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Abstract

We show that if the closure of a function class F under the metric induced by some probability

distribution is not convex� then the sample complexity for agnostically learning F with squared

loss �using only hypotheses in F � is ��ln��������� where ��� is the probability of success and �

is the required accuracy� In comparison� if the class F is convex and has �nite pseudo�dimension�

then the sample complexity is O
�
�

�

�
ln �

�
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��
� If a non�convex class F has �nite pseudo�

dimension� then the sample complexity for agnostically learning the closure of the convex hull

of F � is O
�
�

�

�
�

�
ln �

�
� ln �

�

��
� Hence� for agnostic learning� learning the convex hull provides

better approximation capabilities with little sample complexity penalty�

Index Terms � Sample complexity� agnostic learning� convex hull� arti�cial neural networks�

computational learning theory�
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� Introduction

We study the number of examples necessary for learning using the squared loss function when

the function class used for learning does not necessarily match the phenomenon being learned�

The learning model we use� commonly called agnostic learning ��� ��� ��	 is an extension of the

popular Probably Approximately Correct 
PAC� learning model in computational learning theory

��	� Unlike the PAC model� in agnostic learning we do not assume the existence of a target function

which belongs to a known class of functions� Instead� we assume that the phenomenon is described

by a joint probability distribution on X �Y� where X is the domain and the range Y is a bounded

interval in R� This is often more realistic in practice where measurements are often noisy and very

little is known about the target function�

Under these assumptions� there may not be a function in the class we are using that has small

error� Instead� we aim to produce a hypothesis with performance close to that of the best function

in the class� For a learning algorithm to agnostically learn a function class F � we require that for

any probability distribution P on X � Y� the algorithm draws a sequence of i�i�d� examples from

P and produces a hypothesis f from F such that with probability at least �� �� the expected loss

of f is no more than � away from the best expected loss of functions in F � The sample complexity

is the smallest number of examples required for any learning algorithm to agnostically learn F �

Many learning problems are special cases of agnostic learning� In learning real�valued functions�

the inputs are random but the targets are produced by a function in the class� In regression

problems� both the input and outputs are random but the conditional expectation is known to be

in the class� An agnostic learning algorithm can also be used to learn the best approximation to

the target function when the target function is not in the class�

Table � shows some of the known results for learning with squared loss� 
The technical conditions

such as pseudo�dimension and covering number are described in Section ���
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Learning Problem Sample Complexity

Learning real�valued functions O
�
�
�

�
ln �

� � ln �
�

��

Function classes with �nite pseudo�dimension� ��
� �	

Regression O
�
�
�

�
ln �

� � ln �
�

��

Function classes with �nite L��covering numbers� ��� ��	

Agnostic learning O
�
�
�

�
ln �

� � ln �
�

��

Convex function classes with �nite pseudo�dimension� �this paper	

Agnostic learning �
�
ln�����

��

�

When the closure of the function class is not convex� �this paper	

Agnostic learning O
�
�
�

�
�
� ln

�
� � ln �

�

��

Convex hulls of function classes with �nite pseudo�dimension� �this paper	

Table �� Sample complexity for learning with squared loss�

For learning real�valued function classes with �nite pseudo�dimension� results by Pollard ��
	

and Haussler ��	 can be used to bound the sample complexity by O
�
�
�

�
ln �

� � ln �
�

��
� For classes

with �nite L��covering numbers� with zero mean noise and a target function selected from F


regression�� Barron ��	 and McCa�rey and Gallant ���	 have shown that the sample complexity

can be bounded by O
�
�
�

�
ln �

� � ln �
�

��
� For the agnostic case� we show that for convex function

classes with �nite pseudo�dimension� the sample complexity is bounded by O
�
�
�

�
ln �

� � ln �
�

��
� We

also show that if the closure of the function class is not convex then a sample size of �
�
ln�����

��

�
is

necessary for agnostic learning�

Given that the sample complexity for learning is larger when the closure of the function class

is not convex� it is natural to try to learn the convex hull of the function class� We show that for

non�convex function classes with �nite pseudo�dimension� the sample complexity of learning the

closure of the convex hull of the function class is bounded by O
�
�
�

�
�
� ln

�
� � ln �

�

��
examples� This
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means that for agnostic learning� using the convex hull of the function class instead of the function

class itself gives better approximation with little penalty on the sample complexity� This result is of

practical interest since for many commonly used function classes 
such as single hidden layer neural

networks with a �xed number of hidden units�� the closure of the function class 
under the metric

induced by some probability distribution� is not convex� Also of interest is the fact that learning

the convex hull is computationally not signi�cantly more di�cult than learning the function class

itself ���	 because it is possible to iteratively learn each component of the convex combination�

In Section �� we give formal de�nitions for the learning model and concepts used in this paper�

The lower bound for the sample complexity for agnostically learning non�convex function classes

is given in Section �� We give the result on learning convex function classes and the convex hull

of non�convex function classes in Section � and discuss the results in Section �� The results in this

paper are given in terms of sample complexity for learning to a certain accuracy 
as is commonly

done in computational learning theory�� Analogous results can be obtained in terms of the accuracy

of estimators with respect to the sample size 
as is commonly done in statistics and information

theory��

� De�nitions and Learning Model

The agnostic learning model used here is based on the model described by Kearns� Schapire and

Sellie ���	� Let X be a set called the domain and let the range Y be a bounded subset of R� We call

the pair 
x� y� � X �Y an example� A class F of real�valued functions de�ned on X is agnostically

learnable if there exists a function m
�� ��Y� and an algorithm such that for any bounded range Y

and any probability distribution P on X �Y� given Y and any 
 � � � � and � � 
� the algorithm

draws m
�� ��Y� i�i�d� examples and outputs a hypothesis h � F such that with probability at

least � � �� E�
Y � h
X���	 � inff�F E�
Y � f
X���	 � �� Here 
X�Y � is a random variable with

�



distribution P � The sample complexity is the function m
�� ��Y� with the smallest value for each ��

� and Y such that an algorithm for agnostically learning F exists� Since a change of the range Y

is equivalent to a rescaling� we ignore the dependence of m on Y in what follows�

A useful notion for bounding the sample complexity is the pseudo�dimension of a function class�

A sequence of points x�� � � � � xd from X is shattered by F if there exists r � R
d such that for each

b � f
� �gd� there is an f � F such that for each i� f
xi� � ri if bi � � and f
xi� � ri if bi � 
�

The pseudo�dimension of F � dimP 
F � �� maxfd � N � �x�� � � � � xd� F shatters x�� � � � � xdg if such a

maximum exists and is � otherwise�

We shall consider uniformly bounded function classes� by which we mean classes of functions

that map to some bounded subset of R� As Lemma �� below shows� the pseudo�dimension of such a

function class can be used to bound the covering number of the function class� For a pseudo�metric

space 
S� ��� a set T � S is an ��cover of R � S if� for all x � R� there is a y � T with �
x� y� � ��

The covering number N
��R� �� denotes the size of the smallest ��cover for R� If N
��R� �� is �nite

for all � � 
� we say that R is totally bounded�

We now de�ne the various metrics that are found in this paper� For real�valued functions f� g

having a bounded range� let dL�
f� g� �� supfjf
x� � g
x�j � x � Xg� For m � N and v� w � R
m �

let dl�
v� w� �� maxfjvi � wij � i � �� � � � �mg and dl�
v� w� ��
�
m

Pm
i�� jvi � wij�

� Lower Bound for Sample Complexity

In this section we give a lower bound on the sample complexity for agnostic learning with squared

loss�

De�nition � Let PX be a probability distribution on X and H be the Hilbert space with inner

product hf� gi �
R
fg dPX � Let k � k denote the induced norm� kgk �� hg� gi���� We say that F is

closure�convex if for all PX on X � the closure of F in the corresponding Hilbert space H is convex�

�



Let �F denote the closure of F �

Note that the closure of a convex function class is convex� hence convex function classes are closure�

convex�

Theorem � Let F be a class of functions mapping from X to some bounded subset of R� If F

is not closure�convex� then the sample complexity for agnostically learning F with squared loss is

�
�
ln�����

��

�
�

The idea behind the proof is to show that if the closure of F is not convex� an agnostic algorithm

for learning F to accuracy � can be used to estimate the expected value of a Bernoulli random

variable to accuracy k� for some constant k� using the same number of examples� The following

lemma 
see e�g� ��	 for a proof� shows that estimating the expected value of a Bernoulli random

variable requires �
ln
�������� examples� which implies the agnostic learning algorithm also requires

�
ln
�������� examples�

De�ne a randomized decision rule� ��� as follows� Choose a function 	 �
S�

m��f
� �g
m � �
� �	�

and for 

�� � � � � 
m� � f
� �g
m let ��

�� � � � � 
m� be a random variable that takes values in f��� ��g�

with Pr
��

�� � � � � 
m� � ��� � 	

�� � � � � 
m��

Lemma � Let 
�� � � � � 
m be a sequence of i�i�d� f
� �g�valued random variables satisfying Pr

i �

�� � �� where � � �� �� ��� � ��� with probability ��� and � � �� �� ��� � ��� with probability

���� If some randomized decision rule �� satis�es Pr 
��

�� � � � � 
m� 	� �� � � �where the probability

is over the data sequence� the choice of �� and the randomization of the decision rule ���� then

m � �
�
ln ���
��

�
�

The following lemma shows that we can assume that for any probability distribution PX and

hence Hilbert space H as in De�nition �� the function class F in Theorem � is totally bounded�

�



The lemma follows from a similar proof to that of the main result in ��	� 
Alternatively� it is an

immediate corollary of Theorem �� in ���	 and Theorem � in ��	��

Lemma � Let F be a class of functions mapping from X to some bounded subset of R� If F is

agnostically learnable� then for every distribution PX on X � F is totally bounded with respect to the

pseudometric �PX 
f�� f�� �
qR

X 
f� � f���dPX �

Combining this with the following lemma shows that if F is not closure�convex then either F

is not agnostically learnable� or for some distribution there is a uniformly bounded function in

the Hilbert space H that has two best approximations in �F � 
The existence of a function with

two best approximations follows from standard results in approximation theory�see� for example�

Corollary ���� in ��	�but we give a constructive proof since we also need the function to be

uniformly bounded��

Lemma � Suppose that PX is a probability distribution on X � H is the corresponding Hilbert space�

and Y � is a bounded interval in R� Let HY � denote the set of functions f in H with f
x� � Y � for

all x � X � Let F be a totally bounded subset of HY �� If �F is not convex� there is a bounded interval

Y in R and functions c � HY � and f�� f� � �F satisfying kf� � f�k 	� 
� kc � f�k � kc � f�k � 
�

and for all f � �F � kc� fk 
 kc� f�k�

Proof� Since �F is a totally bounded� closed subset of a Hilbert space� it is compact� 
See� for

example� Theorem ���� in ���	�� Since �F is non�convex� there exists g� h � �F and � � 

� �� such

that fc �� �g�
����h is not in �F � To show that the desired functions f� and f� exist� we grow a

ball around fc until it touches a point in �F � The radius of this ball is � �� minfkf � fck � f � �Fg�


The minimum exists and is positive because �F is compact�� If the set G �� ff � �F � kf �fck � �g

contains more than one function� we are �nished� If G contains only one function f�� we grow a

ball that touches �F at f� and has its centre on the line joining f� and fc� until the ball touches

�



another point in �F � That is� we set c �� tfc � 
� � t�f� with the smallest t � � such that

ff � �F � kf � f�k � 
� kf � ck � kf�� ckg 	� �� We show that such a t must exist by showing that

eventually the ball must include either g or h� Now� since kf� � ck� � t�kf� � fck
�� we have

kh� ck� � kh� f�k
� � t�kf� � fck

� �

�thh� f�� f� � fci

� kh� f�k
� � t�kf� � fck

� �

�thh� fc � fc � f�� f� � fci

� kh� f�k
� � t�kf� � fck

� � �tkf� � fck
� �

�thh� fc� f� � fci

� kh� f�k
� � kf� � ck� � �tkf� � fck

� �

�thh� fc� f� � fci�

Similarly� kg� ck� � kg� f�k
�� kf�� ck�� �tkf�� fck

���thg� fc� f�� fci� Now hh� fc� f�� fci

and hg � fc� f� � fci must have opposite sign unless they are both zero� In any case� for t large

enough� either kf� � ck 
 kh � ck or kf� � ck 
 kg � ck or both� But g and h belong to �F � so a

suitable t exists� Since f� and fc are convex combinations of functions in �F � it is clear that c maps

to some bounded range Y� �

For a non�convex totally bounded �F � let f�� f� � �F and c � H be as in Lemma �� We shall

use these functions to show that an agnostic learning algorithm for F can be used to estimate the

expected value of a Bernoulli random variable� Let � be the two dimensional plane fc � a
f� �

c� � b
f� � c� � a� b � Rg� For 
 � p � � de�ne f�� �� pf� � 
� � p�c and f�� �� pf� � 
�� p�c� Let

fc �� 
f���f
�
� ��� and fm �� c�
kf��ck�kfc�ck�
fc�c��� Let fd� �� c�
kf��ck�kf

�
��fck�
f

�
��fc�

and fd� �� c � 
kf� � ck�kf�� � fck�
f
�
� � fc�� The constructed functions in � are illustrated in

Figure �� Note that fd� � c and fd� � c are orthogonal to fm � c�

�
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Figure �� Function class with labelled functions in two dimensions�

�



Let � be such that f�� � fc � �
fd� � c�� 
Such a � exists because fd� � c � 
kf� � ck�kf�� �

fck�
f
�
� � fc� and f

�
� � fc are collinear�� It is easy to show that f�� � fc� �
fd�� c�� The following

lemma shows how � depends on p and on � �� kfm � f�� k
� � kf� � f�� k

�� which we shall use in

analyzing the agnostic learning algorithm� Notice that � is proportional to �� and we shall use this

value of � in Lemma �� The proofs of Lemma � and Lemma � can be found in the Appendix�

Lemma �

� �
phf� � c� fd� � ci

kfd� � ck�
�

�hf� � c� fd� � ci

�
�
�� hf��c�fm�ci

kfm�ck�

�
kfm � ck�

�

The following lemma will be used to show that if we ensure that either f�� or f
�
� is the conditional

expectation of y given x� then an agnostic learning algorithm can be used to select between them�

Lemma � Let f�� f�� f
�
� � f

�
� � � and the function class F be as de�ned above� Then for any �f � F

and � � 
�

k �f � f�� k
� � kf� � f�� k

� � �� k �f � f�k � k �f � f�k 
��

and

k �f � f��k
� � kf� � f�� k

� � �� k �f � f�k � k �f � f�k� 
��

We can now prove Theorem ��

Proof 	Theorem �
� Let F be a class that is not closure�convex� and suppose that there is

an agnostic learning algorithm A for F � Then for any probability distribution on X � Y� the

algorithm draws m examples and with probability at least � � �� it produces �f � F such that

k �f � f�k� � kfa � f�k� � �� where f�
x� �� E�Y jX � x	 and fa � �F is such that kfa � f�k �

inff�F kf � f�k� The function fa is a best approximation in �F to f��

We now argue that if the sample complexity of Algorithm A 
for accuracy ��� and con�dence

���� is m� then there is a probability distribution and an algorithm� Algorithm B� 
which depends

�




on F and the probability distribution� which� with probability � � � over m examples� solves the

problem described in Lemma �� for � which depends on � according to Lemma ��

Let PX be a probability distribution on X for which �F is not convex� Then we can assume that

F is totally bounded� since if it is not� Lemma � implies that the sample complexity is in�nite� So

we can de�ne c� f�� f�� f
�
� � f

�
� � fd�� fd�� �� and � as above� Let f �� �� 
f�� � f�� ��� � 
fd� � c� and

f �� �� 
f�� � f�� ��� � 
fd� � c��

Algorithm B� in solving the problem described in Lemma �� receives as input a sequence


�� � � � � 
m� It then generates a sequence x�� � � � � xm � X independently according to PX � For

i � �� � � � �m� if 
i � �� Algorithm B passes 
xi� f
�
�
xi�� to Algorithm A� otherwise it passes


xi� f
�
�
xi��� Clearly� the target conditional expectation is f�� if � � �� and f�� if � � ��� Suppose

that Algorithm A returns �f � If k �f � f�k � k �f � f�k then Algorithm B chooses � � ��� otherwise

it chooses � � ���

Now� since A is an agnostic learning algorithm� with probability at least � � �� if � � ���

k �f � f��k
� � kf� � f��k

� � ���� and if � � ��� k �f � f��k
� � kf� � f��k

� � ���� Lemma � ensures that

in either case Algorithm B guesses correctly� But Lemma � shows that obtaining the correct �

with probability �� � in this way requires �
ln
�������� examples� which implies that Algorithm

A also requires at least �
ln
�������� � �
ln
�������� examples�

Notice that the de�nitions of f �� and f �� imply that they have a bounded range which depends

only on the class F � �

� Learning Convex Classes

In this section� we look at upper bounds on the sample complexity for learning� We show that if a

function class F is uniformly bounded� has �nite pseudo�dimension� and is closure�convex then the

sample complexity for learning F is O
�
�
�

�
ln �

� � ln �
�

��
� We show that for a uniformly bounded non�

��



convex function class with �nite pseudo�dimension� the sample complexity for agnostically learning

the convex hull of the class is O
�
�
�

�
�
� ln

�
� � ln �

�

��
� which is not signi�cantly worse 
constant and

log factors� than agnostically learning the function class itself�

In the following we make use of an assumption called permissibility� This is a measurability

condition satis�ed by most function classes used for learning� See ���� ��	 for details�

Theorem � Suppose F is permissible� has �nite pseudo�dimension� and is uniformly bounded�

Then

�� If F is closure�convex� the sample complexity of agnostically learning F is O
�
�
�

�
ln �

� � ln �
�

��
�

�� The sample complexity of agnostically learning the convex hull of F is

O
�
�
�

�
�
� ln

�
� � ln �

�

��
�

The proof of Theorem � uses the following result which is taken from ���	 with minor modi�ca�

tion 
and almost identical proof��

If Z is a set� f �Z � R and �z � Zm� de�ne fj�z �� 
f
z��� � � � � f
zm�� � R
m � If F is a set of

functions from Z to R� de�ne Fj�z �� ffj�z� f � Fg� Let �E�z
f� ��
�
m

Pm
i�� f
zi��

Theorem � Let F �
S�

k�� Fk be a closure�convex class of real�valued functions de�ned on X such

that each Fk is permissible and jf
x�j � B for all f � F and x � X � Suppose Y � ��B�B	�

and let P be an arbitrary probability distribution on Z � X � Y� Let �F be the closure of F in

the space with inner product hf� gi �
R
f
x�g
x�dPX 
x�� Let C � maxfB� �g� Assume �� �c � 


and 
 � � � ���� Let f�
x� � E�Y jX � x	 and gf 
x� y� � 
y � f
x��� � 
y � fa
x��
� where

fa � argminf� �F

R

f
x�� f�
x���dPX 
x�� Then for m 
 � and each k�

Pm

�
�z � Zm � �f � Fk�

E
gf �� �E�z
gf �

� � �c �E
gf �

 �

�

� sup
�z�Z�m

�N
� ��c
���C�

� Fkj�z� dl�

�
exp
�����m�
����C��� 
��

where Pm denotes the m�fold product probability measure�

��



We use the following result 
see ���	� to bound the number of terms in the convex combination

needed to achieve a desired accuracy� The theorem is an extension of the results of Barron ��	 and

Jones ��
	� We can apply this result to a uniformly bounded function class� considered as a subset

of a Hilbert space of the type de�ned in De�nition �� since any function g with range in ��B�B	

satis�es kgk � B�

Theorem �
 Let H be a Hilbert space with norm k � k� Let G be a subset of H with kgk � b for

each g � G� Let co
G� be the convex hull of G� For any f � H� let df � infg��co�G� kg
� � fk�

Suppose that f� is chosen to satisfy

kf� � fk� � inf
g�G

kg � fk� � ��

and iteratively� fk is chosen to satisfy

kfk � fk� � inf
g�G

k�kfk�� � 
�� �k�g � fk� � �k

where �k � �� ��
k � ��� �k �
��c�b��
�k����

� and c 
 b�� Then for every k 
 ��

kf � fkk
� � d�f �

�c

k
� 
��

To bound the covering number� we need the following result� 
See ���� �	��

Lemma �� Let F be a class of functions from a set Z into ��M�M 	 where M � 
� and suppose

dimP 
F � � d for some � � d ��� Then for all 
 � � � �M and any �nite sequence �z of points in

Z�

N
�� Fj�z� dl�� � �

�
�eM

�
ln
�eM

�

�d

�

Let NF
k be the class of functions consisting of convex combinations of k functions from F with

the convex coe�cients given by the iterative procedure suggested by Theorem �
� That is� NF
� � F �

and for k � ��

NF
k �

�
�kfk�� � 
�� �k�g � g � F� fk�� � N

F
k��

	
�

��



where �k � �� ��
k � ���

Lemma �� Suppose the pseudo�dimension of a class F of functions mapping X to ��B�B	 is d�

Then for any positive integer m and �x � Xm� we have

N
��NF
k j�x� dl�� � �k

�
�eB

�
ln
�eB

�

�kd

�

Proof� Let f �
Pk

i�� 
ifi be an arbitrary function in NF
k j�x� Let U be an ��cover for Fj�x� For

each fi� pick a gi � U such that dl�
fi� gi� � �� Let g �
Pk

i�� 
igi� Obviously� dl�
f� g� � ��

From Lemma ��� we have jU j � �
�
�eB
� ln �eB

�

�d
� The de�nition of NF

k implies that the coe�cients


i are �xed� and so there are only jU jk ways to select the function g� which implies the result� �

We now give the proof of Theorem ��

Proof 	Theorem �
� For the �rst part of the theorem� F is uniformly bounded and closure�

convex� and has �nite pseudo�dimension d� We can thus use Theorem � and we set Fk � F for

all positive integers k� Then we can bound the covering number in 
�� using Lemma ��� Rescale

the function class and target random variable by dividing by B� 
This rescaling trick gives a B�

term instead of a B� term in the sample complexity bound�� The � covering number of the scaled

function class is the same as the B� covering number of the unscaled function class� We will work

with the scaled function class and target random variable� To get the correct accuracy when the

function is scaled back to the original scale� we need to learn to accuracy ��B�� Let � � ��� and

� � �c � ��
�B��� As the estimator� choose a function �f in �F that has �E�z
g 	f � � ��
�B��� 
Since

gf 
x� y� � 
y � f
x��� � 
y � fa
x��
� and fa � �F � this is always possible�� With this choice of �f � if

E
g 	f � 
 ��B� then

E
g 	f ��
�E�z
g 	f �

� � �c �E
g 	f �

 ��

Theorem � gives a bound on the probability that this occurs� Setting the right hand side of 
�� to

��



�� we get

��

�
�
��eB�

�
ln
�
��eB�

�

�d

exp
���m�
�
���B��� � ��

This means that

m 

�
���B�

��

�
d ln

�
�
��B�

�
ln
�
��B�

�

�
� ln

��

�

�

ensures that the probability that E
g 	f � 
 ��B� is no more than �� so the sample complexity is

O
�
�
�

�
d ln �

� � ln �
�

��
�

For the second part of the theorem� we set Fk � NF
k � and again we rescale the function class

and target random variable by dividing by B� Let � � ��� and use Theorem � and Lemma �� with

� � �c � ��
�B�� to get

Pm
�
�z � Zm � �f � NF

k �E�
y � f
x��� � 
y � fa
x��
�	 


��E�z�
y � f
x��� � 
y � fa
x��
�	 � ��
�B��

o

� sup
�z�Z�m

�N
� �

�
��B�
�NF

kj�z
� dl�

�
exp
���m�
�����B���

� �� �k
�
�
��eB�

�
ln
�
��eB�

�

�kd

e���m����
��B��� 
��

The learning algorithm we consider chooses a function from NF
k in the iterative way suggested by

Theorem �
� For k su�ciently large� the empirical error of this function is close to the minimum

empirical error over co
 �F �� which implies that ��E�z�
y � �fk
x��
� � 
y � fa
x��

�	 is small� In partic�

ular� we shall ensure that this quantity is no more than ��
�B��� Combining this with the above

inequality� shows that� with high probability� Eg 	fk � ��B� as desired�

Now� for zi � 
xi� yi� � Z and �z � 
z�� � � � � zm�� we let �E�z�	
x� y�	 denote the expectation

of 	 under the empirical measure� as above� De�ne f �
x� � �E�z�Y jX � x	 in the obvious way�

Let �fa be the function in the convex closure which minimizes the empirical error� Then �E�z�
y �

�fk
x��
� � 
y � fa
x��

�	 � �E�z�
f
�
x�� �fk
x��

� � 
f �
x�� fa
x��
�	� The de�nition of �fa implies that

��



�E�z�
f
�
x�� �fk
x��

� � 
f �
x�� fa
x��
�	 � �E�z�
f

�
x�� �fk
x��
� � 
f �
x�� �fa
x��

�	� That is�

�E�z�
y � �fk
x��
� � 
y � fa
x��

�	 � �E�z�
f
�
x�� �fk
x��

� � 
f �
x�� �fa
x��
�	�

It follows that if we choose �fk such that this latter quantity is no more than ��
�B��� we have

Eg 	fk � ��B�� To do this� we apply Theorem �
 with b� � �� c � �� and with inner product weighted

by the empirical measure� If we choose �fk as described in that theorem� and k �


��B���

�
� we get

the desired result�

Setting the right hand side of 
�� to �� we get

k ln � � kd ln

�
�
��eB�

�
ln
�
��eB�

�

�
�

��m

�����B�
� ln

�

�
�

Rearranging�

m �
�����B�

��

�
kd ln

�
�
��eB�

�
ln
�
��eB�

�

�
� k ln � � ln

�

�

�

will su�ce� Substituting for k� the sample complexity is

O

�
�

�

�
d

�
ln
�

�
� ln

�

�

��
�

�

� Discussion

We have shown that the sample complexity of agnostic learning classes of uniformly bounded

functions is bounded by O
�
�
�

�
ln �

� � ln �
�

��
if the function class used for learning is convex and

has �nite pseudo�dimension� but is at least �
ln
�������� if the closure of the function class is not

convex� Furthermore� for non�convex function classes 
with �nite pseudo�dimension�� the sample

complexity of learning the convex hull is O
�
�
�

�
�
� ln

�
� � ln �

�

��
�

For some function classes� the rate of growth of the sample complexity of agnostic learning

actually improves when learning the convex hull of the function class instead of the function class

��



itself� For example� for any �nite class of functions F � the pseudo�dimension of the convex hull is

no more than jF j� Since �nite classes of size at least two are not convex� the sample complexity

for agnostically learning F is �

ln �������� as opposed to the sample complexity for agnostically

learning the convex hull of F � which is O
�
�
�

�
ln �

� � ln �
�

��
� Hence� for these function classes�

using the convex hull for learning gives better approximation capabilities as well as smaller sample

complexity for agnostic learning� However� in general� the pseudo�dimension of the class of convex

combinations of a function class can only be bounded in terms of the number of terms in the

convex combinations� Barron ��	 has shown that for linear threshold functions de�ned on R
n �

the sample complexity of learning the convex hull using any estimator cannot be better than

�
�����d�����d����� Since the pseudo�dimension of linear threshold functions is d � �� our sample

complexity result of O
�
�
�

�
ln �

� � ln �
�

��
is close to optimal 
with respect to �� for learning the

convex hull of linear threshold functions when d is large� Hence� in general� we cannot hope to get

much better sample complexity bounds for the convex hull� 
In fact� the exponent on � could be

improved to match Barron�s lower bound if one could generalize the improvement over Theorem �


obtained by Makovoz ���	 to the agnostic case� where the conditional expectation is not in the class

F � Ideally a constructive generalization may be found� which would have the same advantage of

Theorem �
 which is constructive� and hence can be used to de�ne an agnostic learning algorithm

for the convex hull that has computational cost not signi�cantly larger than that of agnostically

learning the function class itself ���	��

In summary� for agnostic learning� using the convex hull may sometimes greatly improve the

performance of the estimators 
because of the better approximation� without much penalty in terms

of sample complexity 
the sample complexity may even be much improved in some cases��

��
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Appendix

Proof 	Lemma �
�

Note that f�� � fc is the projection of pf� � 
�� p�c� c in the direction of fd� � c� Thus

�
fd� � c� � f�� � fc

�
hpf� � 
�� p�c� c� fd� � ci

kfd� � ckkfd� � ck

fd� � c�

�
phf� � c� fd� � ci

kfd� � ck�

fd� � c�� 
��

which gives the �rst equality� To prove the second� �rst notice that fc� c is the projection of f�� � c

in the direction of fm � c� and so

fc � c �
hf�� � c� fm � ci

kfm � ck�

fm � c�

�
hpf� � 
�� p�c� c� fm � ci

kfm � ck�

fm � c�

�
phf� � c� fm � ci

kfm � ck�

fm � c�� 
��

Note also that

kf� � f��k
� � kf� � pf� � 
�� p�ck� � 
�� p��kf� � ck� � 
�� �p� p��kf� � ck�� 
��

With that� by Pythagoras Theorem

kfm � f�� k
� � kf�� � fck

� � kfm � fck
�

��



� kf�� � fck
� � kfm � c� c� fck

�

�
p�hf� � c� fd� � ci�

kfd� � ck�
� kfm � ck� �

p�hf� � c� fm � ci�

kfm � ck�
� �hfm � c� c� fci


by 
�� and 
���

� p�kf� � ck� � kfm � ck� �
�phf� � c� fm � ci

kfm � ck�
kfm � ck� 
��

and the last equality holds because p�hf��c�fd��ci
�

kfd��ck�
� p�hf��c�fm�ci�

kfm�ck�
� p�kf� � ck� and fc � c �

hf�
�
�c�fm�ci�fm�c�
kfm�ck�

� phf��c�fm�ci�fm�c�
kfm�ck�

�

From the construction� kf� � ck� � kfm � ck�� Recalling the de�nition of � � kfm � f�� k
� �

kf� � f��k
�� subtracting 
�� from 
��� and rearranging we obtain

�p

�
��

hf� � c� fm � ci

kfm � ck�

�
kfm � ck� � �

and hence

p �
�

�
�
�� hf��c�fm�ci

kfm�ck�

�
kfm � ck�

� 
�
�

From the �rst equality of the claim� Equation 
�
�� and the fact that kfd� � ck� � kfm � ck�� we

infer

� �
phf� � c� fd� � ci

kfd� � ck�

�
�

�
�
�� hf��c�fm�ci

kfm�ck�

�
kfm � ck�

hf� � c� fd� � ci

kfd� � ck�

�
�hf� � c� fd� � ci

�
�
�� hf��c�fm�ci

kfm�ck�

�
kfm � ck�

� 
���

�

Proof 	Lemma �


Recall that kfm � f�� k
� � kf� � f�� k

� � �� We show that if k �f � f�k � k �f � f�k then k �f � f��k 


kfm � f��k� and this implies k �f � f�� k
� � kf� � f�� k

� 
 ��

We have

k �f � f�� k
� � k �f � fc � fc � f�� k

�

��



� k �f � fck
� � kfc � f��k

� � �h �f � fc� fc � f�� i


 kfm � fck
� � kfc � f�� k

� � �h �f � fc� fc � f�� i

� kfm � f�� k
� � �h �f � fc� fc � f�� i�

where the inequality follows from the fact that �f is in F 
since fm is the closest point in �F to fc�

and the last equality is Pythagoras� theorem� So we need only show that the second term is greater

than or equal to zero when k �f � f�k � k �f � f�k�

We have

k �f � f�k
� � k �f � f�k

�


 k �f � fck
� � kfc � f�k

� � �h �f � fc� fc � f�i � k �f � fck
� � kfc � f�k

� � �h �f � fc� fc � f�i


 h �f � fc� fc � f�i � h �f � fc� fc � f�i


 h �f � fc� f� � f�i 
 



 h �f � fc� fc � f�� i 
 
�

since f� � f� and fc � f�� are in the same direction�

By symmetry� the second statement of the lemma is also true� �
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