the best class of functions to use in approximating particular classes of functions,

by showing converses to Jackson type theorems for certain classes of functions [22].

Given that we are representing a decision region as the positive domain of a func-
tion, function approximation results do not immediately translate into the decision

region context. In order to approximate a given decision region, the first task is



to identify a function g with suitable smoothness properties for which the positive
domain closely matches the decision region. Function approximation then estab-
lishes the existence of a good approximation f of g, where f belongs to the desired
class of functions. “Best” may be measured in terms of any function norm, such as
the infinity norm or the 2-norm. However, such measures of good function approx-
imation do not guarantee that the positive domain of the approximate function is
close to the original decision region. For instance, there may be arbitrarily many
points & where g(x) is small even though x is far from a zero of g. At these points
good approximation of g may not ensure that the sign of g(x) equals the sign of
the best approximation f(x), so the positive domains of g and f may not match at
arbitrarily many points. Restrictions on the function g may guarantee that good
function approximation will imply good decision region approximation. However, it
is not clear how restrictions on the function describing a decision region translate
to restrictions on the decision region itself, which is all that is given in the original
problem formulation — the function g is introduced solely for the sake of solving

the problem.

The problem of approximating sets, rather than functions, has received some at-
tention in the literature. Approximation of (unparametrised) sets and curves has
been studied for pattern recognition and computer vision purposes [2, 15, 27]. The
approach is quite different to the approach here. Theoretical work can be grouped
according to two basic approaches—namely explicit and implicit parametrisations.
“Explicit parametrisation” refers to frameworks where the decision boundary is
parametrised. For example if the decision region is a set in R"”, the decision bound-
ary might be considered the graph of a function on R* !, or a combination of such
graphs. “Implicit parametrisation” refers to frameworks (as used in this thesis)

where the decision region is the positive domain of some function.

Most existing work is in terms of explicit parametrisations [16]. For instance, Ko-
rostelev and Tsybakov [17, 18] consider the estimation (from sample data) of decision
regions. Although they consider non-parametric estimation, it is in fact the explicit
rather than implicit framework as defined above (they reduce the problem to es-
timating functions whose graphs make up parts of the decision boundary). In a
similar vein, Dudley [8] and Shchebrina 23] have determined the metric entropy of

certain smooth curves.

Regarding the implicit problem, Mhaskar [20] gives a universal approximation type
result for approximation by positive domains of certain neural network functions.

[t appears that the argument in [20] can not be used to determine the degree of



approximation. Ivanov [14] summarises many problems in algebraic geometry con-
cerned with the question of when a smooth manifold can be approximated by a
real algebraic set but does not address the degree of approximation question. In
work similar to that described in [14], Broglia and Tognoli [5] consider when a C'*
function can be approximated by certain classes of functions without changing the

positive domain.

In this paper we use function approximation results to determine the degree of
approximation of decision regions by positive domains of polynomial functions. This
is achieved by constructing a continuous function from the discriminant function for
the decision region, using a convolution process. The continuous function can be
approximated by polynomials, to a certain degree of accuracy, and this gives a
bound on the distance that the boundary of the approximate decision region can be
from the true decision boundary. We then use a result from differential geometry
to link this distance with the size of the misclassified volume. Since most learning
problems can be analysed probabilistically, the volume of the misclassified region has
a natural interpretation as the probability of misclassification by the approximate
decision region when the data are drawn from a uniform distribution over the input

space.

The next section of this paper contains a formal statement of the degree of approx-
imation problem for decision regions, and definitions of the different measures of
approximation error we use in the paper, along with results showing how the mea-
sures can be connected. Section 3 contains the construction of a smooth function g
whose positive domain closely matches any (reasonable) decision region, by convo-
lution of the discriminant function for the decision region with a square convolution
kernel. Section 4 contains the polynomial approximation results. Our main result
is Theorem 4.2, which says that the volume of the misclassified region when a de-
cision region with smooth boundary is approximated by the positive domain of a

", where r can be made

polynomial of degree m, goes to zero at least as fast as m~
as close to (but less than) 1 as desired. By “smooth boundary” we mean essentially
that the boundary is a finite union of n — 1 dimensional manifolds. In Section 5 a
similar result is given for decision regions defined by neural networks and the two

results are compared. Section 6 concludes.



2 Measuring Approximation Error

2.1 The Approximation Problem

We assume that a decision region is a closed subset D of a compact set X C R”,
called the sample space. Points in the sample space are classified positively if they
are contained in the decision region, and negatively if they are not. We wish to
determine how well a decision region can be approximated by the positive domain
of functions belonging to a parametrized class of functions, in the sense of minimizing
the probability of misclassification. If points to be classified are chosen uniformly
throughout the sample space X, the probability of misclassification is equal to the
volume of the misclassified region, i.e. the volume of the symmetric difference of the
two sets. For decision regions D, Dy, C X, the volume of the misclassified region is

V(D1 Dy) := vol(D, AD,) :/ dz.

D1 ADo

For a decision region D C X and an approximate decision region > C X, we say
that ¥ approximates D well if V (D, X) is small; thus most points in X are correctly
classified by X.

It is assumed that the approximating decision regions belong to a class C? of subsets
of X which gets progressively larger as d increases. That is, C%* C C® if d; < ds.
Typically, d is a non-decreasing function of the dimension of the parameter space.
If the true decision region is D, then for any particular choice of d the minimum
approximation error is infycea V(D, X). Clearly the minimum approximation error is
a non-increasing function of d. For some choices of C¢, the minimum approximation
error goes to zero as d — oo. In such cases, the classes C¢ are said to be uniform
approximators. The degree of approximation problem for uniform approximators C%

involves determining how quickly the minimum approximation error decreases.

The Degree of Approximation Problem Let X C R" be compact, let D be a
set of subsets of X and for each d > 0, let C? be a set of subsets of X, such that

lim sup inf V(D,¥%) = 0.
d—oo pep Yecd

Find the largest R > 0 such that, for all sufficiently large d,

c
inf V(D,Y) < —
pebadtts (DD = g



where ¢ s constant with respect to d.

The constant R in (2.1) is called the degree of approzimation for the class C¢
of decision regions. Typically one is interested in solving the degree of approxi-
mation question for a class D of subsets of D. Our results are for D := {D :
0D is a finite union of smooth manifolds}. In Sections 4 and 5 it is shown that the
degree of approximation for D by polynomial and neural network decision regions
is bounded below by any r € (0,1).

2.2 Corridor Size

Let B(z,0) :={z € R" : ||z — z|| < 4}, the closed ball with centre z and radius ¢,
where || - || denotes the 2 norm (Euclidean distance) in R™. For any set D C R*, 0D
denotes the boundary of D.

Definition 2.1 The § corridor around any set D C R" s the set

D+4:= | B(z,9).

zeD

The corridor size from D to X s defined to be

p(D,X) :=1inf{d : 0¥ C 0D + ¢}

The corridor size is the smallest value of § such that all points in the boundary of
Y are not further than 0 from the boundary of D. The corridor size is not a metric
because it is not symmetric; however it is worth noting that max{p(D, X), p(X, D)}
is the Hausdorff distance between 0D and 0¥ (which is a metric).

2.3 Relating V to p

The construction in Section 4 of the approximating set ¥ gives an upper bound
on the minimum corridor size from D to ¥ rather than on the minimum volume
of the misclassified region. So in order to answer the approximation problem, it is
necessary to relate the corridor size from D to X to the volume of the misclassified
region between D and Y. The following relationship follows immediately from the

definitions of V' and p.



Lemma 2.2 Let ¥,D C R". If p(D,%¥) =0 and ¥ C D + 0, then
V(D,X) < vol(0D + 6).

The requirement that > C D+ ¢ is necessary because the corridor size can be small
if either most points are correctly classified, or most points are misclassified. The
function classes considered in Sections 4 and 5 contain complements of all of their

members, so this is not a restrictive assumption.

Lemma 2.2 shows it is possible to bound the volume of the misclassified region by
bounding the volume of the § corridor around 0D. This requires some knowledge of
the size and smoothness of D. For instance, if 0D is a space filling curve, then the
volume of any corridor around 0D will be equal to the volume of X, and knowledge
of the size of the corridor offers no advantage. On the other hand, if D is a ball
with radius greater than the corridor size, then the volume is equal to two times the
corridor size multiplied by the surface area of the ball. In order to obtain a general
result, we assume that the decision boundary is finite union of hypersurfaces —
(n — 1) dimensional submanifolds of R", and measure the size of the hypersurface

using the surface area [25, 3.

Definition 2.3 A set M C R" s an n — 1 dimensional submanifold of R™ if for
every x € M, there exists an open neighbourhood U C R" of x and a function
[ :U —= R" such that f(U) CR" is open, [ is a C™ diffeomorphism onto its image

and either

1. f(UNM)=fUNR", or

2. f(UNM) = f(U)N {y C R : y(1) > 0}.

Here y(1) denotes the first component of the vector y. The usual definition of a
submanifold allows only the first case. When both cases are allowed, M is usually
called a submanifold with boundary. We allow both cases because our consideration
of decision regions confined to a compact domain implies that many interesting
decision boundaries are not true submanifolds. Moreover, allowing 0D to be a
union of submanifolds rather than a single submanifold means D may have (well
behaved) sharp edges. For instance if X = [1,1]" and the decision region is the
halfspace {x € X : a"2 > 0}, then the decision boundary consists of a union of up
to 2n polygonal faces. Each of these faces is an n — 1 dimensional submanifold (with

boundary).



Definition 2.4 Let M be a union of finitely many n — 1 dimensional submanifolds
of R*. Let the points w € M be locally referred to parameters u(1),...,u(n — 1),
which are mapped to the Euclidean space R"™t with the coordinates v(1),...,v(n—1).
The surface area of M s defined as

area(M) := /M det(R)du(1) ... du(n — 1),

where R = [Ryj], R;; = SZE;)) Thus area(M) is the volume of the image of M in
Rt

If n =2, then M is a curve in the plane, and area(M) is the length of M.

Using these definitions the volume of the corridor around a decision region can be

bounded as follows:

Lemma 2.5 Let D C X C R", X compact. If 0D s a union of finitely many n—1
dimensional submanifolds of R™ then there exists A = A(D) > 0 such that

vol(OD + §) < 44 area(9D)

for all § such that 0 < § < A.

This result is intuitively obvious, since D can be locally approximated by an n — 1
dimensional hyper-plane, and the volume of the ¢ corridor around a piece of an n—1
dimensional hyper-plane with area a is 2da + O(6%). A rigorous proof of Lemma 2.5

can be given using a result by Weyl that appears in [25].

If the decision boundary is a union of n — 1 dimensional submanifolds of R*, Lem-
mas 2.2 and 2.5 can be employed to translate an upper bound on the minimum
corridor distance into an upper bound on the minimum misclassified volume. Using
this method, the surface area of the decision boundary does not affect the degree
of approximation of decision regions, but only the constant in the approximation
bound. The smoothness properties of the decision boundary, such as the curvature,
do not even affect the constant in the approximation bound, according to the result
in Weyl [25], they determine constants multiplying higher order terms in 6. This is
in contrast with the function approximation results, where higher order smoothness
of the original function does give higher degree of approximation (see Theorem 4.1).
It appears unknown whether such a relationship exists for approximation of decision

regions by positive domains of parametrised functions.



3 Construction of a Smooth Discriminant

In the following lemma we construct a Lipschitz continuous approximation to the
discriminant function by convolution of the discriminant function with a function of
compact support. This new function satisfies sgn g(x) = yp(x) for all x sufficiently
far from the decision boundary. In Sections 4 and 5 we use this constructed function
to apply a bound on the rate of function approximation to our problem of bounding

the rate of decision region approximation.

In the following, the i-th component of any vector z € R" is denoted x(i), and
I(z,s):={2€R":|2(i) —x(i)| < 5,i=1,...,n} is the open n-cube with centre x
and side s.

Lemma 3.1 Let D C R*, and 0 < § < ﬁ Define functions h,g : R* — R as
follows:
Yro,s) +1
h =T 3.1
(¢) = Y100 (31)
_ 2
where s = NG and
9(x) = (h*yp)(z) = /R h — typ(t)dt. (3.2)

Then

1. Forallx ¢ 0D + 6, g(x) = yp(x).

IO

n

2. g is Lipschitz continuous, with Lipschitz constant 5.

From equations 3.1 and 3.2 it can be seen that

g(x) = s’”/ yp(t)dt
I(z,s)

_ vol({ (z,s) N D) —vol (I (x,s)\D)
B vol (I (z, s)) ’ (3.3)

Therefore g(z) € [—1,1].

Proof
1. Let € D\(OD +90). Since the greatest distance from x to any point in I (z, s) is



9, I (x,s) C D. Thus the second volume in the numerator of (3.3) is zero. Therefore
g(x) =1 =yp(x). A similar argument gives the result if x ¢ D and x ¢ (0D + 9).

2. Continuity of g follows from the definition of g as a convolution of two bounded,

piecewise constant, functions. For Lipschitz continuity, we need to show that

3

[9(a1) = g(a2)] < oy — o] (3.4)
for any z1,x9 € R". First, note that for any z1, 29 € R”, |g(z1) — g(22)] <2 < 2n =
és. So if ||xy — 22| > s then (3.4) holds.

Now assume that ||z3 — 23| < s. Then I N Iy # 0, where I = I(z1,s) and
I, = I (x9,s). From (3.3),
l9(x1) = g(x2)| = 57" | vol(I, N D) = vol(1,\D) = vol(I, N D) + vol (1,\D)|
= 57" vol(I\ I, N D) — vol((1\1)\D)
— vol(I,\Iy N D) + vol (I \1)\D)|
< s7"(vol(I1\I2) + vol(Ix\11))

which is the volume of the symmetric difference between I; and I,, divided by the

volume of the n-cubes I; and I,. That is,
l9(z1) — g(w2)] <2 —257"vol([; N Iy),

The intersection I; N[5 is a rectangular region in R, with side of length s — |z (7) —
x9()| in the direction of the i-th axis. Thus

n

l9(21) = g(@2)| <2=257" [[ (s = |21(4) — w2(3)])

1=1

< 2{1 _ (1 _ e = zafle _““‘”)n},
S

where ||z]|o = max;—y__, |z(7)].

Writing 2 =1 — @, we use the fact that
1—2"<n(l-2)

whenever 0 < z < 1 and n > 1 (see Theorem 42 of [10]), to give

2n

|9(371) - 9($2)| S?Hﬂh - ff2||oo
ns

=7||371 — Za|oo
3

nz2
STHM — 2.

10



Thus (3.4) holds for all z;,z, € R". |

The function g : R* — R is continuous and sgn g correctly classifes all points in
R™, except possibly points in D + ¢§. If h is replaced with a smoother convolution
kernel, the resulting function g will be smoother. For instance, if h has p continu-
ous derivatives, and the p-th derivative is bounded, then ¢g will have p continuous
derivatives, and the p-th derviative will be bounded [28]. At the end of Section 4
we show that this apparent improvement does not actually affect the order of the

approximation result achievable by our argument.

4 Polynomial Decision Regions
First, some notation from polynomial function approximation:

1. For any function f : R* — R and any vector a € Nj, we say D*f =
of
0z(1)2(M) 9z (2)*(2)...0z(n)
tive of f.

o7, where > a(i) = p, a(i) > 01is a p-th order deriva-

2. P7 is the space of polynomials of degree at most d in z(1),...,z(n). That

is, Py is the space of all linear combinations of z(1)*x(2)*>---x(n)* with

w18 <d, s; € Ny. The number of parameters necessary to identify elements

in P} is the number of ways of choosing n nonnegative integers s; so that

* 1 si < d, since the parameters are the coefficients in the linear combination.
This number is less than (d 4+ 1)".

3. CP} is the class of polynomial decision regions. Each decision region in CP}

is the positive domain of a polynomial in P}. Specifically,

CP} =X C X :3f € P} satisfying f(z) >0 if ze€X
fl@)<0 if z¢3

In this section and in Section 5, ¢ € R denotes a quantity which is independent of
d. Dependence of ¢ on other variables will be indicated by, for instance, ¢ = ¢(n).
If no such indication is given, ¢ is an absolute constant. The exact value of ¢ will

change without notice, even in a single expression.

11



The following result is an n-dimensional generalisation of Jackson’s Theorem. It
can be derived from Theorem 9.10 of Feinerman and Newman [9]. The derivation

closely mimics the derivation of Theorem 4.5 in [9] from Theorem 4.2 in [9].

Theorem 4.1 Let X = [-1,1]" and g : X — R. If D% is Lipschitz continuous
with Lipschitz constant L for all « € Nj such that i, «(i) = p, then there ezists
c(p) > 1 such that

ns@+1)

por g )~ ol = e g

ifd+mn>p+1.

In the following Theorem 4.1 is used to determine the degree of approximation of
decision regions possessing a smooth boundary by polynomial decision regions. First
it is shown that the minimum corridor distance between the true decision region
and the approximating decision regions goes to zero at least as fast as d™", where
0 <r < 1. This bound is then used in order to obtain a bound on the misclassified

volume.

Theorem 4.2 Let D ¢ X = [-1,1|". If 0D is a union of finitely many n — 1
dimensional submanifolds of R" then for any r € (0,1) there exist constants c,
M(r,D,n) > 1 such that

D
inf V(DY) < ¢ area(0D)
TeCPT dr

for alld > ¢(r,D,n).

Proof Choose d > 1 and r € (0,1). Define 6, = m.

IO

Define g4 as in (3.2), using 6 = 4. Then g4 is C°, with Lipschitz constant

m|§
u

According to Theorem 4.1, there exists f; € P satisfying
n: ni
Qg :=su ) — falx)]| < ec—
d $€§|gd( ) — falz)| < 5 dn

CTL3

<
~ (d+n)t-r

Ifd>d, = (cn?’)ﬁ —n then Q4 < 1.

12



By Lemma 3.1, |gq4(z)| = 1 for all x ¢ 0D + 64. So if d > d,, for all points outside
of the 04 corridor of 0D, f4(z) = ga(z) — (ga(x) — fa(x)) has the same sign as g4(z).
That is, points outside of the d4 corridor of @D are correctly classified. The corridor
size from D to the positive domain of f; is thus bounded above by d4. Set ¢ = 4
and ¢(r, D,n) = max{d,, A" — n}, where A is defined in Lemma 2.5. The result

follows from Lemmas 2.2 and 2.5. |

The requirement that » < 1in Theorem 4.2 is essential since the constant d, increases
exponentially with 1%1" Obviously larger r gives a stronger order of approximation
result in the limit d — oo, but ¢(r, D, n), the lower bound on d for which the result
holds, will be larger.

It might seem that Theorem 4.2 could be improved upon by making the intermediate
function ¢g smoother, since this gives great improvement in the result of Theorem
4.1. However, this improvement cannot be achieved using the obvious generalisation

of our convolution technique, as we now show.

Assume g = h * yp where h is any nonnegative function with support I(0,25n/2)
which is differentiable to (p+1)-th order such that |[D*h| < B for all & € N} such that
>, a(i) =p+1. Then g is differentiable to (p + 1)-th order and |D%g| < ¢(n)o"B
for all a € Ny such that ¥ ; a(i) = p+ 1. This bound is found by using the
fact that > (i) = p+ 1. D% = y x D*h (Theorem 18.4 in [28]), and that
convolution involves integration over an n-cube of side 26n~%2. On the other hand
the fact that h has compact support and is differentiable to p + 1-th order implies
that |h(z)| < c(n,p)d?™ M, so for all z € D + 6, |g(z)| < c(n, p)dP M.

Now applying Theorem 4.1 gives

ns@+1)
glef%,fg sup 9(z) — f(z)| < clp, ”)(VLBW-
Following the proof of Theorem 4.2, a value of ¢ is sought which will guarantee
that the function approximation error is less than the absolute value of g for all
x ¢ 0D + 9. This involves finding d4 such that

"B
c(n, p) (

At < clmp)i A

This only holds for all large d if 64 > %. But the decision region approximation
error is a constant times d4, so if this method is used the lower bound on the degree

of approximation must be less than 1.

13



Thus it has been demonstrated that if g is the convolution of the discriminant
function with any function A of compact support, then an argument analogous
to that of Theorem 4.2 cannot give a bound with better order of magnitude in
d. (Of course this does not preclude better bounds existing.) Thus the degree of
approximation result obtainable by the method of Theorem 4.2 does not depend on
the smoothness of the intermediate function g, which is constructed solely for the

sake of the proof.

5 Neural Network Decision Regions

Using the techniques of the last section, a result similar to Theorem 4.2 which
applies when the approximating decision regions are defined by neural networks will
be derived. In order to do this, function approximation result similar to Theorem

4.1, for functions defined by neural networks is used. First some notation:

1. A sigmoidal function is any continuous function o : R — R which satisfies

Igrpooa(x) =0, lim o(z) =1.

2. N is the space of functions defined by two hidden layer feedforward neural
networks with n inputs, n(d™ 4+ 1) nodes in the first layer, and d" + 1 nodes in

the second layer. That is, N} is the space of all linear combinations
dr n
Z a;0 (Z ﬁjkO' (’Y;kx + (Sjk) + €j>
j=0 k=1

where x,v;r € R", and «j, Bjk, 0jk, €5 € R. In order to identify elements in
N7, one must specify (n? + 2n + 2)(d" + 1) real numbers.

3. CN} is the class of neural network decision regions. Each decision region in

CN} is the positive domain of a function in N}. Specifically,

CN} =X C X :3f e N} satisfying f(z) >0 if ze€X
flz) <0 if z¢X

Theorem 5.1 is a special case of Theorem 3.4 of Mhaskar [20]. (In [20] the function
is defined on [0, 1] rather than [—1,1]™.)

14



Theorem 5.1 Mhaskar Let X = [—-1,1]" and g : X — R. If g is Lipschitz

continuous with Lipschitz constant L then there exists a constant c¢(o,n) such that

. c(o,n)L
— < —
B sl =Tl 7

for alld > 1.

This result is very similar to Theorem 4.1 in the case p = 0. Using the technique in
Section 4, the following theorem holds:

Theorem 5.2 Let D C X = [-1,1|". If OD is a union of finitely many n — 1
dimensional submanifolds of R" then for any r € (0,1) there exist constants c,
c(r,D,n) > 1 such that

inf V(D,¥) < ¢ area(0D)
TECN} dr

for alld > ¢(r,D,n).

Comparing Theorem 5.2 with Theorem 4.2, it can be seen the two classes of approx-
imating decision regions give the same upper bound on the degree of approximation
for the two class CP} and CN}. Moreover, the number of parameters necessary to
specify elements in the approximating classes is of order d" in both cases. Thus there
is no apparent advantage of one class over the other. However lower bounds on the
degree of approximation are needed in order to conclude that polynomial decision
regions and neural network decision regions are equally capable approximators of

decision regions.

6 Concluding Remarks

We have given degree of approximation results for implicit decision region approx-
imation which are similar to Jackson’s Theorem for polynomial function approxi-
mation. The approximating decision regions are defined by the positive domains
of polynomial functions or feedforward neural networks. These results support our
intuition that classes of functions which are good function approximators tend to

be good implicit decision region approximators.

Many open problems remain — the most pressing being “What conditions give bet-
ter degree of approximation?” In function approximation, higher order smoothness

of the approximated function gives a better degree of approximation. For instance,

15



in Theorem 4.1 if the p-th derivative is Lipschitz continuous, then the degree of
approximation is at least p + 1. We would expect that there exist restrictions on
the decision region to be approximated, D, which will guarantee a better degree
of approximation than our results suggest. Moreover, we would expect that there
would be a series of successively tighter restrictions on D which would guarantee

successively better degree of approximation results.

However, it is not clear what the right conditions are. As discussed in Section 4, us-
ing a smoother convolution kernel A to construct a smoother intermediate function
f will not give a better degree of approximation using our methods. It is also clear
that bounding the curvature of the boundary of D will not affect the degree of ap-
proximation using our argument, since all information about the decision boundary
other than its area affects only higher order terms in the approximation bound, not

the degree of approximation obtained in Theorem 4.2.

Perhaps the number of connected components in D is the condition we need. Or
perhaps the curvature properties of the decision boundary are important, but a
tighter method of bounding V (D, ¥) than the volume of the corridor size is needed.
Maybe a completely different proof technique is needed to get higher degree of

approximation results.
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