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Abstract

We show that if the closure of a function class F' under the metric induced by some probability
distribution is not convex, then the sample complexity for agnostically learning F' with squared
loss (using only hypotheses in F) is Q(In(1/8)/€®) where 1 —§ is the probability of success and e
is the required accuracy. In comparison, if the class F' is convex and has finite pseudo-dimension,
then the sample complexity is O (% (ln% +1In %)) If a non-convex class F' has finite pseudo-
dimension, then the sample complexity for agnostically learning the closure of the convex hull
of F,is O (% (%ln% +In %)) Hence, for agnostic learning, learning the convex hull provides

better approximation capabilities with little sample complexity penalty.
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1 Introduction

We study the number of examples necessary for learning using the squared loss function when
the function class used for learning does not necessarily match the phenomenon being learned.
The learning model we use, commonly called agnostic learning [9, 12, 16] is an extension of the
popular Probably Approximately Correct (PAC) learning model in computational learning theory
[1]. Unlike the PAC model, in agnostic learning we do not assume the existence of a target function
which belongs to a known class of functions. Instead, we assume that the phenomenon is described
by a joint probability distribution on X x ), where A" is the domain and the range ) is a bounded
interval in R. This is often more realistic in practice where measurements are often noisy and very
little is known about the target function.

Under these assumptions, there may not be a function in the class we are using that has small
error. Instead, we aim to produce a hypothesis with performance close to that of the best function
in the class. For a learning algorithm to agnostically learn a function class F', we require that for
any probability distribution P on A x ), the algorithm draws a sequence of i.i.d. examples from
P and produces a hypothesis f from F' such that with probability at least 1 — J, the expected loss
of f is no more than e away from the best expected loss of functions in F. The sample complexity
is the smallest number of examples required for any learning algorithm to agnostically learn F'.

Many learning problems are special cases of agnostic learning. In learning real-valued functions,
the inputs are random but the targets are produced by a function in the class. In regression
problems, both the input and outputs are random but the conditional expectation is known to be
in the class. An agnostic learning algorithm can also be used to learn the best approximation to
the target function when the target function is not in the class.

Table 1 shows some of the known results for learning with squared loss. (The technical conditions

such as pseudo-dimension and covering number are described in Section 2.)



Learning Problem Sample Complexity
Learning real-valued functions 0] (% (ln% +1In %))
(Function classes with finite pseudo-dimension) [20, 9]

Regression 0] (% (ln% +In %))
(Function classes with finite L.-covering numbers) (2, 18]

Agnostic learning 0] (% (ln% +1In %))
(Convex function classes with finite pseudo-dimension) [this paper]
Agnostic learning Q (mgﬁ)

(When the closure of the function class is not convex) [this paper]
Agnostic learning @) (% (% In % +1In %))
(Convex hulls of function classes with finite pseudo-dimension) | [this paper]

Table 1: Sample complexity for learning with squared loss.

For learning real-valued function classes with finite pseudo-dimension, results by Pollard [20]
and Haussler [9] can be used to bound the sample complexity by O (% (ln% +1In %)) For classes
with finite Lso-covering numbers, with zero mean noise and a target function selected from F
(regression), Barron [2] and McCaffrey and Gallant [18] have shown that the sample complexity
can be bounded by O (% (ln% + In %)) For the agnostic case, we show that for convezr function
classes with finite pseudo-dimension, the sample complexity is bounded by O (% (ln% +In %)) We
also show that if the closure of the function class is not conver then a sample size of €2 (m(:%) is
necessary for agnostic learning.

Given that the sample complexity for learning is larger when the closure of the function class
is not convex, it is natural to try to learn the convex hull of the function class. We show that for
non-convex function classes with finite pseudo-dimension, the sample complexity of learning the

closure of the convex hull of the function class is bounded by O (% (% ln% +1In %)) examples. This



means that for agnostic learning, using the convex hull of the function class instead of the function
class itself gives better approximation with little penalty on the sample complexity. This result is of
practical interest since for many commonly used function classes (such as single hidden layer neural
networks with a fixed number of hidden units), the closure of the function class (under the metric
induced by some probability distribution) is not convex. Also of interest is the fact that learning
the convex hull is computationally not significantly more difficult than learning the function class
itself [14] because it is possible to iteratively learn each component of the convex combination.

In Section 2, we give formal definitions for the learning model and concepts used in this paper.
The lower bound for the sample complexity for agnostically learning non-convex function classes
is given in Section 3. We give the result on learning convex function classes and the convex hull
of non-convex function classes in Section 4 and discuss the results in Section 5. The results in this
paper are given in terms of sample complexity for learning to a certain accuracy (as is commonly
done in computational learning theory). Analogous results can be obtained in terms of the accuracy
of estimators with respect to the sample size (as is commonly done in statistics and information

theory).

2 Definitions and Learning Model

The agnostic learning model used here is based on the model described by Kearns, Schapire and
Sellie [12]. Let X" be a set called the domain and let the range Y be a bounded subset of R. We call
the pair (z,y) € X x Y an example. A class F of real-valued functions defined on X is agnostically
learnable if there exists a function m(e, d,)) and an algorithm such that for any bounded range )
and any probability distribution P on X x Y, given ) and any 0 < 6 < 1 and € > 0, the algorithm
draws m(e,0,)) i.i.d. examples and outputs a hypothesis h € F such that with probability at

least 1 — &, E[(Y — h(X))?] < infrer E[(Y — f(X))?] + €. Here (X,Y) is a random variable with



distribution P. The sample complezity is the function m(e,d,)) with the smallest value for each e,
0 and Y such that an algorithm for agnostically learning F' exists. Since a change of the range )
is equivalent to a rescaling, we ignore the dependence of m on ) in what follows.

A useful notion for bounding the sample complexity is the pseudo-dimension of a function class.
A sequence of points x, ..., x4 from X is shattered by F' if there exists 7 € R? such that for each
b € {0,1}%, there is an f € F such that for each i, f(z;) > r; if b; = 1 and f(x;) < r; if b; = 0.
The pseudo-dimension of F, dimp(F') := max{d € N: 3zy,..., x4, F shatters xi,...,z4} if such a
maximum exists and is co otherwise.

We shall consider uniformly bounded function classes, by which we mean classes of functions
that map to some bounded subset of R. As Lemma 12 below shows, the pseudo-dimension of such a
function class can be used to bound the covering number of the function class. For a pseudo-metric
space (S, p), aset T'C S is an e-cover of R C S if, for all x € R, there is a y € T with p(z,y) < e.
The covering number N (e, R, p) denotes the size of the smallest e-cover for R. If N (e, R, p) is finite
for all € > 0, we say that R is totally bounded.

We now define the various metrics that are found in this paper. For real-valued functions f,g
having a bounded range, let dy_ (f,g) := sup{|f(z) — g(z)| : x € X'}. For m € N and v,w € R™,
let d;__(v,w) :=max{|v; —w;| :i=1,...,m} and dj, (v,w) == =37 |v; — w;l.

m

3 Lower Bound for Sample Complexity

In this section we give a lower bound on the sample complexity for agnostic learning with squared

loss.

Definition 1 Let Py be a probability distribution on X and H be the Hilbert space with inner
product (f,g) = [ fg dPx. Let | - || denote the induced norm, ||g| := (g,9)"/?. We say that F is

closure-convex if for all Py on X, the closure of F' in the corresponding Hilbert space H s convex.



Let F denote the closure of F.

Note that the closure of a convex function class is convex, hence convex function classes are closure-

convex.

Theorem 2 Let F be a class of functions mapping from X to some bounded subset of R. If F

s not closure-convex, then the sample complexity for agnostically learning F with squared loss is

The idea behind the proof is to show that if the closure of F' is not convex, an agnostic algorithm
for learning F' to accuracy € can be used to estimate the expected value of a Bernoulli random
variable to accuracy ke for some constant k, using the same number of examples. The following
lemma (see e.g. [6] for a proof) shows that estimating the expected value of a Bernoulli random
variable requires Q(In(1/§)/e?) examples, which implies the agnostic learning algorithm also requires
Q(In(1/9)/€%) examples.

Define a randomized decision rule, &, as follows. Choose a function ¢ : [J;°_,{0,1}™ — [0, 1],

and for (&1,...,&m) € {0,1}™ let &(&q,...,&y) be a random variable that takes values in {aq, as},

with Pr(&(&r,. .., &m) = a1) = ¢(&1, -+, &m)-

Lemma 3 Let &,...,&, be a sequence of i.i.d. {0,1}-valued random variables satisfying Pr(&; =
1) = «a, where a = oy = 1/2 4+ /2 with probability 1/2 and o = g := 1/2 — /2 with probability
1/2. If some randomized decision rule & satisfies Pr(&(&y,...,&n) # «) < § (where the probability

is over the data sequence, the choice of «, and the randomization of the decision rule &), then

sz(lriy#).

The following lemma shows that we can assume that for any probability distribution Py and

hence Hilbert space H as in Definition 1, the function class F' in Theorem 2 is totally bounded.



The lemma follows from a similar proof to that of the main result in [7]. (Alternatively, it is an

immediate corollary of Theorem 11 in [11] and Theorem 2 in [5].)

Lemma 4 Let F be a class of functions mapping from X to some bounded subset of R. If F is

agnostically learnable, then for every distribution Py on X, F is totally bounded with respect to the

pseudometric pp, (f1, f2) = \/fX(fl — f2)?dPy.

Combining this with the following lemma shows that if F' is not closure-convex then either F
is not agnostically learnable, or for some distribution there is a uniformly bounded function in
the Hilbert space H that has two best approximations in F. (The existence of a function with
two best approximations follows from standard results in approximation theory—see, for example,
Corollary 3.13 in [8]—but we give a constructive proof since we also need the function to be

uniformly bounded.)

Lemma 5 Suppose that Py is a probability distribution on X, H 1is the corresponding Hilbert space,
and Y' is a bounded interval in R. Let Hy» denote the set of functions f in H with f(x) € V' for
all x € X. Let F be a totally bounded subset of Hyr. If F is not convez, there is a bounded interval
Y in R and functions ¢ € Hy, and fi, fo € F satisfying ||f1 — f2l| # 0, |lc — fi|| = llc — f2|| > 0,

and for all f € F, lle = fll = lle— fill-

Proof. Since F is a totally bounded, closed subset of a Hilbert space, it is compact. (See, for
example, Theorem 11.3 in [13].) Since F is non-convex, there exists g,h € F and a € (0,1) such
that f.:= ag+ (1 —a)h is not in F. To show that the desired functions f; and fo exist, we grow a
ball around f. until it touches a point in F. The radius of this ball is § := min{||f — f.|| : f € F}.
(The minimum exists and is positive because F is compact.) If the set G := {f € F : ||f — f.|| = 0}
contains more than one function, we are finished. If G contains only one function fi, we grow a

ball that touches F' at f; and has its centre on the line joining f; and f., until the ball touches



another point in F. That is, we set ¢ := tf. + (1 — t)f; with the smallest ¢ > 1 such that
{feF:|f=£fill>0,|If —cll =I|lfi —c|l} # 0. We show that such a ¢ must exist by showing that

eventually the ball must include either g or h. Now, since ||f; — ¢||?> = t||f1 — fe||?, we have

lh—cl* = lIh— fill* + )1 = fell® +

2t(h — f1, f1 — fe)

lh = full® + 2|1 fr = fel® +
2t<h_fc+fc_flafl _fc>

lh = ful? + )L fr = fell® = 2t fo = fell® +

2t(h — fe, f1 = fe)

Ih = ful? + 1 = el® = 2t fo = fell® +

2t<h - fcufl - fc)

Similarly, lg — ¢l = lg — fill* + [Lf1 =l =2t f1 — fell* +2t{g — fe, f = fe). Now (h— fe, fi — fe)
and (g — f¢, f1 — fc) must have opposite sign unless they are both zero. In any case, for ¢ large
enough, either ||f; —c|| > ||h —c|| or ||f1 — ¢|| > ||g — ¢|| or both. But g and h belong to F, so a
suitable ¢ exists. Since f; and f. are convex combinations of functions in F, it is clear that ¢ maps

to some bounded range Y. [

For a non-convex totally bounded F, let fi, fo € F and ¢ € H be as in Lemma 5. We shall
use these functions to show that an agnostic learning algorithm for F' can be used to estimate the
expected value of a Bernoulli random variable. Let II be the two dimensional plane {c + a(f; —
¢) +b(fa—c):a,beR}. For 0 <p<1define f{:=pfi + (1 —p)cand f5 :=pfo+ (1 —p)c. Let
foi= (fi+F5)/2and frn 1= e (I il /I fo—cl)(fom©)). Let far i= e+ (s —cl/If7 = fel) (7 o)
and fgo = ¢+ ([|fr — cll/Ifs — fel)(fs — fe). The constructed functions in II are illustrated in

Figure 1. Note that fq1 — c and fgo — ¢ are orthogonal to f,, — c.



Figure 1: Function class with labelled functions in two dimensions.



Let v be such that f;f = fc+ v(f4, —¢). (Such a v exists because fq, —c = (||f1 — cl|/IIfT —
fel)(ff — fe) and ff — f. are collinear.) It is easy to show that f5 = f.—~v(fa1 —¢). The following
lemma shows how v depends on p and on € := ||f,, — fil|?> — |f1 — fi||?, which we shall use in
analyzing the agnostic learning algorithm. Notice that € is proportional to v, and we shall use this

value of v in Lemma 3. The proofs of Lemma 6 and Lemma 7 can be found in the Appendix.

Lemma 6

7_ZD(fl—C,fdl—@ _ e(fi —c far —¢)
N —cl|? o —c,fm—c ’
| far — cll 2 (1 _ w> 1 fm — €|l

The following lemma will be used to show that if we ensure that either f{ or f5 is the conditional

expectation of y given x, then an agnostic learning algorithm can be used to select between them.

Lemma 7 Let f1, fo, f{, f5, € and the function class F' be as defined above. Then for any f eF

and € > 0,
If = £11P == 1P <e=If = Al <IIf - £l (1)

and

If =512 = e = £ < ez I = foll < If = fil- (2)

We can now prove Theorem 2.
Proof (Theorem 2). Let F' be a class that is not closure-convex, and suppose that there is
an agnostic learning algorithm A for F. Then for any probability distribution on X x ), the
algorithm draws m examples and with probability at least 1 — §, it produces f € F such that
If = £12 = 1fa = £I? < € where f*(x) := E[Y|X = a] and f, € F is such that [|f, — f*]| =
infrep ||f — f*||. The function f, is a best approximation in F to f*.

We now argue that if the sample complexity of Algorithm A (for accuracy €/2 and confidence

1—0) is m, then there is a probability distribution and an algorithm, Algorithm B, (which depends

10



on F' and the probability distribution) which, with probability 1 — § over m examples, solves the
problem described in Lemma 3, for v which depends on € according to Lemma 6.

Let Py be a probability distribution on & for which F is not convex. Then we can assume that
F is totally bounded, since if it is not, Lemma 4 implies that the sample complexity is infinite. So
we can define ¢, f1, fo, f1, f3, fa1, fa2, € and v as above. Let f{ := (ff + f3)/2+ (fa1 — ¢) and
fo =1 +13)/2+ (faz — c).-

Algorithm B, in solving the problem described in Lemma 3, receives as input a sequence
&1,...,&n. It then generates a sequence x1,...,z, € X independently according to Py. For
i =1,...,m, if § = 1, Algorithm B passes (x;, f{(z;)) to Algorithm A; otherwise it passes
(xi, f4(x;)). Clearly, the target conditional expectation is f if & = oy and f5 if @« = ag. Suppose
that Algorithm A returns f. If |f — fi|| < ||f — f2|| then Algorithm B chooses a = a; otherwise
it chooses o = ag.

Now, since A is an agnostic learning algorithm, with probability at least 1 — 4, if @ = ay,
If = F21? < WfL = Fil? + €/2, and if o = ag, ||f — f51I> < |1 f2 — f]|> + €/2. Lemma 7 ensures that
in either case Algorithm B guesses correctly. But Lemma 3 shows that obtaining the correct «
with probability 1 — § in this way requires Q(In(1/d)/v?) examples, which implies that Algorithm
A also requires at least Q(In(1/8)/v%) = Q(In(1/§)/e?) examples.

Notice that the definitions of f{ and f} imply that they have a bounded range which depends

only on the class F. [

4 Learning Convex Classes

In this section, we look at upper bounds on the sample complexity for learning. We show that if a
function class F' is uniformly bounded, has finite pseudo-dimension, and is closure-convex then the

sample complexity for learning F' is O (% (ln % +1In %)) We show that for a uniformly bounded non-

11



convex function class with finite pseudo-dimension, the sample complexity for agnostically learning
the convex hull of the class is O (% (%ln% +1In %)), which is not significantly worse (constant and
log factors) than agnostically learning the function class itself.

In the following we make use of an assumption called permissibility. This is a measurability

condition satisfied by most function classes used for learning. See [19, 21] for details.

Theorem 8 Suppose F' is permissible, has finite pseudo-dimension, and is uniformly bounded.

Then
1. If F is closure-convez, the sample complexity of agnostically learning F' is O (% (ln% +1In %))

2. The sample complexity of agnostically learning the convex hull of F is
Oz (cng+Ing)).
The proof of Theorem 8 uses the following result which is taken from [15] with minor modifica-
tion (and almost identical proof).

If Zisaset, f:Z - Rand z € 2™, define f; := (f(21),...,f(2m)) € R™. If F is a set of

functions from Z to R, define Fj; := {f;: f € F'}. Let E:(f) = 237, f(z).

m

Theorem 9 Let F = J;2, Fy; be a closure-convex class of real-valued functions defined on X such
that each Fy, is permissible and |f(z)] < B for all f € F and x € X. Suppose Y C [-B, B],
and let P be an arbitrary probability distribution on Z = X x Y. Let F be the closure of F in
the space with inner product (f,g) = [ f(x)g(x)dPx (). Let C = max{B,1}. Assume v,v, > 0
and 0 < a < 1/2. Let f*(z) = EY|X = 2] and gr(z,y) = (y — f(2))?> — (y — fo(x))? where
fo = argmin, . [(f(z) — f*(x))?dPx(z). Then for m >1 and each k,

E(g7) — Ez(gy)

P™<Sze Zm: 3f € Fy, >
{Z ! k v+v. +E(gy) _a}
av, 2 4
< sup 6N (m,Fk‘z,dh) exp(—3a2vm/ (2624C4)) (3)

where P™ denotes the m-fold product probability measure.

12



We use the following result (see [15]) to bound the number of terms in the convex combination
needed to achieve a desired accuracy. The theorem is an extension of the results of Barron [4] and
Jones [10]. We can apply this result to a uniformly bounded function class, considered as a subset
of a Hilbert space of the type defined in Definition 1, since any function g with range in [—B, B]

satisfies ||g|| < B.

Theorem 10 Let H be a Hilbert space with norm || -||. Let G be a subset of H with ||g|| < b for
each g € G. Let co(G) be the conver hull of G. For any f € H, let dy = infyc.oq)llg’ — flI-

Suppose that fi is chosen to satisfy
If1 = FI? < inf lg = fII* + e
geG
and iteratively, fr 1s chosen to satisfy

Ife = FII” < inf [log fi—1 + (1~ ax)g FIP + ek

where ag, =1 —2/(k + 1), e < Atg;_;lb;), and ¢ > b*. Then for every k > 1,
4c
IF — fell? - df < 5 @

To bound the covering number, we need the following result. (See [19, 9].)

Lemma 11 Let F be a class of functions from a set Z into [—M, M| where M > 0, and suppose
dimp(F') = d for some 1 < d < oo. Then for all 0 < € < 2M and any finite sequence z of points in

Z,

In

€

4eM . deM\?
N(EaFZadll)<2< ‘ ‘ >

Let ,f be the class of functions consisting of convex combinations of k functions from F' with
the convex coefficients given by the iterative procedure suggested by Theorem 10. That is, N{" = F,
and for £ > 1,

N ={arfeci+(L—ar)g: g € F, frmr € N1},

13



where o =1 —2/(k + 1).

Lemma 12 Suppose the pseudo-dimension of a class F' of functions mapping X to [—B, B] is d.

Then for any positive integer m and x € X™, we have

4eB  4eB\*?
N(e, N 5o dyy) < 2F (e— lne—> .

€ €

Proof. Let f = Zle Bifi be an arbitrary function in N’fli" Let U be an e-cover for Fz. For

each f;, pick a g; € U such that dj, (fi,gi) < €. Let g = Zle Bigi. Obviously, dj, (f,g9) < e.
4eB 1. 4eB\4 s oo :

From Lemma 11, we have |U] < 2 (%£1n %£)". The definition of AV} implies that the coefficients

f3; are fixed, and so there are only |U|* ways to select the function g, which implies the result. O

We now give the proof of Theorem 8.
Proof (Theorem 8). For the first part of the theorem, F' is uniformly bounded and closure-
convex, and has finite pseudo-dimension d. We can thus use Theorem 9 and we set F, = F for
all positive integers k. Then we can bound the covering number in (3) using Lemma 11. Rescale
the function class and target random variable by dividing by B. (This rescaling trick gives a B?
term instead of a B* term in the sample complexity bound.) The € covering number of the scaled
function class is the same as the Be covering number of the unscaled function class. We will work
with the scaled function class and target random variable. To get the correct accuracy when the
function is scaled back to the original scale, we need to learn to accuracy ¢/B2. Let a = 1/2 and
v =v. = €¢/(2B?). As the estimator, choose a function f in F that has Ez(gf) < ¢/(4B?). (Since
gr(z,y) = (y— f(x))* — (y — fa(z))? and f, € F, this is always possible.) With this choice of fyif

E(gf) > ¢/B? then
E(g;) — Ez(g;
(97) — Ez(g5) -
e E(gf) N

Theorem 9 gives a bound on the probability that this occurs. Setting the right hand side of (3) to

14



0, we get

2048¢B2 . 2048¢B2\“
12( 048eB7 | 2048¢ > exp(—3em/(20992B%)) = 6.

€ €

This means that

20992 B2 2048B% = 2048B2 12
> — dln In +1n =
€ €

ensures that the probability that E(g f) > ¢/B? is no more than §, so the sample complexity is
O(L(dni+1n3)).

For the second part of the theorem, we set Fj, = N, ,f , and again we rescale the function class
and target random variable by dividing by B. Let o = 1/2 and use Theorem 9 and Lemma 12 with

v =1v.=¢/(4B?) to get

pPm{ze 2™:3f e N{,E[ly — f(2)* = (y — fal2))’] 2

2. ((y — £(2))* = (y — fol@))] + ¢/ @B%) }

€
< 6N (.
= o \T024B2

4096eB2?  4096eB2\ "
§6><2’“< :” In : ) ¢~ 3em/(41984B%) (5)

NE dh> exp(—3em,/ (41984B2))

The learning algorithm we consider chooses a function from N, ,f in the iterative way suggested by
Theorem 10. For k sufficiently large, the empirical error of this function is close to the minimum
empirical error over co(F), which implies that 2E;[(y — fr(2))2 — (y — fa(2))?] is small. In partic-
ular, we shall ensure that this quantity is no more than ¢/(2B%). Combining this with the above
inequality, shows that, with high probability, Eg i < ¢/B? as desired.

Now, for z; = (z;,y;) € Z and Z = (21,...,2m), we let Eﬂd)(x,y)] denote the expectation
of ¢ under the empirical measure, as above. Define f'(x) = E,[Y|X = z] in the obvious way.

Let fa be the function in the convex closure which minimizes the empirical error. Then Eg[(y —

~ ~ ~

fe(@)? = (y = fa(2))?] = E:[(f'(2) = fe(2))? = (f'(z) = fa(2))?]. The definition of f, implies that

15



~ ~

El(y — fo(@)? = (y = fa(@))’] S B:[(f'(@) = fu(2))® = (f'(@) = fa(@))?]-

It follows that if we choose fj such that this latter quantity is no more than ¢/(4B2%), we have
ngk < €/B?. To do this, we apply Theorem 10 with ?> = 1, ¢ = 2, and with inner product weighted
by the empirical measure. If we choose fk as described in that theorem, and k& = [3232 / e], we get
the desired result.

Setting the right hand side of (5) to d, we get

_ —
1198432 6

4 B? 4 B2
FIn2 4+ kdln ( 096e n 096e ) 3em

€ €

Rearranging,

3€ € €

2 2 2
— 41984B (kdln <4096@B In 4096eB >+k:ln2+lng>

will suffice. Substituting for k, the sample complexity is

o(l (iﬁnlﬂnl)).
e \e € 0

5 Discussion

We have shown that the sample complexity of agnostic learning classes of uniformly bounded
functions is bounded by O (% (ln% + ln%)) if the function class used for learning is convex and
has finite pseudo-dimension, but is at least Q(In(1/6)/e?) if the closure of the function class is not
convex. Furthermore, for non-convex function classes (with finite pseudo-dimension), the sample
complexity of learning the convex hull is O (% (% ln% +1In %))

For some function classes, the rate of growth of the sample complexity of agnostic learning

actually improves when learning the convex hull of the function class instead of the function class

16



itself. For example, for any finite class of functions F’, the pseudo-dimension of the convex hull is
no more than |F|. Since finite classes of size at least two are not convex, the sample complexity
for agnostically learning F is Q((In1/8)/€?) as opposed to the sample complexity for agnostically
learning the convex hull of F, which is O (% (ln% + ln%)). Hence, for these function classes,
using the convex hull for learning gives better approximation capabilities as well as smaller sample
complexity for agnostic learning. However, in general, the pseudo-dimension of the class of convex
combinations of a function class can only be bounded in terms of the number of terms in the
convex combinations. Barron [3] has shown that for linear threshold functions defined on R",
the sample complexity of learning the convex hull using any estimator cannot be better than
Q(1/eRd+2)/(d+2)) " Since the pseudo-dimension of linear threshold functions is d + 1, our sample
complexity result of O (% (ln% +ln%)) is close to optimal (with respect to €) for learning the
convex hull of linear threshold functions when d is large. Hence, in general, we cannot hope to get
much better sample complexity bounds for the convex hull. (In fact, the exponent on e could be
improved to match Barron’s lower bound if one could generalize the improvement over Theorem 10
obtained by Makovoz [17] to the agnostic case, where the conditional expectation is not in the class
F. Ideally a constructive generalization may be found, which would have the same advantage of
Theorem 10 which is constructive, and hence can be used to define an agnostic learning algorithm
for the convex hull that has computational cost not significantly larger than that of agnostically
learning the function class itself [14].)

In summary, for agnostic learning, using the convex hull may sometimes greatly improve the
performance of the estimators (because of the better approximation) without much penalty in terms

of sample complexity (the sample complexity may even be much improved in some cases).
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Appendix

Proof (Lemma 6).

Note that f; — f. is the projection of pfi; + (1 — p)c — ¢ in the direction of f4 — ¢. Thus

Y(far —c) = ff = Je

_ <pf1+(1_p)c_cvfd1_c>(f —C)
1far — el far — ] a
_ p<f1 - Cafdl - C) (fdl _ C).

[far = cl?

(6)

which gives the first equality. To prove the second, first notice that f. —cis the projection of f'—c

in the direction of f,,, — ¢, and so

—c = (fik_cafm_c> —c
/. e IR
i+ (A-ple—cfm—c) .
o — P (fm =)
- p(fl_cafm_c> -
= T e Um e

Note also that

Ifr = F1IP = 1fs = pfr = (L =p)el® = (L= p)*[lf1 = el = (L = 2p + p?) L1 — €Il

With that, by Pythagoras Theorem

1 = FEI1P = I = Fell® + 1 fom = fell®
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1Ff = fell? + 1 fm — e+ e = fell?

PX(f1 — ¢, fa1 — ¢)?
| far — cl|?

(by (6) and (7))

p2<f1 -G fm B C>2
[ fm — cll?

+||fm_c||2+ +2(fm —c,c— fe)

2p<f1 _Cafm _C>

= plfi —el? + 1l fm — el - 5 frm = €ll? (9)
[ fm — e
and the last equality holds because p2<]|(|1f;fﬁﬁ;c>2 + p2<{|1ffc’7fc'ﬁ;0>2 = p?|lf1 — ¢||? and f. — ¢ =
(=, fm=0) (fm—0) _ plfi=c,fm=c)(fm—c)
| fm—cll? I fm—cll?
From the construction, ||f1 — ¢|? = ||fm — c||*>. Recalling the definition of € = || f,, — f5[|* —

| f1 — f1]|?, subtracting (8) from (9), and rearranging we obtain

_(fl—Cafm—C>> 2 =
2 (1= S U - =

and hence
o €
2 (1~ hrelazd) || i — el

From the first equality of the claim, Equation (10), and the fact that ||fs — c||* = ||fm — cl|?, we

infer
~y p(fl_cafdl_c>
[far — cl]?
_ € (fi—cfa—q)
B —c,fm—c —cll2
9 (1 _ w> fm — 2 far =€l
e{(fi—¢, far —¢)
: (11)
_ i—cfm—c) _ 4
2(1-4bzelnco) p, — o
O

Proof (Lemma 7)
Recall that || frm — f1[|1* = If1 = f{|I* = . We show that if || f — fol| < ||f — fill then ||f — f{]| >
1 fm = £71l, and this implies || f = fF[|1* = If1 = f{[|* > e.

We have
I f=fil? = If = fet fo— F1IP
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If = Fell® + 1 fe = £l +20f = fes fo — f1)

\%

= “fm - fc||2 + ch_ ff“z +2<f_ fcafc_ fik>

= “fm - ff||2 +2<f_ Jes fe— ff)a

where the inequality follows from the fact that f is in F' (since f,, is the closest point in F to f.)
and the last equality is Pythagoras’ theorem. So we need only show that the second term is greater
than or equal to zero when ||f — fa| < ||f — fi|-

We have

If = £l < IIf = Al

Sf = Fl? + e = foll® +20F = fes fo = fo) < NF = Fell® + 1 fe = Fill® +2(f = fes fo = 1)
S (f = ferfe=f2) <AF = fer fo = 1)

S (f = fefa—h) >0

<:><f_fcufc_fik> 20

since fy — f1 and f. — f] are in the same direction.

By symmetry, the second statement of the lemma is also true. [
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